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ABSTRACT

Non-negative Tensor Factorization (NTF) models are effective and efficient in extracting useful knowl-
edge from various types of probabilistic distribution with multi-way information. Current NTF models
are mostly designed for problems in computer vision which involve the whole Matricized Tensor Times
Khatri — Rao Product (MTTKRP). Meanwhile, a Sparse NTF (SNTF) proposed to solve the problem of sparse
Tensor Factorization (TF) can result in large-scale intermediate data. A Single-thread-based SNTF (SSNTF)
model is proposed to solve the problem of non-linear computing and memory overhead caused by large-
scale intermediate data. However, the SSNTF is not a generalized model. Furthermore, the above methods
cannot describe the stream-like data from industrial applications in mainstream processors, e.g, Graphics
Processing Unit (GPU) and multi-GPU in an online way. To address these two issues, a Generalized SS-
NTF (GSSNTF) is proposed, which extends the works of SSNTF to the Euclidean distance, KullbackLeibler
(KL)-divergence, and ItakuraSaito (IS)-divergence. The GSSNTF only involves the feature elements instead
of the entire factor matrices during its update process, which can avoid the formation of large-scale in-
termediate matrices with convergence and accuracy promises. Furthermore, GSSNTF can merge the new
data into the state-of-the-art built tree dataset for sparse tensor, and then online learning has the promise
of the correct data format. At last, a model of Compute Unified Device Architecture (CUDA) parallelizing
GSSNTF (CUGSSNTF) is proposed on GPU and Multi-GPU (MCUGSSNTF). Thus, CUGSSNTF has linear com-
puting complexity and space requirement, and linear communication overhead on multi-GPU. CUGSSNTF
and MCUGSSNTF are implemented on 8 P100 GPUs in this work, and the experimental results from real-
world industrial data sets indicate the linear scalability and 40X speedup performances of CUGSSNTF than
the state-of-the-art parallelized approachs.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

type of data is represented by tensor whose number of dimensions
is greater than three. Tensor preserves the interactive information

With the rapid development of the Internet and the variety of
information collection approach, i.e., spatio-temporal, optic, ther-
mology, vibration, and voice, multi-way data has gradually become
a major representation form for information, and arises in many
applications, e.g., dimension reduction, clustering, recommender
systems, social network, and modeling on wireless communication
networks, smart city and Internet of Things (IoT), etc, [1]. These
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for each dimension. The more the amount of information a system
has, the higher the dimension a tensor has; however, in addition
to having high dimensions, the data is highly sparse, and the rea-
son for data missing is that the systems are time-varying and it’s
hard to obtain the full information in real-time [2]. We observe
that the scenes that a system misses information are common
in reality, e.g., information networks, recommender systems, and
Quality of Service (QoS), etc. In medical image processing commu-
nities, to obtain a more clear Magnetic Resonance Imaging (MRI)
of a human organ, the doctor should increase the radiation dose;
however, over-radiation will damage the health. A solution is that
the researcher can recover a clear MRI image from the obscured
and sparse one, which is obtained by the low radiation dose MRI
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[3]. An estimation way for the missing data is via TF, which takes
advantage of the low-rank structure of the data [4]. Due to the
high efficiency and low computing complexity, Canonical Polyadic
Decomposition (CPD) becomes the most popular factorization
method [5]. Because of the low-rank and non-negativity essence of
many data, NTF has become one of the most popular approaches in
CPD communities [6,7]. Meanwhile, something should be observed
that the MTTKPP is deduced from gradient descent (GD) which
involves in the manipulation of unfolding tensor with Khatri-Rao
product of N — 1 matrices [8-12]. Due to explosive increased space
and computational overhead, MTTKPP is a computational bottle-
neck of CPD [8-12].

Due to the powerful processing ability for fine-grained and
stream-like tasks, GPU has become a popular processor in indus-
trial application, and in cloud platforms, i.e., Flink and Spark, etc,
GPU gradually plays a role as a core processor [13]. However,
SNTF suffers the following computing problems on the GPU: (1)
The sparsity will add extra computing burdens. The update pro-
cess for each feature vector of Dense NTF (DNTF), which is de-
signed to computer vision and the image and video present a
dense style [14,15], shares the same Hessian matrix, which only
needs a Khatri-Rao product of N—1 matrices. However, the up-
date process for each feature vector of SNTF don’t share the same
Hessian matrix, which only need N Khatri-Rao product of N -1
matrices; (2) Due to memory limitation, GPU cannot process fre-
quent large-scale matrices manipulation and store non-linear in-
creased intermediate matrices without tuning the update approach
of DNTF; (3) The intermediate Hessian matrices need square com-
munication costs. SSNTF [16] is proposed to solve these prob-
lems which are caused by large-scale intermediate matrices based
on Euclidean distance. However, it is not applied to the general-
ized distance, e.g., KL-divergence and IS-divergence, etc. Thus, it
is also not a generalized model. What's more, the above methods
cannot describe the stream-like data from industrial applications
in mainstream processors, e.g, GPU and multi-GPU in an online
way.

The GSSNTF is proposed to perfect the theoretic flaw on large-
scale industrial data. The matrix manipulations will be transformed
into the needed multiplication and summation operations of fea-
ture vector elements. At the same time, our method benefits from
its more generalized model and its online processing. The main
contributions of our study are as follows:

1. Algorithm analysis. The GSSNTF model is derived theoreti-
cally, which obeys various common probabilistic styles, e.g.,
Gaussian, Poisson, and £xponential distribution styles, and
fine-grained parallelization inherence. And GSSNTF repre-
sents a more generalized update rule for factor matrices.
(see Sections 4.1 and 4.2).

2. CUDA Parallelization and Multi-GPU. CUGSSNTF harnesses
local memory more instead of increasing the global mem-
ory overhead of the GPU, and CUGSSNTF has linear scalabil-
ity of computation and space overhead (see Section 4.3.1).
MCUGSSNTF adopts a multi-GPU model with mode scalabil-
ity for tensor data. GSSNTF and CUGSSNTF have linear time
and space complexities. (see Section 4.3.2).

3. Online Learning. The stream-like computing style of the
single-thread-based model gives the GSSNTF an online
learning ability. Online learning and high efficient CUDA
parallelization are the two byproducts of the single-thread-
based model. (see Section 4.4).

The rest of this paper is organized as follows. Section 2 presents
related works. Section 3 lays out the problem formulation and
GPU computing. Section 4 introduces the GSSNTF model, CUGSS-
NTF, MCUGSSNTF and online learning. The experimental results

and discussion on future works are presented on Sections 5 and 6,
respectively.

2. Related work

Matrix can represent two-way and single modal data [17], i.e.,
image, text, and video, etc. However, due to abundant informa-
tion collection equipment, in the industrial era, the source of mod-
ern data comes from heterogeneous and multi-modal informa-
tion. Thus, a real dataset from industrial applications may com-
prise of audio, video, and image, etc, and matrix cannot be com-
petent to the representation ability. However, tensor can repre-
sent those data types [18,19]. Matrix Factorization (MF) and TF
can extract the latent information for matrix and tensor respec-
tively, and then, the latent information can approximate the orig-
inal matrix and tensor. Meanwhile, non-negative MF (NMF) and
NTF can keep the non-negative and inherent latent information for
matrix and tensor respectively. NTF has been drawn wide atten-
tion, and NTF is a generalized factor analysis method for multi-
way data, and it is an extension of NMF, which can only repre-
sent 2-way matrix data [20,21]. NMF is an useful tool for low-
rank representation, which can be used as K-means based image
clustering [22], subspace based clustering [23] [24], QoS [25,26],
manifold space based clustering [27], and unmixing for hyperspec-
tral image [28]. Clustering is an unsupervised method in machine
learning communities, which can find the several inherent sim-
ilarity features; however, when the data increase rapidly, direct
clustering will face the curse of dimensionality [29] and apply-
ing cluster method such as K-means on the projected low-rank
space can obtain the same clustering accuracy [22]. NMF can mine
the non-negativity and low-rank features of big data, which is a
preparation step for K-means methods [22]. Subspace clustering
can search the clusters in different dimension [23], and NMF for
low-rank representation plays a great role in subspace segmen-
tation [24]. When high-dimension data and feature have intrinsic
manifold structure, NMF can cooperate with the manifold informa-
tion with graph regularization [30]. Furthermore, NMF can unmix
the blended information of the satellite obtained a hyperspectral
image, which can take advantage of low-rank structure [31]. How-
ever, the NMF only consider 2-dimension information and cannot
fuse the extra information, e.g., Spatio-temporal dynamics informa-
tion, etc [32]. NTF can make up the disadvantage of NMF by intro-
ducing low-rank feature matrices and tensor algebra manipulation
[33,34].

It can be observed that research on NTF is mainly reflected
in small and dense data sets in the field of computer vision, i.e.,
[14,15]. Thus, the formation of the update rules can follow the
matrices operations regardless of memory limitation. However, in
real-world industrial applications, in addition to having high di-
mensions, the data is highly sparse, and direct matrix manipula-
tions will result in redundant time and space overhead. For ex-
ample, the prior works on SNTF of Euclidean distance [15], the
construction of the intermediate Gram matrices during their pro-
cess, which cannot be shared by each row feature vector of a fac-
tor matrix in SNTF, will result in increased time and space over-
head. Thus, space and computational time overheads will increase
sharply. Meanwhile, there are three research topics on accelerating
tensor factorization: (1) Mathematical optimization for basic opti-
mization methods [33]; (2) Compressive data structure [8-10]; (3)
Parallel and distributed algorithm designing for basic optimization
methods [11,12].

The formation of the update rules for the KL- and IS-divergence
involves the formation of the whole approximation tensor, and the
element is redundant, the position of which is the corresponding
zero elements of the target sparse tensor. Furthermore, the gener-
alized NTF model can extract the low-rank inherence of a dataset;
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however, when the generalized NTF faces the sparse datasets, the
following 3 real application problems should be solved: (1) How to
distinguish the unevenly distributed non-zero and zero values; (2)
How to reduce the computing and memory overheads for the dis-
tinguishing mechanism; (3) How to keep the parallelism. Kim et al.
[35] and Choi et al. [36] introduced a weight tensor strategy. The
strategy used the weight tensor to distinguish the zero and non-
zero values in a sparse tensor; however, the memory overhead of
the weight tensor may overwhelm the amount of non-zero values
and the unevenly distributed non-zero values limit the usage of
the weight tensor.

The modern computer has the linear access model. Thus, a
tensor with 3 or more ways needs vectorization on computer
memory hardware. Furthermore, sparse tensor from industrial
applications has an uneven distribution of non-zero value. Thus,
high efficient access and vectorization should be considered for
sparse tensor data on computer hardware. Chen et al. [37]. pro-
posed a probabilistic distribution based combinational approach,
which can combine several data structures for compressive sparse
matrix by probabilistic statistical style. This combination model
cannot solve the problem of uneven distribution for non-zero
elements of a sparse tensor and sparse tensor transformation.
Smith et al. [8]. proposed a Compressed Sparse Fiber (CSF)
structure for compressive preservation of a sparse tensor, and
Li et al. [38]. designed a efficient sparse tensor transformation
method.

Alternative Least Square (ALS) and Cyclic Coordinate Descend
(CCD) are two common optimization algorithms for unconstraint
minimization optimization. ALS needs to consider the relationship
between elements within a feature vector. Due to the O(R?) cubic
computational complexity for Hessian matrix inverse operations,
ALS is unscalable with the rank R. CCD neglects the relations be-
tween elements within a feature vector. Then, CCD has O(R) com-
plexity. However, CCD has a slow convergence rate [11]. Stochas-
tic Gradient Descent (SGD) is a simple optimization method. SGD
can transform the whole needed parameters of the GD into the
part and randomized choice [39-41]|. However, the over-writing
problems of SGD on MF and TF make it hard to parallelize [39-
41]. Hogwild! is a parallelization method for SGD [40], in which
multi-threads select the non-overwriting points with convergence
proof, and Hogwild! converges fast. However, the Hogwild! cannot
make a promise of accuracy. Shin et al. [11] proposed a scalable
algorithm for tensor factorization, which combines with the high
convergence rate of ALS and fine-grained parallelization of CCD,
which is to approximate the original Hessian matrix by a diag-
onal blocked matrix and the inverse operations save more cost.
However, this method needs the inverse operations of the
block matrix which cannot make a promise of linear scalabil-
ity of the communication and computational overheads with
the rank R. Chakaravarthy et al. [10] proposed distributed a
distributed Tucker Decomposition method; however, the gen-
eralized styles are not involved. Since the entire factor ma-
trix is involved in each iteration, these methods are not scal-
able for memory requirements. Smith et al. proposed medium-
grained [8,9] and fine-grained parallelization methods [42], which
need to consider the entire factor and Hessian matrices and
the computational overhead of hyper-graph partitioning is expen-
sive. Some works are proposed to accelerate 3-way DNTF for im-
age processing [43]. However, for multi-way SNTF, there are few
studies to effectively reduce the computation and memory over-
head. GSSNTF is a fine-grained algorithm for generalized NTF.
CUGSSNTF takes advantage of the powerful CUDA parallelization;
meanwhile, the compressive method for sparse tensor data be
used.

Table 1

Full name and acronym.
Full name Acronym
Compressed Sparse Fiber CSF
Stochastic Gradient Descent SGD
Alternative Least Square ALS
Cyclic Coordinate Descend CCD

KullbackLeibler divergence
Itakura-Saito divergence

KL-divergence
IS-divergence

Matrix Factorization MF
Non-negative Matrix Factorization NMF
Tensor Factorization TF
Non-negative Tensor Factorization NTF

Dense Non-negative Tensor Factorization DNTF
Sparse Non-negative Tensor Factorization SNTF

Single-thread-based SNTF SSNTF
Generalized SSNTF GSSNTF
Compute Unified Device Architecture CUDA

Graphics Processing Unit GPU
CUDA parallelizing GSSNTF CUGSSNTF
Multi-GPU CUGSSNTF MCUGSSNTF

3. Problem formulation

Some related notations and definitions of NTF are presented in
Sections 3.1 and 3.2, respectively. Then, the preliminary of NTF is
illustrated in Section 3.3. Computing theory on GPU is discussed in
Section 3.4.

3.1. Related notations

To make the notations more clear, the full names and acronyms
are presented in Table 1 and the main notations are presented in
Table 2.

3.2. Definition

Definition 1 (Tensor Approximation). Fig. 1 shows that a N-order
tensor X e RI*-xIN can be approximated by X e Rix-xI,
as well as a N-order residual tensor £ € RI*--xIv, The low-rank
approximation problem is defined as

X=X+E€, (1)
where X is denoted by a low-rank tensor.

Definition 2 (Tensor Factorization). The low-rank tensor X can be
obtained via CP decomposition and the decomposition is repre-
sented as

argmin d = D(X || X), (2)
AL AW

where X = YR @V o...0a™, and the nth mode matrix unfold-

ing format is denoted by x™ = APAM ... 0 AMD o AT-D
---@A(l))T c Rﬂtx’]‘“ln—l‘anrl"'le and Ql{n)‘ _ 25:1 a™ oM

n.J in,r i.r
f:jr) . afﬁ? af:)r X contains the tensor element x;, ; at
the position in the unfolding matrix (The detail for tensor unfold-
ing is presented in Fig. 2) of X and the row index i, and column
index j of the X is given by j =1+ Y0y [ — D [T s Im]-
More details about TF are shown in Fig. 3.

a

Definition 3 (Sparse Tensor Approximation). Given N entity sets
{li.....In}, X is a tensor whose element x;, _; describes certain
relationship between N entities {i; <I;,...,iy <Iy}. Let Q and E
be the known and unknown elements sets, where |2| « |E|. The
problem of sparse tensor approximation is to obtain X, and X can
approximate the unknown elements in X.
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Table 2
Table of symbols.

Symbol Definition

X input tensor (e R W [, ne{1,...
X the approximation tensor (e R/,
x™ the nth mode tensor unfolding matrix
)A((") the nth mode tensor unfolding matrix
A factor matrix (e R*R)

AW kth factor matrix

a vector

T matrix transform operation

® Khatri-Rao product where C=A®B ¢
"o vectors outer product

element-wise (Hadamard) product

Iy ne{l,...,N})
format Rﬁx"'”l""""*""l’“)

format IRI;X" “-rh 'IN) for approximation tensor

LI —qa: :b:
RV, €, 1y, = @iy Dy

o/(—, /) element-wise multiplication/element-wise division

a., the iyth column of a matrix A

aj, . the i;th row of a matrix A

a; the ith entry of a vector a

Q the set of indices of observable entries in a sparse tensor X.
Qm the entry indexes subset of nth mode.

5 5
b b b
AN
~—_ 4] X
~—— g
3
b
Fig. 1. Tensor approximation with 3-way tensor
5
. o~
A XD . A X1 X2 X
43
/ A b
A
1
A % b > X2 5 X1 X2 X1
Z 8 -
v 2 i A
L
\ VA i -
i —) x>, K X Xo: Xiz:
A
5
Fig. 2. Tensor unfolding.
Definition 4 (Sparse Non-negative Tensor Factorization). If the low oa™ where R« y.....Iy with N non-negative factor ma-
rank tensor has non-negative constraint, the tensor X is obtained : PSP 1 —(1 —(1 —(1 I; xR
by & trices limitation, AV = [@",....a",....al"] e RIPF .
AV — @™ g™ ] e rRIVE

argmin d = D(Po(X)||Pa(X)).

AM

where Pg is the projection operator on the index set £.
The non-negative X can be formalized via X =YF  al"o

3.3. Preliminary

A probabilistic interpretation of NTF is to take x; _; as
an observation from a distribution view. In the following, we
briefly review the likelihood maximization problems of the three
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Fig. 3. Low rank tensor factorization with 3 modes tensor.

most popular probabilistic distribution, i.e., Gaussian, Poisson, and
Exponential. When we take x;, _; ~ gaussian@1 AAAAA ,-N,az), Xiy..iy
~ Poisson(X;, ;). and x; ;. ~ Exponential(X; ;) maximizing
the likelihood of observing X and { AV, ..., AN } [44-46], and
the three likelihood maximum problems become the followings

argmin Dg, (X [|X) = || X — X ||
N)

AD A
arg min Dy, (X ]| X) =Z(§‘—X.log(.3\?)>; 3)
AD AM
argmin Dis (¥[| ) = 3= (% + log() ).
AV, ..AN
respectively, with non-negativity constraints AV .. AM s

The Dgy, Dk, and Dis are the Euclidean distance, KL-divergence,
and IS-divergence, respectively. The low-rank tensor X comprises
of the Khatri-Rao product of N low-rank factor matrices. Thus, the
optimization problems in (3) are not convex for the N low-rank
factor matrices. If a factor matrix is treated as a list of variables,
and the others are fixed, the original optimization problems in
(3) can be transformed into a convex optimization.
The update rules are given as follows

n)g(m)
a(”) (_a(n) (X S )in.r

1,1

(n)
n)g(m),T
(n) A™S" in,l,

in, T (E(n)s(n)) ’

in,

(n)
n)g(m),T
a(n)(_ (n) A™'S in,1

in,T in, T (E(")S(n))' ’

In, T

(n)
a . <a

respectively, where E™ ¢ R’Jr”XIl“’l”*“I“““‘IN, El(n"i =1, and X =
A(ﬂ)(A(N) O @A(HH) @A(H*U O @A(U)T’ and S™ =AM o
0 AMD AT oo AD (E® Xx® K™} are the nth mode
matricized tensor and S™ is the nth Khatri-Rao product.
(EWs™ xMs™ XM} are the MTTKRP.

Fig. 4 illustrates the computational process of MTTKPP. A small
example is shown to make more illustrations. We take

3 2 43 4 5 L
X _[3 5 32 2 1| o |, ,
2 1 42 1 2) -
3 2 34 5 3
A |11
2 2]

The Khatri-Rao product matrix and MTTKRP are

1 17
2 2 71 7
3 3 40 40
A(3) @A(Z) — - ,X(l)(AB) @A(Z)) — 36 36|
4 4 80 80
L6 6]
respectively.

The difference between MF and TF is presented in Fig. 5. As
shown in Fig. 5, MF can be approximated by two low-rank matri-
ces manipulation, and 3-way tensor can be approximated by three
low-rank matrices manipulations. Meanwhile, TF involves the Kha-
tri - Rao product of N —1 factor matrices and is equivalent to MF
when N=2. We observe that the compression effect of TF about

(Zl_[’%i]';m is much better than MF about (21_132:71’;“3. Thus, due to
—11r —11r

morrfe1 related parameters for TF, the update rurlfe1 and online learn-
ing for incremental data between MF and TF have a huge distinc-
tion to train the factor matrices. Meanwhile, after introducing the
intermediate matrix of the Khatri-Rao product results S™, we ob-
serve that the update rules in (4) present a little similarity in a
form with NMF; however, there are several major differences as
following:

1. NMF only involves two factor matrices and matrix product;
however, NTF with N modes has Khatri-Rao product for N —
1 factor matrices and matrix product;

2. NTF needs more time and space complexities to building the
intermediate matrix S™ than NMF;

3. NTF can represent multi-way data; however, NMF can only
represent two-way data.

The difference between sparse TF and dense TF is that the non-
zero data determine the involved feature elements. Thus, the up-
date rule of each feature vector within a feature matrix A™ of
dense TF shares the same Hession matrix. However, the update
rule of each feature vector within a feature matrix A of sparse TF
cannot share the same Hession matrix. The difference is illustrated
in Fig. 6. Based on the difference between dense TF and sparse TF,
the update rule of SNTF is introduced. The update rules in (4) only
involve dense matrices operations; however, in real industrial ap-
plications, the tensor data is very sparse. Thus, the update rules in
(4) cannot be applied in real low-rank representation for industrial
data. Thus, the update rules in (4) cannot made available for gen-
eralized SNTF without appropriate adjustments. Consequently, the
update rules in (4) should be revised. The state-of-the-art solvents
for SNTF with appropriate adjustments of DNTF are presented as
follows:

1. A solvent is proposed by for image processing and com-
puter vision [43-45]. The time complexity of each interme-
diate matrix S™ is O(|Q|(N — 1)R), and the space require-
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| 1% Kruskal Rank-1 Tensor  Kruskal Rank-1 Tensor Rt Kruskal Rank-1 Tensorl
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(a) Computational Process of
Tensor Factorization

[T

[¢]
0 P, 4,00,
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g3y

(b) Computational Process of
Matrix Factorization

Fig. 5. Illustration of the difference between matrix factorization and tensor factorization.

ment is O(XN_, RTTkzn I). For these SNTF models, the time

complexity of each intermediate matrix X" — AWM g
O(]2INR), and the space requirement is O(H’,;’=1 I); the
time complexity of each intermediate matrix P®™ = {X™ |
AMWSM.T xm ,(qaMgm.Ty2 1,4Mgm™.T} j5 0(|Q); the time
complexity of MTTKRP for each intermediate matrix Q(”) =
(xMsm XMsm pMgmy s 0(|QIR). Thus, the time com-
plexity and space requirement for Dg,, Dk, and Djs to a full
SNTF are intolerable.

. The other solvent [47] for X™s™-TS§®™ s proposed for
(3) to the update rules in (4). The update rules of DNTF
refer to all row indexes of A™, and Gi(:) =sMTgm jg

shared by {al.(:)zlin e {1,..., I}}. However, the composite

of ™ and S™-TSM in update rules (4) cannot follow the
sparsity pattern of X™. Thus, the update rules (4) should
be adjusted. The time complexity to building each Gram

matrix Gi(:) =S§M-Tg™ g O(IQ}:)|R2), and O(|2INR?) for
a full SNTF iteration. {(ai(:):Gi(:))lin (1,..., I}} need
O(I;R?). The time complexity of element division and mul-
tiplication operations are O(2IyR), and the space require-
ment for intermediate matrices of nominator and denomina-
tor is O(2I;R?). The time complexity and space requirement
of a full SNTF are linear with O(R%), which are not scalable
linearly.

€

SSNTF|16] can solve the problem of non-linear time and space
overhead that due to large-scale intermediate data. However, SS-
NTF concentrates mainly on the work of Euclidean distance, and it
is not applied to the KL-divergence and IS-divergence. SSNTF is not
a generalized solvent for that problem. Thus, a generalized single-
thread-based model GSSNTF is proposed to solve the GPU comput-
ing obstacles on large-scale industrial data. At the same time, our
method benefits from online processing.
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Fig. 6. Illustration of the Difference between the sparse TF and dense TF

3.4. GPU based computing

GPU is a highly efficient processor for data-intensive tasks, e.g.,
matrix operations, image processing, and graph mining, etc. For
large-scale sparse tensor computing, there are the following supe-
riorities: (1) Hardware: inside a GPU, each Stream Multi-processor
(SM) which concludes several Stream Processor (SP) can access the
global memory via highway bus. The faster the access speed on
global memory a GPU has, the faster running speed the GPU has;
(2) Programming: kernels, thread, and thread block are the basic
terms in CUDA programming. kernels are functions that are exe-
cuted on GPU. A kernel function is executed by a batch of threads.
These threads are organized into blocks of threads to form grids,
and the blocks are mapped to SMs. In a thread block, 32 threads
are organized into a group to form a warp to execute the same
instructions on the processor synchronously. Furthermore, CUDA
provides abundant libraries, which help the users to perform Ma-
trix Operations, Fast Fourier Transform (FFT), etc, fluently. Mean-
while, in CUDA programming communities, many pioneers have
optimized the common approaches, e.g., vector product, Sparse
Matrix and Vector Multiplication (SPMV), etc; (3) Communication
and load balance: when a GPU cannot provide enough space for
data, a multi-GPU system is a natural choice. The most important
thing for sparse tensor computing is how to divide parallelization
tasks in a load-balanced way, and map those tasks to threads and
thread blocks in kernel in a fine-grained way. Multi-GPU system
can simultaneously perform data transmission between the devices
and hosts, and it provides synchronization instructions.

4. A generalized single-thread-based model, CUGSSNTF and
MCUGSSNTF, and online model

The GSSNTF is presented in this section, and the needed ele-
ments follow the sparsity model of sparse tensor X. The update
rules of GSSNTF model with L, norm regularization are shown in
Sections 4.1. Algorithm is analysed in Section 4.2. In Section 4.3,
CUGSSNTF and MCUGSSNTF are presented. At last, in Section 4.4,
the online learning model is illustrated, which includes an online
learning algorithm and data merging.

4.1. Generalized single-thread-based model

The probabilistic distribution priors, i.e,. Gaussian, Poisson, and
Exponential, are common assumptions in machine learning com-
munities. We present the update rules based these three proba-
bilistic distribution without L, norm regularization in Section 4.1.1,
the L, norm regularized model in Section 4.1.2. Meanwhile, we
represent the generalized update rules in Section 4.1.3.

4.1.1. Without L, norm regularization

The distance measurement tools, i.e.,, Dg,, Dk, and D, for
the original X and the approximation X with non-negative con-
straints, are given as

argmin  dgy = [|[Po(X) — Po(X)[%
A™ nef1,..,N}

arg min dKLzZ:(PQ(é?)—PQ(X).lOg (7’9(-’?))>2 (5)
A™ ne(1,....N} Q

argmin dis =Y (gﬂ(;) +log (Pg (-’?))),
A™ nef1,....N} g \e®

where AW A® . AN >, Supposing that A™ s fixed,
all entries in € and their approximation are considered

in (5). This problem can be split into multiple indepen-

dent parts, ie, d = Zg;‘:]di(:)» I, e {Ij, L...., Iy}, where
My, _ () _ 2(my? )y, _ 2(n)

e in = 23, jea® Finj =)+ Giadin =L, jeam Kinj =

XM,
X 0BG, and (@, = X, ;g (i +108&]7)). The
above decomposition analysis for the optni;nization problems
(5) brings out the following truths: (1) the alternative opti-
mization method which is that fixes N—1 factor matrices and
optimizes a factor matrix can be decomposed into I, parallel
parts; (2) non-negative constrained optimization problems should
be solved by determining the training step of gradient descent to
maintain the monotonically decreasing and non-negative nature of
the factor matrices. For dl.(""), its form of gradient descent is given
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as
(n) (n) (n)
a" —a" +n" ( ” (n) , (6)
where
3 (d);
no_ M _ My g
9a Tam Z ((xw 1n]) tnjr)
i"*r (lnv])EQ,'(:)
()
3 (dgy) )i X
no__ _ _WJ (n) .
aa(n) - Z 1 A(n) Sin,jJ ’ (7)
in,r (i",j)eszf:’ X, j
2y, _ 1% \em
9a o Z »(n) x n))z in v |’
G, r (i,,,j)te.(:) X, j in, j
and
(n) (k)
sho= Il a9 (8)
k#n,ke{1,2,....N}
A(") and x jcan be obtained from Definition 2. The three expres-
510ns that appear in all the formulas below are also obtained in
this way.
Set
(n)
O = -
n.T 3 A(n)S(n> '
(in ])EQ"” in,j " in, .1
a™
(n) _ ln .
(Mgr Vinr = ﬁ, 9)
(in ) ey i J.T
n) af:.)r
(s i = T o
(in. ey g0 “in i
In.J

where {AV, ..., A™Y is initialized non-negatively. Since the neg-

ad(”)
ative item {— ’%n) gl(nn;r’ _Sl(nn; - A(ﬁ) Sl(nn; .} in 5 ;';,) of update

l T

rules (12) can be eliminated, the update rules for optimization
problems (5) are reformated into

(n) o(n)
a™ a™ Z(ln e Xin. JSln ir
<~ a

il = T g
Z(ln e lnjstnjr

()
Y oS
(in,j)eQ® () “in.j.r

In Xi,,,j

(R
Z(fn.j)esz;p Sipjir

)

a™

in,T

()
<« ai,,,r

In,] (n)
Z(‘"v‘) QM () y2 i gir
in, ) €] (Xin,j)

a™ «—a™
" g ()

in, .1

Zm,j)esz;:) xm
In,J

respectively. A single-thread-based model for GSSNTF can be ob-
tained by the strategy with auto modified learning step, which
can keep non-negativity with non-negative and original N factor
matrices. L, norm regularization can make a more smoothed and
accurate result and can avoid the over-fitting problem. Thus, in
Section 4.1.2, the L, norm regularization method is presented.

4.1.2. L, Norm regularization
With L, norm regularization, the optimization problem for
Gaussian, Poisson, and Exponential distribution styles can be writ-

ten as

argmin dg;
A™ ne{l,...N}

i — A V)
(irg min dEu = Z(in.j)eﬂf") (xln,] Xz,..])
A" nefl1,....N} n

N R
2 ).
+ Zn:l (Ao Zr:l ain.r)’
- Z(in,neszf"‘ (?” =% 108 (X, )>

+Zn 1()‘A<”’ Zrl )

(11)

: _ X =
A<3rig1mm s = Z(in,j)eszf,'.” (XU * log(xl,]))

N R
+ Zn:l ()\A(n) Zr:l a;

Applying GD on optimization objectives {dg,, dy;, d;s} without
constant 2 is given as

0™ < a™ 4+ ™ od,

n

where

a™

in,T
(n)
aai,.,r

aq™

in,T

Set

Mg r =
(’71<L))ln

&y =

where {A(V .

ative item {—

ad™

a (n)

in.r

date rules for (1

a™ « g™

0 g™

a(n) < a(n>

i,
i,

ade,

dm
- (12)
()
3ai r
o(n) (n) (n) (n).
Z (Xl” i % J)Sln Jr + )\'A(")al T
(in, )"
1 Xl(:; S(n) A
2 = |Ounir T A<”)az r’ (13)
(in,j)eﬂfg) in.j
(n)
1 X m .
A ®&™)? Sipjr T Aa0 G-
(in. e’ \"in. in.J
a®™
zn r
XM g(m (n )
Z(l ])EQ(”’ Xln JT g + A ("’a
a™
l" r )
(n) n)’
Z(in,j)eQi(”‘ Sipjr +Aam 0 (14)
a®™
z,, r
1
sm o
Siyjir T Aam @i,

(iﬂvj)EQ,'(:) ?(n)
In,J

,A™Y is initialized non-negatively. Since the neg-
A(n)S(n) _a™ _S(n) _a™ 1 S(n) _ ai(:)r} in

in,j<in.j.r In r in, j.r ln r _%{n)j in, j.r
.

i of update rules in (14) can be cancelled out, and the up-

1) are reformulated into

(n) g(n)
2, pea XiniSiir

xM g

4, v i1
Z(l ])EQ(”) Xln JTn, 1 + kA(ma

(n)
Z xin,j S(n)
(in. )eQ™ g(n) in,j.r

" Tig,j

in,r
Z(in,nesz::‘

o) )’ (15)
Sz,,nj Pt )”A(") i1

x™

Z In,J (n)
(in,))eQ® o(n)\2 " iniT
Je In (Xl. )

in,1 in,r

Z(:‘n,f)esz,f:‘ ™
In.J

1 .
S(n) + )»Ama, T
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respectively. For weighted L, norm regularization, the update rules

are presented as
n) o)
Z(, J)GQ(") xln JSln Jir

(n) (n)
a . <« d.
tnT 7™ g (n) (n)
Z(l )EQ(’” sz ln_]r+)\' >|Q |a
(n)
)3 Xinj g
(in. e R i
M) _ qm ,
a. . <« da.
In,1 In,1 (n) (n) (n) ’ (16)
Z(in.j)eszl!'” Spojr + Aam 47 |0
(n)
Z inj o(n)
(in.J)eQM™ (M2~ injir
a™® < g™ n (55
In,T ln ‘l
(n) (n) (n)
(e G Sivir T Aa0 8,716,
In,J
respectively.

4.1.3. Generalized update rules

Then, a generalized formation is presented to merge these up-
date rules-based in a generalized way, which can drastically sim-
plify the formulas and analysis. Let the intermediate parameters

x™
KL (n) o(n) l 1 (n) Xin.d (") _
{pln jir pln jr’pln]r} denote {Xl ]Sl g A(r;l) Slnjr’ (x r?) )2 zn]r} re

spectively, and let the intermediate parameters {plEn“ f r,p,n G ﬁff ir

denote {Af")JSI(n”; " Sl.(n”_;’r w S,("Z .}, respectively. Thus, the general-

ized forms for the update rules (15) and (16) are reformulated into
a™ ) Z(in el Piv.jr .
1,, < ai,.,r A n’
2. pea Pinir + Ay
Z i j)eQ® Di,.jir
an < a) LD TN ICITCE
Z(z‘n,f)esz}"’ Piy jir + A 12715

respectively. Algorithm 1 describes a complete iteration to ana-
lyze the serial version of single-thread-based GSSNTF, which al-
ternately updates af:) n € {1,..., N}. The generalized parame-

(17)

Algorithm 1: Serial Version of GSSNTF.

Input: factor matrices A™ of all n,x,Down, Up
Output: A™ for all n

1 for n from 1 to N do
2 | set Down™ =0, Up™ =0
3 | for iy from 1 to I, do
4 for (iy, j) € " do
5 for r from 1 to R do
(m) a® .

° Slnjr_n i1’

*Z (n) n) .
7 Xln] Zr_] in,r ,n jr
8 for r from 1 to R do
° upl(:)r pl(:)r+pln]r'
10 L dOWn e dOWnI(n)r + pln Jr
1 down(”) « down,(”)r + A0 (n)down(n)

dOW"(n) + A |Qj(:)|a1,(:)r % Welght update rule

12 for r from 1toRdo
13 L a(n) (n) ) Up, /Down, ,);

—KL IS .
ters {{pln . pﬁL]rypln Jr} {Pl,.]r Dinjr» plnjr}} of NTF are similar

to that of NMF in [17]. We observe that NTF involves N > 3 factor
matrices. However, the updated parameters of NMF only involves 2
factor matrices. Meanwhile, due to N-way data presentation of ten-
sor, the form of the incremental data may present different forms,
which can obtain the same conclusion with Section 3.3. In this
work, we only present dynamic form in one way data of online
learning for incremental data.

4.2. Theoretical analysis

The time complexity and space requirement of GSSNTF will be
analyzed next.

Theorem 1 (Time complexity and space overhead of GSS-
NTF). The time complexity of (17), to a full GSSNTF are O(|2|N2R +
2|Q2INR +2 Z’,;’zl InR), O(|QIN?R+ 2|Q2|NR + 2|Q|N +2 Zan:] IhR),
and O(|2IN?*R+2|Q|NR+ 3|Q|N + 2 Z’,;'Zl InR), respectively, and
the space requirement is O(3 Z’,Ll I;R), on a full iteration.

Theorem 2 (Space overhead of CUGSSNTF). The memory overhead
of CUGSSNTF is O(3"N_, IuR).

Normally, since N <« R, the time complexity O(|2|N%R +
2|Q|NR+ZZ,1 }\JIHR) of (17) is less than O(|S2|(N?R+ NR?) +

N I.RZ+2Y Y, I,R), and the space requirement O(3 YN _; I,R)
is less than O(T,In+ XN, RITjsn Ik +3 YN . I,R), and
O(XN_ I,R2 +3 YN | I,R). GSSNTF has linear time complexity
and space requirements relative to rank R.

4.3. CUDA parallelization approach

CUGSSNTF is presented in Section 4.3.1, then MCUGSSNTF is
presented in Section 4.3.2.

4.3.1. Parallelization approach

As shown in Fig. 7, CSF has the hierarchy and fiber-
centralization features; meanwhile, CSF can save memory cost and
improve addressing efficiency for CUGSSNTE. Thus, CSF is an effi-
cient sparse compressive format. In CUGSSNTF, a thread block can
update a,(n") by {(afﬂ,xfﬂﬂ(h, ...,iy) € Q). and the fids and val

vectors store index (iy, ..., iy) and x(")] in order, respectively. Thus,

by sequentially accessing the element in fptr, fids, and val vectors,
multiple thread blocks update the nth feature matrix, and a thread
block updates a feature vector; meanwhile, a thread within the
thread block updates a feature element within the feature vector
(Lines 3 - 13, Algorithm 1). Supposing that there are Tb thread
blocks, af:) in € {1,..., In} can be updated by the Th thread blocks

in parallel, and the thread block mod(i,, Th) can update theal.(:),
without contention for resources or interlocks.

4.3.2. Multi-GPU parallelization

When a GPU cannot load a real dataset, the multi-GPU is an
appropriate substitute choice. These GPUs make up a (J; x ,...
x Jy) array for processing the tiled X and its tiled corre-
sponding factor matrix A™_ The sub-tensor and factor sub-
matrices {leﬁ___‘jN,Aj(.]”, . ~~’A§2])} is distributed to GPU (ji, ..., jn),
jne{l,.... Jn},and n € {1,..., N}. The communication strategy is
derived from the tiling strategy, and the communication group is
defined by the alternative update rule of GSSNTF. Then, GPU (jp, j)
broadcasts local nominator and denominator to other GPUs, while
updating its local A(”) At last, GPU (j,, j) broadcasts A(” to other
GPUs within the same group. Fig. 8 shows a toy example 8 GPUs
(a2 x 2 x 2 GPU array) update AM. 8 GPUs are divided into two

groups. GPUs {(1, 1, 1), (1, 2, 1), (1, 2, 2), (1, 1, 2)} update {A{"),
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A). A} GPUs {(2, 1, 1), (2, 2, 1), (2, 2, 2), (2, 1, 2)} update {

M A A |2 N
Az Ays Ay Y n 6201 pR)

. . (n) (n) p(m)
of a GPU, which consists of {X, ]-N,Upjn ,Downjn ,A].'1 }, and
the cache area for {U pg.:),Downﬂ),A;:)}, and the communication

overhead is 0(3YN_, %

munication cost for { Upj.’n’), Downj(.:), A;:) Line{l,..., Jn}, and
n € {1,..., N}. The space requirement and communication over-
head scale with the rank R linearly.

}, The space overhead is O(

R), which consists of the com-

4.4. Data merging and online learning

In this section, online learning for the incremental data process-
ing is presented. Tree storage structure for sparse tensor has higher
access efficiency than the common data structure styles, e.g., COO,
etc. Furthermore, in large-scale data systems, online learning for
GSSNTF should cooperate with the incremental building process of
a tree storage structure for sparse tensor. Thus, an efficient online
approach should include:

1. How to update the factor matrices in an online and real-time
way and keep high accuracy? (Sections 4.4.1-4.4.3);

2. How to merge the newly arrived data into the built data
structure? (Section 4.4.4).

Online learning is used to track the low-rank style of incremen-
tal data.

4.4.1. Online learning algorithm

The single-thread-based processing style gives the GSSNTF
the ability of first-coming-first-computing. In this section, online
learning for stream-like sparse tensor data is presented, which
is derived from the single-thread-based processing style [17,48].
First, Supposing that the length of the Nth (N > 3) dimension
grows over time, which follows the assumption in. Some notations
about online learning are introduced. An online sparse tensor

I ><<~><I;\}+[2 . t I ><-~><I[[\I1 t
X eR} comprises of X" e R} and X2 e R

which represents the built tensor in t; time and new data in
t, time, respectively. {SZI.(NN)’“, {Qi(:)'t‘ Inef{l,...,N-1}}} and

{SZI.(NN)‘tZ, {Ql.(:)'t2|n e{1,...,N—1}}} are the corresponding index

2
I ><~»><IN
+

5

v
-x1 -><IN

t
Iy x---xI1 Iy x-- . .
for X1 e R}™N and xf2 e R}V respectively. In real online
systems, the data scale in t; is much smaller than the scale
in t;. Thus, we assume that I,tj < Ilt\} and |Qi(NN)‘t2| < |S2,.(IIVV)‘“|.

The online GSSNTF finds the temporal factor matrix AM-2 for
the time parameter t,, which are based on the following data
(X&) gAML gAMby e (1 N—1}}}. The update process
for temporal factor vectors is obvious; Because the update process
should consider the changes of the temporal data, the update
process for the un-temporal factor vectors is more complex than
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Fig. 9. Data merging process of OnCSF.

the temporal conditions. Thus, the approximation problem is
give by DXWIX™) = DX™H XM + pDXE [XZ). n
e {1,...,N—1}, where 7 is a coefficient and it can represent the
effect of the incoming elements at time t,.

4.4.2. Update temporal factor matrix AN

By fixing the non-temporal factor matrices {A™|n e {1,...,N -
1}}, if the divergence D(X™ ||X(n) ') is minimized, then the fac-
tor matrices {A™|n e {1,...,N}} are updated. Thus, the problem
of updating AN is equ1valent to minimize DXM & X™M2),
By appending the projection AM-2 of X2 via loading the fac-
tor matrices {A™-0|n e {1, N —1}} of the previous time step,
AM-L s updated. The update rule for AM2 in generalized
element-wise and weighted forms for online learning are given as

t, t)
aiN,r ZjGQFWZ piN,j,r
aI: r < (%) - t; ;
’ T 2
Zjesz.““«fz Piy.jr T Aam Gy
" (18)
a® Z p? .
. inT jEQIN)-fz in, T
a? <«
IN.T N).t- ’
SO D WA
respectively.
4.4.3. Update non-temporal factor matrix {A™|n e {1, N —-1}}

The online problem is rewrited as

(X(n) f ”X(n) fr) n nD(X(") ot ”X(n) tz)

(19)

arg min D (X(”) ||X(n))
AM

Applying GD to minimize the error Hj (h;j) can be written as

ap(xm ||x("))

t
8ai,.,r

oD (x4 1X"*)

13}
8ai,,,r

t t
ai,.,r < ain,r +Yw

+1

(20)

The update rules of non-temporal factor matrix {A(”)|n €
{1,....N— 1}} in element-wise and weighted form are given as

(2 > )
a;, jean p,”r +1n jea™ P,n]r
-
iy, 1 t
(2 cqme Pinr 022 qme By i) + Aamdi
in n

and

(21)

ty ( t1 (%)
ain,r Zjeﬂi(:)'tI pin,j,r +1 ZjeQE:I'tz pin.j,r)

in,1 A —t =t )ty t2
(ZjeQF:I'tl p,‘:,j,r +7n Z]’GQXI:)’[Z Pifhjyr) + )"A(") IQI,. 2 Iai:,r
(22)

respectively.

4.4.4. Data merging

CSF structure has more access efficiency than COO format; how-
ever, when the new data arrive in the system, the original CSF can
hardly adopt the data immediately. OnCSF can process the stream-
like data, and transform the online COO data into the built CSF
data structure. In this section, the OnCSF is introduced, which in-
cludes the details about building the new CSF data structure in a
real-time and online way. Fig. 9 shows the principle of OnCSF. As
shown in Fig. 9, the 1th mode tensor unfolding matrix X2 and



L. Zhuo, K. Li and H. Li et al./Neurocomputing 399 (2020) 18-36 29

3000
=~ Movielen 3D
—£—Movielen 4D
__.2000 f Netflix
2
[}
k=
" 1000}
0 Xapese——0r : :
56 7 8 9 10
log (1)
(a) Time Scalability on CPU
100 —— ‘ :
=<~ Movielen 3D
80l | 72— Movielen 4D §
Netflix
» 60r 1
oy
E
— 401 1
201 1
0 7 8 9 10

log,,(r)

(c) Time Scalability on GPU

0.5

E.% =~ Movielen 3D
:OA | |=2—Movielen 4D i
S Netflix
203" ]
]
e
- 0.2 3
o
0.1+t ]
D
oC

0 foa’*/‘/‘(

56 7 8 9 10
log,,(r)

(b) Memory Scalability on CPU

0.5—— : :
. —~— Movielen 3D
%8 0.4 | —Movielen 4D

Netflix

Required memory (
(@] o
bW

©
-

o

9
log,,(r)

(d) Memory Scalability on GPU

Fig. 10. Scalability and memory requirement of GSSNTF, are scalable with R on CPU (Fig. 10(a) and 10(b),time on second (s)). Scalability and memory requirement of

CUGSSNTFg, are scalable with R on GPU (Fig. 10(c) and 10(d), time on second (s)).

Table 3
The details for real data sets.

Data set Movielenssp Movielens,p Netflix
I 71, 567 71, 567 480, 189
I 10, 681 10, 681 17, 770
I3 1,038 169 2, 150
Iy /= 24 /-
#Train 9, 301, 274 9, 301, 274 99, 072, 112
#Test 698, 780 698, 780 1, 408, 395
X®3 follow the
[0 0 52 3 00 4 2
xD2_-12 2 00 0 10 0 oOf,
_3 0O 30 0 01 3 1
[0 0 1
XP3=10 3 0
2 0 0

respectively. The Fig. 9 reveals the following 3 features of online
learning:

1. As the Fig. 9 (2) and (3) show, the merged CSF data structure
can only has small modification compared with original CSF
data structure. The amount of newly arrived data is much
less than the amount of the existed data. However, the time
cost of rebuilding the CSF data structure cannot satisfy the
real-time requirement;

2. Meanwhile, if only one mode is dynamic, e.g., time (t),
the modification scope is limited in three arrays in 1th
mode unfolding pattern, e.g., fptr[1], fids[2], and val[].
The pointer array fptr[1] should change the values in
{fptr(1][6],..., fptr[1][11]}. The identity array fids[2] should

change the values { fids[2][5], fids[2][9], fids[2][12] }. The
value array val[] should change the values {val[5], val[9],
val[12]}. The time cost of OnCSF is much less the rebuilding
a new CSF data structure;

3. In Fig. 9, we observe that the merging process do not be il-
lustrated for the unfolded matrix of the sparse tensor in the
2nd and 3rd mode. We conclude that the reasons are that
(1) the merging process styles of the CSF data structure for
2nd and 3rd mode sparse tensor are similar; (2) As shown
in the Fig. 9 (3b),the OnCSF for the time mode (3rd mode)
only involves in building a new sub-tree with the vertex la-
belled by 3, and the pointer arrays, e.g., {fptr{0], fptr{1]} and
the identity arrays {fids[0], fids[1], fids[2], val} only need add
elements in the tail.

5. Experiments

Multiple sets of experiments will be constructed to analyze
the following issues: (1) Memory scalability with the value of
rank and computing time scalability (Section 5.2); (2) Convergence
analysis and the performances on multi-GPU and online learning
(Section 5.3).

5.1. Experimental settings

The accuracy of tensor factorization is evaluated by Root Mean
Square Error (RMSE)[47], which is defined as

i (Xeiy,.ooii) = Q?U ,..4,1‘,,))2
RMSE = \/Z(n ,,,,, in)ed 1 : -

where |®| denotes the amount of the non-zero entries in test
sets. In order to evaluate the experimental performances, we
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Fig. 11. Scalability and memory requirement of GSSNTFy; are scalable with R on CPU (Fig. 11(a) and 11(b),time on second (s)). Scalability and memory requirement of

CUGSSNTF; are scalable with R on GPU (Fig. 11(c) and 11(d), time on second (s)).

adopt two data sets to demonstrate the performances of tensor
factorization, e.g., MovieLens', Netflix2, which is shown in Table 3.
We conduct our experiments and comparison codes on 8 P100
GPUs, each of them has 56 SMs and OpenMP. On each GPU, there
are 128 SPs per SM, and each NVIDIA Tesla P100 GPU works at
a 133 GHz clock rate. OpenMP platform has two 16 cores CPUs.
The global memory, bandwidth and memory clock rate are 16 GB,
4096 bits and 715 MHz, respectively. For simplification, we use
GSSNTFg,, GSSNTFy;, and GSSNTF;s to denote the GSSNTF approach
on Euclidean distance, KL- and IS-divergence, respectively, and
we use CUGSSNTFg,, CUGSSNTFy;, and CUGSSNTFs to denote the
responding CUDA parallelization approaches. We compare the
accuracy of GSSNTFg,, GSSNTFy; and ALS on 3-way tensor data
(1000 x 1000 x 100 with sparsity 0.1%) with Poisson distribution
which is generated by MATLAB and we compare the accuracy of
GSSNTFg,, GSSNTF;s and ALS on 3-way tensor data (1, 000 x 1,
000 x 100 with sparsity 0.1%) with Exponential distribution
which is generated by MATLAB. We use simulation datasets of
Poisson and Exponential distribution styles to test the accuracy
of GSSNTFg,, GSSNTFy;, GSSNTF;s and ALS [49]. Meanwhile, We
use the corresponding MATLAB code of [49] for tensor operations
which are proposed on Section 3.3. We test the scalability with
the rank of feature matrices. Thus, we set the rank value R as {32,
64, 128, 256, 512, 1024} for scalability test, which is the multiple
of the warp. We choose uniform distribution as the initial value
for factor matrices {A?i e {1,..., N}}, which are the same as the
comparison approaches.

1 http://files.grouplens.org/datasets/movieLens
2 http://www.netflixprize.com

5.2. Scalability and parameter selection

We test the scalability for computational time and space over-
head on this section. The scalability performances of computa-
tional time on CPU for GSSNTFg,, GSSNTFy; and GSSNTFs are pre-
sented on Figs. 10(a),11(a) and 12(a), respectively. The scalability
performances of space overhead on CPU for GSSNTFg,, GSSNTFy;
and GSSNTF;s are presented on Figs. 10(b),11(b) and 12(b), re-
spectively. The scalability performances of computational time on
GPU for CUGSSNTFg,, CUGSSNTFy; and CUGSSNTF;s are presented
on Figs. 10(c),11(c) and 12(c), respectively. The scalability perfor-
mances of space overhead on GPU for CUGSSNTFg,, CUGSSNTFy;
and CUGSSNTFs are presented on Figs. 10(d),11(d) and 12(d), re-
spectively. With the rapid increasing of web data, processing scal-
ability becomes a core index. Scalability in the research commu-
nities of tensor factorization includes time scalability and memory
scalability. Time scalability comprises of: (1) The scalability per-
formance with the scale of a data set; (2) The scalability with the
value of R. The choice of R can influence the approximation degree.
The small value of R cannot approximate the original tensor appro-
priately; However, a big value of R may make an over-fitting prob-
lem due to more number of training parameters. In this work, only
the scalability performance of tensor factorization is considerd, and
the R is selected as {32, 64, 128, 256, 512, 1024} or log,(R) € {5, 6,
7, 8,9, 10}.

The testing results of time scalability (Figs. 10(a), 11(a) and
12(a)) on CPU show that GSSNTF is scalable. However, we found
that the results of time scalability (Figs. 10(c), 11(c) and 12(c)) on
GPU are not scalable between R =64 and R = 128. We conclude
the reason is that when GPU is running on R = {32, 64}, the SPs
are more idle than the GPU runs on R = {128, 256, 512, 1024}. From
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Fig. 12. Scalability and memory requirement of GSSNTFjs are scalable with R on CPU (Fig. 12(a) and 12(b), time on second (s)). Scalability and memory requirement of

CUGSSNTF;s are scalable with R on GPU (Fig. 12(c) and 12(d), time on second (s)).

Table 4

The computational time (minute) on a training iteration (Netflix data set), with R =
{32, 64, 128, 256, 512, 1024} on 32-core shared memory platform. Speedup refers to
the ratio of SPLATT to GSSNTFg,.

Rank GSSNTFg, NTF SPLATT Speedup
R=32 0.10 0.87 0.62 6.24
R=64 0.20 3.30 2.36 11.81
R=128 0.39 12.58 8.99 22.93

R =256 0.78 49.36 35.26 45.21

R =512 1.56 195.99 139.99 89.74

R =1024 3.12 781.05 557.89 178.81

the results of time scalability (Figs. 10(a), 11(a) and 12(a)) on CPU
and the results of time scalability (Figs. 10(c), 11(c) and 12(c)) on
GPU, the running time of GSSNTFjs is longer than GSSNTFy;; Mean-
while the running time of GSSNTFy; is longer than GSSNTFg,. Be-
cause more number of parameters need longer time of data fetch-
ing, the running results support that more parameters output more
computational time. The Figs. 10(b), 11(b) and 12(b) show that the
memory requirement on CPU for GSSNTF is increased linearly with
R. Meanwhile, the Figs. 10(d), 11(d) and 12(d) show that the mem-
ory requirement on GPU for CUGSSNTF is increased linearly with R.
Table 4 shows the speedup. Table 4 demonstrates that GSSNTF has
linear scalability with R. Meanwhile, we observe that, due to the
computational process of the intermediate Hession matrix G with
the discussion on Section 3.3, the computational overhead of NTF
and SPLATT for SNTF on Euclidean Distance is scalable with O(R?).

5.3. Convergence, multi-GPU and online learning

We compare the convergence performances of CUGSSNTF, NTF
[11], Hogwild! [40] and SPLATT [8,9]. From the results on Fig. 13

(a-c), CUGSSNTF has the same convergence performances with NTF
and SPLATT, and CUGSSNTFg, can converge to the same RMSE
value as NTF, and SPLATT. Hogwild! is a framework of paralleliza-
tion SGD, which can avoid the over-writing problem with conver-
gence promise and initial parameters sensitivity. However, Hog-
wild! cannot obtain the same accuracy level as NTF, SPLATT, and
GSSNTF. We conclude the reason is that we choose the original
version of Hogwild! and don’t consider other information. In the
future, we may improve this condition. The Fig. 13 (a-c) illustrate
that: 1) Three prior assumption styles, i.e., Gaussian, Poisson, and
Exponential, present different accuracy results; 2) CUGSSNTFg, has
the best RMSE performance result. We conclude the result is that
the data follow the Gaussian. Meanwhile, we found that in the dis-
cussion of [50], if we carefully choose the distance styles for a ma-
trix data, the methods of non-negative and low-rank factor for ma-
trix data on Poisson and Exponential may obtain higher accuracy
performance than the matrix data on Gaussian. In this work, we
not only explore the linear scalability improvement for the gener-
alized algorithm but also conduct the further explorations for the
detail performance. From the experimental results, because the ac-
curacy results demonstrate the convergency performance of GSS-
NTF, the proposed GSSNTF is correct and linear scalable. Thus, the
GSSNTF can be adopted by large-scale industrial data for low-rank
analysis of tensor data. At last, CUGSSNTF runs faster than the NTF
and SPLATT. We conclude the reason is that CUGSSNTF can avoid
frequent matrix manipulations and the formations of intermediate
matrices.

Due to the higher sparsity of MovieLens4D than MovieLens3D,
the RMSE of CUGSSNTF on MovieLens4D obtains a somewhat
higher value than the RMSE of CUGSSNTF on MovieLens3D,
which means that CUGSSNTF on MovieLens4D obtains somewhat
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higher accuracy than CUGSSNTF on MovieLens3D. We observe
that the sparsity on Movielens3D is (9, 301, 274/(71, 567
10, 681 *1,038))= 0.0017% and the sparsity on MovieLens4D is
(9, 301, 274/(71,567 % 10, 681 * 169 * 24)): 0.0004%. However, the
number of training parameters of CUGSSNTF on MovieLens4D (71,
567%10, 681*169*24*R) is much larger than on the number of
training parameters of MovieLens3D (71, 567%10, 681*1, 038*R).
Although the higher sparsity results in the decreasing of accuracy,
4-way tensor factorization present more robust than 3-way tensor
factorization in the condition of information missing.

We compare GSSNTFg,, GSSNTFy; and GSSNTFs on Poisson and
Exponential distribution styles. As shown in Fig. 14(a), the accuracy
performance of GSSNTFy; outperforms the accuracy performance
of GSSNTFg, and ALS on Poisson distribution style. Meanwhile,
as shown in Fig. 14(b), the accuracy performance of GSSNTFg
outperforms the accuracy performance of GSSNTFg, and ALS on
Exponential distribution style. The results demonstrate the versa-
tility of the proposed generalized model. From the illustration of
Fig. 14(a) and Fig. 14(b), ALS runs faster than GSSNTFg,, GSSNTFy;
and GSSNTF;s. However, ALS involves the inversion operations of
Hession matrix and the computational complexity is O(R3).
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Fig. 15. The time overhead of MCUGSSNTF on one, four, and eight GPUs.

Table 5
Training time influence of n on GSSNTFg, in obtaining a baseline RMSE (Time on second (s)).
Data sets CUGSSNTFg, SPLATT  Online n=0.5 Online n=1.0 Online n =15  Online n =2.0
Movielensp 2.130 9.163 0.00596 0.00603 0.00636 0.00589
Movielenyp 2.369 10.960  0.00693 0.00856 0.00785 0.00586
Netflix-100M  86.69 635.34  0.5212 0.6370 0.5720 0.6806
Table 6
Training time influence of n on GSSNTFy; in obtaining a baseline RMSE (Time on second (s)).
Data sets CUGSSNTF,  Online n=0.5 Onlinen=1.0 Onlinen=1.5  Online n =2.0
Movielensp 2.562 0.00698 0.00663 0.00636 0.00609
Movielenyp 2.639 0.00783 0.00757 0.00774 0.00701
Netflix-100M  91.43 0.6013 0.6040 0.6532 0.6924
Table 7
Training time influence of n on GSSNTF;s in obtaining a baseline RMSE (Time on second (s)).
Data sets CUGSSNTF;s  Online n =0.5 Online =1.0 Online =15 Online n = 2.0
Movielensp 2.940 0.00756 0.00785 0.00754 0.00742
Movielenyp 2.876 0.00743 0.00790 0.00774 0.00743
Netflix-100M  92.75 0.7365 0.7453 0.7425 0.7123

MCUGSSNTF is the multi-GPU version of CUGSSNTF. MCUGSS- respectively. MCUGSSNTF defines more complex communication

NTF considers the data with 3-way and 4-way. As shown in
Fig. 15, due to the sparsity of Movielens and Netflix data sets,
there is load unbalance within each GPU. Thus, MCUGSSNTF on 4
and 8 GPU can only obtain the {3.78X, 3.68X, 3.76X} on 4 GPUs
for Movielenss;p, Movielensyp, and Netflix, respectively, and {7.4X,
7.2X, 741X} on 8 GPUs for Movielenssp, Movielens,p, and Netflix,

pattern on 4-way data than on 3-way data. Thus, the speedup
performance of MCUGSSNTF on Movielensyp is lower than the
speedup performance of MCUGSSNTF on Movielenssp.

The results of online learning performance reveal the real-time
performances and parameter influences. In Table 5, n represents
the weight of the new data, which is used in Formulas (21) and
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(22); Columns 2 to 3 represent the total time cost for GSSNTFg,
and SPLATT [8] to process new and old data without an online way,
respectively; Columns 4 to 7 represent the time cost required for
GSSNTFg, to process new data under different values of 7 in an
online way. It can be observed that GSSNTFg, has less time cost
than SPLATT. As described in sections III and IV, GSSNTFg, and
SSNTF have the same time cost as GSSNTFg, inherits the advan-
tages of SSNTF based on single thread method. Obviously, if we use
our online processing algorithm, it takes very little time to process
new data according to Columns 4 to 7. And the parameter 7 in-
fluences the time cost of GSSNTFg, for online version. Meanwshile,
we extend the work of online processing to the KL-divergence, and
IS-divergence. We perform the same experiment on GSSNTFy; and
GSSNTFs, and the experimental results can also draw similar con-
clusions as shown in Tables 6 and 7. From the results of Tables 5-7,
the strategy of online learning for GSSNTF is workable.

6. Conclusion and future work

This paper is an extension of our previous work [16] from a
single Euclidean distance to generalized divergence styles, and the
main works are presented as follows:

1. We analyze that the main computing bottlenecks for SNTF
are frequent matrix manipulation and large-scale intermedi-
ate matrices;

2. The GSSNTF model is discussed, which can reduce to linear
time complexity and space requirement with convergence
promise. And we present a more generalized update rule for
factor matrices;

3. An online model for GSSNTF is presented, which includes
data merging for built data structure and newly arrived data
and online learning algorithm;

4. When the GSSNTF faces a large-scale dataset, a CUDA par-
allelization model for GSSNTF is presented on GPU (CUGSS-
NTF) and multi-GPU (MCUGSSNTF).

CUGSSNTF and online learning approach are the deep exten-
sions of the GSSNTF. Experimental results demonstrate the perfect
performances of the CUGSSNTF and the online learning approach
of the GSSNTF.

In the future works, we will mine the further performance of
the parallelization features on cloud platforms, i.e., Flink, Spark and
so on. We will combine the accelerating approach, i.e., Alternative
Direction Method (ADM) to improve the convergence rate. Mean-
while, we will explore how to combine the manifold learning and
NTF to improve the accuracy and we will extend the MCUGSSNTF
to the sparse data styles with 5 or more modes. Furthermore, deep
learning is a new perspective that can capture the inherent infor-
mation via a neural network. Thus, in the future, we explore how
to combine deep learning and tensor learning.

Authors’ Contributions

Non-negative Tensor Factorization models (NTF) are effective
and efficient in extracting useful knowledge from various types
of probabilistic distribution with multi-way information. Current
NTF models are mostly designed for problems in computer vi-
sion which involve the whole Matricized Tensor Times Khatri - Rao
Product (MTTKRP). Meanwhile, a Sparse NTF (SNTF) proposed to
solve the problem of sparse Tensor Factorization (TF) can results
in large-scale intermediate data. A model of Single-thread-based
SNTF (SSNTF) is proposed to solve the problem of non-linear time
and space overhead caused by large-scale intermediate data. How-
ever, the SSNTF is not a generalized model. Furthermore, the above
methods cannot describe the stream-like data from industrial ap-
plications in mainstream processors, e.g, Graphics Processing Unit

(GPU) and multi-GPU in an online way. To address these two is-
sues, a Generalized SSNTF (GSSNTF) is proposed, which extends
the works of SSNTF to the Euclidean distance, KullbackLeibler (KL)-
divergence, and Itakura-Saito (IS)-divergence. The GSSNTF only in-
volves the feature elements rather than on the whole factor matri-
ces, and can avoid the formation of large-scale intermediate matri-
ces with convergence and accuracy promises. Furthermore, GSSNTF
can merge the new data into the state-of-the-art built tree dataset
for sparse tensor, and then the online learning has the promise of
correct data format. At last, a model of Compute Unified Device
Architecture (CUDA) parallelizing GSSNTF (CUGSSNTF) is proposed
on GPU and Multi-GPU (MCUGSSNTF). Thus, CUGSSNTF has lin-
ear computing complexity and space requirement, and linear com-
munication overhead on multi-GPU. We implement CUGSSNTF and
MCUGSSNTF on 8 P100 GPUs, and the experimental results from
real-world industrial data sets demonstrate the linear scalability
and 40X speedup performances of CUGSSNTF than the state-of-
the-art parallel and distributed methods.

The main contributions of our study are as follows:

(1) Algorithm analysis. The GSSNTF model is derived theo-
retically, which obeys various common probabilistic styles, e.g.,
@aussian, Zoisson, and &xponential distribution styles, and fine-
grained parallelization inherence. And GSSNTF represents a more
generalized update rule for factor matrices.

(2) CUDA Parallelization and Multi-GPU. CUGSSNTF harnesses
local memory more instead of increasing the global memory over-
head of the GPU, and CUGSSNTF has linear scalability of computa-
tion and space overhead. MCUGSSNTF adopts a multi-GPU model
with mode scalability for tensor data. GSSNTF and CUGSSNTF have
linear time and space complexities.

(3) Online Learning. The stream-like computing style of the
single-thread-based model gives the GSSNTF the online learning
ability. Online learning and high efficient CUDA parallelization are
the two byproducts of the singlethread-based model.
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