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13.1 INTRODUCTION

The Internet of things (IoT) has been defined in Recommendation ITU-T Y.2060 (06/2012) as a
global infrastructure for the information society, enabling advanced services by interconnecting
physical and virtual things based on existing and evolving interoperable information and communi-
cation technologies [1]. The IoT is the network of physical objects (e.g., goods, products, vehicles,
buildings) embedded with electronics, sensors, software, and network connectivity, which enable
objects to collect and process data. The IoT allows objects to be sensed and controlled remotely
through existing network infrastructure, creating opportunities for tight integration of the physical
world into computer and communication systems. Each thing is uniquely identifiable through its
embedded devices and is able to interoperate within the existing Internet infrastructure. It is esti-
mated that the IoT will consist of 50 billion objects by 2020 [2] and contribute 19 trillion USD in the
global economy [3].

One of the major enabling technologies for the IoT is low-energy wireless sensor networks [4—6].
When IoT is augmented with sensors and actuators, the technology becomes cyber-physical sys-
tems, such as smart grids, smart homes, smart cities, and intelligent transportation systems. A wire-
less sensor network (WSN) consists of spatially distributed autonomous sensors which are able to
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monitor physical and environmental conditions and to cooperatively transmit their sensed data
through the network to a base station. Originally motivated by military applications such as battle-
field surveillance, WSNs are now deployed and used widely in various applications, such as envi-
ronmental and earth monitoring (air and water quality and pollution monitoring, forest fire, landslide,
and natural disaster detection and prevention); industrial monitoring (machine health monitoring,
data logging, and industrial sense and control applications); agriculture (accurate agriculture, irriga-
tion management, greenhouses); passive localization and tracking; smart home monitoring; and
IoT [7,8].

Due to very limited power supply and severe energy constraint in sensors [9], the lifetime of a
WSN has gained substantial research attention in recent years [10]. Energy consumption in WSNs
contains two components, namely, the energy required for data sensing and the energy used for data
transmission. Research in lifetime maximization of WSNs has been focused on the first component
only [11-14], the second component only [15-20], and both components [21-23]. We believe that the
lifetime maximization problem of WSNs should be studied by taking both components of energy
consumption into consideration [24].

Several methods have been proposed to increase the lifetime of a WSN, including redundant
sensors [25], nonuniform sensor distributions [26], and aggregation and forwarding nodes for data
transmission [27,28]. All these methods are based on the observation that sensors at different loca-
tions consume their battery power at different speeds. In particular, sensors close to a base station
consume energy much faster than sensors far away from the base station [29,30]. Therefore, the
most effective way to maximize the lifetime of a WSN is to allocate initial energy to sensors such
that they exhaust their energy at the same time [21,31-33].

It has been found that the lifetime of a WSN and an optimal initial energy allocation are deter-
mined by a network design. Network lifetime maximization is a two-stage process, namely, optimal
network design and optimal energy allocation. In reality, a WSN design includes the locations, sens-
ing ranges, communication ranges, and data generation rates of all sensors, energy consumption for
both data sensing and data transmission, as well as a routing algorithm for data transmission to a
base station (i.e., a sink). All these factors have an impact on sensor and network lifetime as well as
optimal energy allocation. For a given network design, an optimal initial energy allocation which
maximizes the network lifetime can be determined [31]. Hence, the lifetime of a WSN is essentially
determined by a network design.

It has been known that the lifetime of a WSN can be maximized by an optimal network design.
In [34], the network lifetime obtained by optimal energy allocation is represented as a function of
the number m of annuli, and it is shown that m has a significant impact on network lifetime. It is
proved that for annuli of identical widths, if the energy consumed by data transmission is propor-
tional to d* + ¢, where d is the distance of data transmission, and o and ¢ are some constants, then
for a circular area of interest with radius R, the optimal number of annuli that maximizes the net-
work lifetime is

1/o
mzR(a—l) ’ (13.1)

for an arbitrary sensor density function.

The investigation in [34] assumes that all annuli have identical widths based on the observation
that the energy consumption of a data transmission is minimized when all hops have the same dis-
tance [32,35]. However, whether identical annulus widths give the maximum network lifetime is
worth further investigation. In this chapter, we show that it is indeed the case that an optimal net-
work design has different widths of annuli. The main contribution of the present chapter is to
develop an algorithm to find an optimal network design which maximizes the lifetime of a WSN
obtained by optimal initial energy allocation for an arbitrary sensor distribution. We show that the
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optimal WSN design problem can be formulated as a nonlinear system of equations. Our results
reveal the fact that an optimal network design has different widths of annuli. In particular, in an
optimal network design, an annulus closer to a sink has larger width. Compared with a network
design with identical annulus widths, a network design with variable annulus widths can lead to a
noticeable increment of the network lifetime.

The chapter is organized as follows. In Section 13.2, we present preliminary information, includ-
ing the network design model, the sensor distribution model, and the energy consumption model
used in our study, as well as an example to motivate our investigation. In Section 13.3, we develop
analytical forms of network lifetime and optimal energy allocation. In Section 13.4, we give an
algorithm to find an optimal network design which maximizes the network lifetime obtained by
optimal energy allocation for a uniform sensor distribution, where the optimal network design prob-
lem is formulated as a nonlinear system of equations. In Section 13.5, we give an algorithm to find
an optimal network design for a nonuniform sensor distribution. In Section 13.6, we demonstrate
numerical examples. We conclude the chapter in Section 13.7.

13.2 PRELIMINARIES

In this section, we provide preliminary information, including the network design model, the sensor
distribution model, and the energy consumption model. We also give a motivational example which
inspires our research.

13.2.1  THe NeTwork DESIGN MODEL

Let us consider a circular area of interest A which has radius R meters (see Figure 13.1). Assume
that A is divided into m annuli (also called coronae) A;, A,,...,A,, by m circles with radii r,7,...,#,
centered at a sink, where 0 <n <n, <---<r, = R [32]. For convenience, we assume that there is A,
with width % = 0 which contains a sink. All sensors report sensory data to the sink. Annulus A; has
width r; —r;_,, where 1< j <m. For a fixed R, the number m of annuli as well as the sequence of

FIGURE 13.1 A circular area of radius R with m annuli.
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values (rl,rz,...,rm,l) is called a network design or a network configuration, which has significant
impact on energy consumption and network lifetime.

Assume that there are N sensors, s1,5,,...,Sy, randomly distributed in A. We use s, to represent a
sink. All sensors in A; are designed in such a way that they have the same transmission range,
r;—rj_;. All sensors also have a certain sensing range. It is assumed that N is sufficiently large such
that a WSN is connected. Furthermore, it is assumed that the sensing range is sufficiently large such
that A is well covered. Let N; be the number of sensors in A;.

13.2.2  THE SENSOR DisTRIBUTION MODEL

Let f(r) be any sensor density function (or sensor distribution function) in a circular area of inter-
est, A, with radius R, where 0 <r < R. In other words, the number of sensors in a small area, z, with
distance r to the sink is f(r)z. The function f(r) should satisfy

R
jme(r)dr =N. (13.2)
0

The number of sensors in A; is

N;= J2mf (r)dr, (13.3)

rj-1

for all 1< j <m. For instance, for a uniform distribution, we have

N
f(r)= e (13.4)
i N T N
J.me(r)drzpjlhdr:(P)rz l5=N, (13.5)
0 0
and
Ny= o [ 2rr= (%)r .= (’RIJN (136)

forall 1< j<m.
As an example of nonuniform sensor distribution, let us consider

B N !
f(r)_(nln (1+1/u))(r2+uR2)’ (137

where u > 0. It is easy to see that

R R

N 1
-(!’ZTcrf(r)dr = ‘(’:275;{ TR u)) ( I ) dr (13.8)




®

Maximizing the Lifetime of Wireless Sensor Networks by Optimal Network Design

R
S— J'( = 2)d(#m}#)
1n(1+1/u)0 r°+uR

(u+1)R?

N (u+1)R?
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_ N 2 2
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Notice that the ratio of the largest density (when r = 0) to the smallest density (when » = R
)is (1+1/u). Thus, the parameter u indicates uniformity of sensor distribution. For a small u, sen-
sors are more densely distributed in the area closer to the sink. As u — 0, the sensor density near the
sink can be arbitrarily large. One the other hand, as u increases, sensors are more evenly distributed

in A. For a very large u, we have In (1+1/u) =1/u, and

N 1 N
f(r)z(n(l/u)J(r2+uR2): Tr,(rzlu+R2) TR

That is, as u — oo, f(r) approaches a uniform distribution.
The previous f(r) gives rise to

2 2
N, = N In ’Z+MR2 ,
In A1+1/u) rii+uR

for all 1 < j <m. For a very large u, we have

2 2 2 2 2 2
T S PR PO el = T DL Bl =)
2 2 2 2 2 2°
rj—y +uR ri—y +uR rioy +uR

and

oo N e (rer)y
i~ 2 2 - 2 >
(1/u) ri+uR R

which is the N; for a uniform distribution.

13.2.3 THe ENERGY CONSUMPTION MODEL

(13.9)

(13.10)

(13.11)

(13.12)

The amount of energy consumed by a sensor to sense and receive data in one unit of time is p mJ/

second.

The amount of energy needed to transmit one bit over distance d meters is (ald “+ az) pJ, where
ay is the energy required to run a transmitter amplifier, a, is the energy used to activate a transmitter
circuitry, and 2<a <6 is a constant [36]. The previous expression has a significant implication in

minimizing the energy cost of data transmission in WSNs.



284 Networks of the Future

Assume that each datum has size b bytes = 8 bits. Then, the amount of energy needed to trans-
mit one datum over distance d meters is

8a|b
10°

q=8b(ad* +a,)pl = 8a1b(a’°‘ +“2J pl="27(d% +e)mI=a(d®+c)ml,  (13.13)

a

where a = a;b /125,000 mJ/m® and ¢ = a, / a; m* (Notation: pJ = pico Joule, nJ = nano Joule, mJ =
micro Joule, m* = meter raised to the power o.) For instance, when b =25 bytes, a; =10 pJ/bit/m?,
a, =50 nJ / bit = 50,000 pJ / bit, we have a =0.002 mJ/m*®, ¢ = 5000 m®, and g = 0.002d* +10 mlJ.
Based on the previous discussion, we know that the amount of energy consumed by a sensor in A; to
transmit a datum is

q;= a((rj -7 l)a +c) mlJ, (13.14)

forall 1< j<m.

13.3 A MOTIVATIONAL EXAMPLE

Before we proceed, let us consider the following motivational example. Consider (k+1) sensor
50,81,82,...,8¢ along a line, where the distance between s;; and s; is d;, for all 1< j<k, and
d=d, +d,+---+d, (see Figure 13.2). Each sensor s; needs to send a bit to s, along the path
(sj,sj_l,...,so) with j hops, for all 1 < j < k. Then, for fixed d, the energy consumed by the above k
data transmissions is a function of d,,d>,...,d;_, Since d, =d —d, —d, —---—d_)),

k(k+1)'

k k
E(ddsyndi) = Y (k= j+D(ad? +a)=a Y (k= j+1df +ax-

J=1 J=1

(13.15)

It is clear that to minimize E(d,,d,,...,d;_; ), we need only to minimize

k k-1 k-1
Fldisdandi )= Y (k= j+Ddf = Y (k= j+ DS +[d—2d,.]
Jj=1 J=1 J=1

o

(13.16)

Consider the case when o = 2. Since the terms in f(dl,dz,...,dk_l) that include d; are

(k= j+2)d} +2d; Y d;—2dd,, (13.17)
J#

FIGURE 13.2 A data transmission path.
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we have
df (di,dy,....di1) _ .
echtial - 2(k=j+2)d,+2) dy-2d, (13.18)
J#J

for all 1< j <k—1. Hence, we get a linear system of equations.

(k- j+2)d, +Z"f’ —d, (13.19)
PEJ

for all 1< j<k—1. It is straightforward to verify that when k=2, we have d, =(l)d and
d, = (%)d; when k =3, we have d, = (%)d, d, = (%)d, and d; =(%)d; when k =4, we have

d = (i)d, d, =(i)d, d; = (i)d, and d, = (E)d We observe that the d;’s are different, a
25 25 25 25

quite different conclusion from the fact that for a single data transmission, energy consumption is
minimized when all hops have the same distance [34]. Such phenomenon inspires the optimal net-
work configuration problem solved in this chapter.

13.4 NETWORK LIFETIME AND OPTIMAL ENERGY ALLOCATION

In this section, we develop analytical forms of network lifetime and optimal energy allocation,
which are necessary to formulate our optimization problems (i.e., network lifetime maximization
and optimal network design).

When a datum is transmitted from a sensor, s;, in A, to the sink, s, the datum is sent along a path
(sj,sj_l,sj_z,...,sl,so) from s; to so, where s; € A; for all j =i > 0. Assume that each sensor senses and
transmits [ data to a sink per second. This implies that sensors in A; contribute N ;|1 data transmis-
sions per second to all A’s, where 1<i< j. It is also assumed that all sensors in A; are treated
equally such that they all perform the same amount of data transmission. Since there are
(N,- +Nj+-+N, )].l data transmissions to be performed by N, sensors in A; per second, a sensor
in A; performs [3; data transmissions in one unit of time, where

1 =T}
Bj=N(Nj+Nj+l+"'+Nm)u={ i 7'121)“’ (1320)

J Tj =T

forall1<j<m.
A sensorin A;is equipped with E; of initial energy. Let E denote the total energy budget, that is,

E=) N, (13.21)
j=1

Once a sensor is deployed, E is not renewable or replenishable. The network lifetime is determined by the
initial energy allocation (E,, E,,..., E,, ), which is determined by a network design, that is, (1i,7,..., %, ).
The energy consumed by a sensor in A; in one unit of time is p+[3,¢;, which implies that the
lifetime of a sensor in A; is
L=_F

! P+l3jfb.

(13.22)
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A reasonable definition of network lifetime L is L = min (L,,L,,...,L,,), since when all sensors in
A; run out of battery power, a WSN becomes disconnected and inoperational. It is clear that L is
maximized if and only if L, = L, =---= L, that is, all sensors die at the same time; otherwise, we
can initially move energy from sensors which work longer to sensors which die sooner so that the
network lifetime is increased.

To have an identical lifetime L for all the sensors, that is, E;/ ( p+B jq_,-) =L, we need
E; = L(p+[3jq_,»), for all 1 £ j <m. Since N\E, + N,E, +---+ N, E,, = E, that is,

ZNfL(p+quf)=E’ (13.23)
=1
we get
[ R (13.24)
2 Ni(p+Bja;)
J=1
and
+B.q,)E
Ej = m(pB—/qf)’ (13.25)
Z Ni(p+B4;)
j=1
for all 1 < j <m. An initial energy allocation (E,E,,...,E,, ) that results in Ly = L, =---=L,, =L
is called an optimal energy allocation.
‘We notice that
rjfl
Hence, the network lifetime is
L= - E
j=1
B E (13.27)
Np+ uaZ(J‘ ! 2Ttrf(r)dr)((rj —ri)" + C)
A
Since
p+pig; = P+L(Nj N+t N, Jpal =) +c) 13.28
N, ( )

J
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Tm

21trf(r)dr

+rj7
j 2mrf (r)dr

the optimal energy allocation is

.ua((rj —rio)” + c),

p+U 2nrf (r)d JU 2mrf ( r)dr)l (5 =r-)® +¢)

E =E-
Np+a ‘_I(J. 2mf(r)dr]((rj —rio)* +c)

7

b}

forall 1< j<m.

13.5 OPTIMAL NETWORK DESIGN FOR UNIFORM DISTRIBUTIONS

287

(13.29)

In this section, for a uniform sensor distribution, we define our network lifetime maximization
problem as a multivariable minimization problem. Then, we give an algorithm to find an
optimal network design which maximizes the network lifetime obtained by optimal energy

allocation.

13.5.1 THe OPTIMIZATION PROBLEM

Notice that for a uniform distribution of sensors, we have

and N=N,+N,+---+N,,. Then, we have

ZN P+ ZN B
J= =

Np+ D (N, + Ny o0+ N, g,

J=1

m

ZNJ‘(PJrBjCIj)

J=1

I
S
+
NgE
VY
)
S
||
S}
N—
2
=
Q
—_—
—~
+
o
S—
a

Il
g
+

RN G =20 = ) +c)
N(P"‘REZ(’%_ 1)(( rj—l)a'i‘C)].

(13.30)

(13.31)
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Hence, the network lifetime is

L= E . (13.32)

N i D= (=) +c)

Since

p+PBig; = p+%(Nj+NjH+~~+Nm)|,la((rj—r/—_1)°‘+c)

J

2_ 2 (13.33)
I _rj_l o
= P“‘( ) JW((G’— j-1) +C)’
Tj = Tj
we obtain the optimal energy allocation
2 2
o — i
p+( 5 ’ZIJMa((rj—rj_l)“+c)
E ri =i
E; = , (13.34)

_N m
P‘*‘%Z(”rﬁ _rjz—l)((rj —ri)” +C)
j=I1

forall 1< j<m.
It is clear that the network lifetime L is a function of r,7,...,7,_;. To maximize the network life-
time, we need to minimize the following function:

m

F(norsomtind) = D =120 = 1) + ), (13.35)

j=1

where r, =0 and r,, = R. Notice that F (rl,rz,...,rm_l) / R? gives the average number of m® taken
by a single data transmission. It is clear that F(#,r,...,,-1) is a quantity determined by a net-
work design (11,72,...; -1 ) and F(n,n,....1,,—1 ) determines the energy expenditure of data trans-
mission.

13.5.2 Op1iIMAL NETWORK DESIGN

Now, we develop an algorithm to solve our optimization problem. Our main idea is to formulate the
optimal network design problem as a nonlinear system of equations. (For technically less-experienced
readers, this section can be skipped.)

To minimize the function

F(nmsomtint) = D (R =) (= 10" +¢), (13.36)
j=1

we should have

oF
a—=ﬂ(n,rz,...,rm4)=0, (13.37)
rj
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for all 1< j <m—1. Since the terms in F(r,n,...,1;,1 ) that include r; are
(R2 - J-z,l )((rj —rio)" + c)+ (R2 - rjz)((rjﬂ -r)"+ c), (13.38)

we get

fj(ﬁ,rz,---,"m—l) = OC(RZ— ]'2—1)(’”]'—"]'—1)%1—2"]'(("j+1—Vj)a"'c)—(x(Rz_r]?)(”jH_”j)OH- (13.39)

Therefore, we have a nonlinear system of equations, that is,

ﬁ(rl’rZs"'srm—l) = O,

fz(ﬁ,rzj~--,"m—l) =0 (13.40) AU: Should a

comma be
added after
fm—l(rler’-'-’rm—l) = 0. the middle
. . . . zero?
By using vector notation to represent the variables #,7,...,7;,,_;, we write
I'Z(I‘l,rz,...,rm,l), (13.41) AU: Is the
boldng of the

and f;(n,7,...7m1 ) = f;(r), where f;: R — R maps (m —1)-dimensional space R"™" into the variables

. . . — - . 1. _ h d
real line R. By defining a function F: R™™" — R™" which maps R™™" into R, bzie)sn

correct?

F(rl,rz,...,rm,l) = (f, (r,,rz,...,rm,l),fz(rl,rz,...,rm,l ),...,fm,, (r,,rz,...,rm,l)), (13.42)
namely,
F(r)=(£i(r), fo(r),.... fuai (¥)), (13.43)
then our nonlinear system of equations is
F(r)=0, (13.44)
where 0=(0,0,...,0).

The previous nonlinear system of equations can be solved by using Newton’s method. To this
end, we need the Jacobian matrix J(r) defined as

B G 1 ) I
on on 0y

df2(r) df2(r) . 9fi(n)

J(r)= on on Oy , (13.45)
aﬁn—l(r) afm—l(r) . aﬁn—l(r)
on on 0y
where
8af,-7(r) = =20, (r; — )" — oo — 1)(R2 - )(r_,- -1, (13.46)
¥i
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ALGORITHM 13.1 AN ALGORITHM FOR FINDING
AN OPTIMAL NETWORK DESIGN.
Algorithm: Optimal Network Design
Input: Parameters o, ¢, R, m.

Output: An optimal network design r = (rl,rz,...,rm_l) which satisfies F(r) =0

r < (R/m2R/m3R/m,..,(m-1)R/m); (1)
Repeat; (@)
Calculate F(r) = (£ (r), £(r),. i (T)); 3)
Calculate J(r), where J(r);; = df;(r)/on for 1< j,k<m—1; )
Solve the linear system of equations J(r)x = —F(r); 5)
rertx: ©)
until || x||<e. )

forall2<j<m-1, and

df;(r _
% =a(a- 1)(R2 - rjz—l)(rj —r5) 7 =2((r = )" +c)
i (13.47)
+ 4o (r — 1) + o= 1)(R? = 17 ) (ryr — 1),
forall1<j<m-1, and
9f(r) _ =207 (11 — 1) = a(0 = 1)(R? =17 ) (1 = 1), (13.48)
a’”j+1
forall1<j<m-2,and
9f(r) _ 0, (13.49)
ark

forall 1< j<m—land kZj—1,j,j+1.

Our algorithm for finding an optimal network design r = (7, 73,...,%;,_ ) which satisfies the nonlin-
ear system of equations F(r) =0 is given in Algorithm 13.1. This is essentially Newton’s standard
iterative method ([37], p. 451). Our initial approximation of r is r; = jR/m for all 1< j<m-1
[line (1)]. The value of r is then repeated modified as r + x [line (6)], where X is the solution to the
linear system of equations J(r)x =—F(r) [line (5)]. Such modification is repeated until || x ||< e
[line (7)], where

XM= P +x3+-+x2 ), (13.50)

and ¢ is a sufficiently small constant, say, 107", The linear system of equations in line (5) can be
solved by using the classic Gaussian elimination with backward substitution algorithm ([37],
pp. 268-269).
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13.6 OPTIMAL NETWORK DESIGN FOR NONUNIFORM DISTRIBUTIONS

In this section, for an arbitrary nonuniform sensor distribution, we define our network lifetime
maximization problem as a multivariable minimization problem. We also give an algorithm to find
an optimal network design which maximizes the network lifetime obtained by optimal energy allo-
cation by extending our method in Section 13.4.

13.6.1 THE OPTIMIZATION PROBLEM

We follow the method in Section 13.4.1.
For the nonuniform sensor distribution in Section 13.2.2, since

N “r 2 +uR?
N;+N;,++N, = ———In _—
s In (1+1/u) [Hr,»zl+uR2]

= (13.51)
N r2 +uR’
= In|— > |
In (1+1/u) rio +uR
we have
E
L= . (13.52)
m 2 2
Wa rym +uR o
N|p+ In i—ri-1)” +
™ I+ 1/ u) 4= [r_,-zl +uR’ )((r, 7i-1) C)
Because
1 o
p+Bja; = p+F(Nj+Nj+l +"'+Nm)ua((”j—7’j—1) +C)
J
—p+ﬂ~ua((r-—r- )0‘+c) ( ' )
| r} +uR® s ’
rj-2,| +uR?
we obtain
r2—rk o
E p+(rz_r’21 a((rj—rj,l) +c)
E; N LA , (13.54) AU:Tsa“)”
Ha 2_ 2 2_ 2 e missing at
p+FZ(Fm r/"l)((rj 7’,_1) +c)) the end of

Jj=1 the top line?

forall 1< j<m.
To maximize the network lifetime, we need to minimize the following function:

+uR?
F(1i.ryueeitiet) Zl (r +“R2J((r- o)+ ), (13.55)
/ 1

where r, =0 and r,, = R.
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13.6.2 Op1miMAL NETWORK DESIGN

Now, we follow the method in Section 13.4.2. (For technically less-experienced readers, this section
can be skipped.)
To minimize the previous function, we should have

oF
af=ﬂ(n,rz,...,rm4)=0, (13.56)
.,

for all 1< j <m—1. Since the terms in F(1,7,...,1,1 ) that include r; are

2 2 2 2
I +UuUR T, +uR
In|>— ((ri—ri_)%+c)+In | 5—— [((ris — )" +¢), (13.57)
(rjz_l“r‘MRz)( ! / ) rj'2+MR2 ( I* J )
we get
2 2
Ty T UuR 4
(Rt ) =1In | 5—— oW, —7)®
f](l 2 nl) (rJ;I+MR2J i -l
(13.58)
2r; 12 +uR? 1
—| L5 (G —r)*+c)—In | H5—— |a(ri — )" .
(rjz + uR? J( e ) rj2 + uR? AR
Therefore, we have a nonlinear system of equations, that is,
fi(rl’r29"'9rm—1) = O’
AU: Is a .fz(rlirZ’""r;n—l) = 0 (1359)
comma :
needed after
the middle f"ﬁ](rl ’r2"-"rmfl) = 0.
line?
Again, by using vector notation to represent the variables 7,7,...,,_;, We write
r= (1,750l ) (13.60)

and f;(#1,7,...,71) = f;(r). By defining a function F: R"" — R™"
F(r,r,eln) = (ﬁ (s 2seees Tt )5 Jo (FisPaseees Tt ) s finct (n,rz,...,r,,,_l)), (13.61)
namely,
F(r)= (£ (0).fo (). fma (1)) (13.62)
then our nonlinear system of equations is
F(r)=0. (13.63)

By using the same algorithm in Section 13.4.2, the previous nonlinear system of equations can
be solved by using Newton’s method, where the Jacobian matrix J(r) is defined as
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J(r)= [af" (r)] : (13.64)
or 1</, k<m—1
with

2 2
aff(r)=—( 2 ]oc(r,-—rm“"—ln[—”"”R ]a(a—l)(r,-—r,»)“‘z, (13.65)

2 2 2 2
orj— ri.i +uR riiy+uR

forall2<j<m-1, and

Ui E) 1y ( fu+uR ]oc(oc—l)(rj —r)"?

or; 7y +uR’?

uR? —r? 4r. i
— 2[(}’2-|-L{R;)2J((rj+l _rj)a-l-c) +[r2 +;R2 J 0‘(”/+1 _rj)ot 1 (1366)

J

2 2
m FUR -2
+In (rj.2+uR2]a(a_l)(rj+l_rj)u s

forall1<j<m—1, and

2 2
aﬁ(r):—( 27; )oc(rjﬂ—rj)“—ln(we]a(oc—l)(rj+1—rj)°‘2, (13.67)

oris rjz +uR? r_,»2 +uR?
forall1<j<m-2,and

9,(r) =0, (13.68)

forall 1< j<m-—land kZj—1,j,j+1.

13.7 NUMERICAL EXAMPLES

In this section, we demonstrate numerical examples for both uniform and nonuniform sensor
distributions.

13.7.1  UNIFORM DISTRIBUTIONS

To show a numerical example of optimal network design for a uniform distribution of sensors, we
set ¢ =5000 and R =200. We notice that Newton’s algorithm can only find r = (rl,rz,...,rm,l) for m
not exceeding a certain limit, m’". The value of m" is 3 for a.=2, 15 for o = 3, 32 for oo =4, 48 for
o =3, and 63 for oo =6. In fact, m" is the optimal number of annuli when all the annuli have the
same width [34].

In Table 13.1, we show the optimal network design (r1 ,rz,...,rm) when o0 =3 and m =15. We also
compare r; with j (R / m), that is, the value of r; when all the annuli have the same width. It is easily
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TABLE 13.1
Optimal Network Design

J r J(R/m)
0 0.00 0.00
1 13.74 13.33
2 27.44 26.67
3 41.12 40.00
4 54.76 53.33
5 68.38 66.67
6 81.96 80.00
7 95.51 93.33
8 109.01 106.67
9 122.47 120.00
10 135.86 133.33
11 149.18 146.67
12 162.39 160.00
13 175.41 173.33
14 188.12 186.67
15 200.00 200.00

Note: o.=3, m=15, uniform distribution.
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F (ry,rgpeetyy — 1)/(10,000R?) (m?)

30 \ S~ ————a=6

20 a=5

\ I a=4

10 a=3

0 a=2
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

m/m*
FIGURE 13.3  F(n,n,...,,,.1) vs. number of annuli m (uniform distribution).
observed that F (rl,rz,...,rm_l) is minimized when annuli have different widths. Furthermore, from

A, to A, annuli have decreasing widths, thatis, n —n >n—n>--->r, — 1.
In Figure 13.3, we display the value of F(r,r,...,7;,1 ) (actually,

F(1.73..estnt) 1 (10,000R?) (13.69)
is shown) for a0 =2,3,4,5,6, where 1< m < m’. We observe that for all o> 2, as m increases,

. . . . *
F(n,r,.... 1,1 ) decreases rapidly. F (1,7,..., 1,1 ) reaches its minimum value at m". Thus, the energy
used for data transmission is very sensitive to the choice of m .
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FIGURE 13.4 Relative reduction of F (#,72,....5»—1) vs. number of annuli m (uniform distribution).
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FIGURE 13.5 Network lifetime L vs. number of annuli m (uniform distribution).

Let F(m) denote F(r,r,....5,—1) when all the annuli have the same width, that is, r; = jr with
r=R/m,forall 1 < j<m.In Figure 13.4, we show the relative reduction
of F(n,r,....r,,.1 ) when compared with F(m), that is,

(F(m)— F(1israseestint)
F(m)

)x 100%. (13.70)

For o = 2, the relative reduction is small (less than 0.7%) and not shown in the figure. For o > 2,
the relative reduction is noticeable, except for m close to 1 and m.

In Figure 13.5, we demonstrate network lifetime L as a function of m, where 1<m < m’, and
show the effect of ot on L. We set p =6, a =0.002, ¢ =5000, u=0.03, R=200, E/N =100J, and
a=2,3,4,5,6. We observe that for all o, as m increases, L increases rapidly. L reaches its maximum
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value at m". Thus, the network lifetime is very sensitive to the choice of m. Furthermore, the value
of o also has a noticeable impact on the network lifetime.

Let L’ denote network lifetime when all the annuli have the same width. In Figure 13.6, we show
the relative increment of L when compared with L', that is,

( L Z*L Jx 100%. (13.71)

For o = 2, the relative increment is small (less than 0.13%) and not shown in the figure. For o > 2,
the relative increment is noticeable, except for m close to 1 and m’".

In Figure 137, we show the normalized optimal energy allocation E;/(E/N)/E,, where
1<j<m. We set p=6, a=0.002, ¢c=5000, L=0.03, R=200, and oo =2 and m =3, o.=3 and
m=15,a=4and m=32, o =5 and m =48, oo = 6 and m = 63. Each m is the optimal choice for the

17
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FIGURE 13.6 Relative increment of L vs. number of annuli m (uniform distribution).
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FIGURE 13.7 Optimal energy allocation E; vs. j (uniform distribution).
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corresponding o. It is observed that an optimal energy allocation is not balanced. In particular, we
have E|; > E, >---> E,. Sensors closer to a sink receive significantly more energy than sensors far
away from the sink. Such an imbalance increases as o increases.

13.7.2  NONUNIFORM DISTRIBUTIONS

To show a numerical example of optimal network design for a nonuniform distribution of sensors,
we consider the following nonuniform sensor distribution function:

N 1
f(r)_(nln (1+1/u)](r2+uR2)' (1372

In Figure 13.8, we display the above f(r), where 0 <r < R, assuming that N =10,000, R = 200,
and u=0.125,0.250,0.500,1.000,2.000,4.000,8.000. It can be seen that as u increases, f(r)
approaches the uniform distribution f(r)= N/ (TER2) =0.0795774.

In the following, we continue to use the previous nonuniform sensor density function, where
u = 0.5, that is, the ratio of the largest density to the smallest density is 3. Again, we set ¢ = 5000 and
R =200. We notice that the value of m’", that is, the optimal number of annuli when all the annuli
have the same width, is identical to that of the uniform distribution [34].

In Table 13.2, we show the optimal network design (rl,rz,...,r,,,) for a nonuniform distribution of
sensors when o =3 and m =15. We also compare r; with j(R/m), that is, the value of r; when all
the annuli have the same width. It is observed that F(#,7,...,,,_;) is minimized when the annuli
have different widths. Furthermore, from A; to A,, annuli have decreasing widths, that is,
n—n >r2—r1 >"'>Vm—l’m_1.

In Figure 13.9, we display the value of F(#,n,...,:,,_; ) (actually,

F(Rurasentnt) /(10,0000 (1417 1)) (13.73)

is shown for comparison with Figure 13.3) for o. = 2,3,4,5,6, where 1 <m < m'. As expected, the
behavior of F (rl,rz,...,rm_l) is similar to and less than that of the uniform distribution in Figure 13.3.

In Figure 13.10, we show the relative reduction of F (rl,rz,...,rm_l) when compared with F(m),
that is, F' (rl,rz,...,rm_l) when all the annuli have the same width. For o, = 2, the relative reduction is
small (less than 0.6%) and not shown in the figure. As expected, the behavior of the relative reduc

0.3
o2 \\
—
= —
—
\\
0.1 — u = 8.000
u = 4.000
———————————— , 2000
\Qit u=1.000
—T—— % =0.500
u=0.250
=0.12
0.0 w=0.125
0 20 40 60 80 100 120 140 160 180 200

r

FIGURE 13.8 Nonuniform sensor distribution functions.
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TABLE 13.2
Optimal Network Design

J i J(R/m)
0 0.00 0.00
1 13.72 13.33
2 27.39 26.67
3 41.00 40.00
4 54.57 5333
5 68.09 66.67
6 81.58 80.00
7 95.02 93.33
8 108.43 106.67
9 121.79 120.00
10 135.11 133.33
11 148.38 146.67
12 161.58 160.00
13 174.66 173.33
14 187.56 186.67
15 200.00 200.00

Note: O.=3, m =15, nonuniform distribution.
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FIGURE 13.9  F(ri,7,...,7-1) vs. number of annuli m (nonuniform distribution).

tion is similar to that of a uniform distribution in Figure 13.4. Furthermore, the relative reduction is
greater than that of the uniform distribution in Figure 13.4, which is less obvious.

In Figure 13.11, we demonstrate network lifetime L as a function of m, where 1 <m < m’, and
show the effect of oc on L. We set p =6, a =0.002, ¢ =5000, u=0.03, R=200, E/N =100J, and
a=2,3,4,5,6. As expected, the behavior of L is similar to and greater than that of the uniform
distribution in Figure 13.5.

In Figure 13.12, we show the relative increment of L when compared with L', that is, the network
lifetime when all the annuli have the same width. For o = 2, the relative increment is small (less
than 0.1%) and not shown in the figure. As expected, the behavior of the relative increment is similar
to that of the uniform distribution in Figure 13.6. Furthermore, the relative increment is greater than
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FIGURE 13.10 Relative reduction of F (7i,%,....7u-1) vs. number of annuli m (nonuniform distribution).
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FIGURE 13.11 Network lifetime L vs. number of annuli m (nonuniform distribution).

that of the uniform distribution in Figure 13.6, which is less obvious but a direct consequence of
Figure 13.10.

In Figure 13.13, we show the normalized optimal energy allocation, that is, E;/(E/N)/ E,,
where 1 < j<m. We set p=6, a=0.002, c=5000, u=0.03, R=200, and 0. =2 and m =3, o. =3
and m=15, a=4 and m =32, =5 and m =48, and a=6 and m =63. Each m is the optimal
choice for the corresponding o.. As expected, the optimal energy allocation is similar to but more
balanced than that in Figure 13.7.

Finally, in Figure 13.14, we demonstrate network lifetime L as a function of u, where 0 <u <5,
and show the impact of u on L. We set p=6, a=0.002, ¢ =5000, u=0.03, R=200, E/N =100,
and oo =2 with m =3, a=3 with m=15, ao.=4 with m=32, a=5 with m =48, and o =6 with
m = 63. We observe that when u <1, the network lifetime can be increased noticeably by using a
nonuniform sensor distribution. As u increases, the network lifetime approaches that of a uniform
distribution.
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FIGURE 13.12 Relative increment of L vs. number of annuli m (nonuniform distribution).
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FIGURE 13.13 Optimal energy allocation E; vs. j (nonuniform distribution).

13.8 FUTURE WORK

It has been observed that an optimal energy allocation that results in the maximum network lifetime
is not balanced. Sensors close to a sink bear much heavier data transmission loads and consume much
more energy than sensors far away from the sink. If such uneven energy depletion and allocation
cause problems in real implementation and applications of WSNs, additional effort should be made
to produce balanced energy allocation. Fortunately, just as with network lifetime, an optimal energy
allocation is determined by a network design. This means that a WSN can be designed in such a way
that an optimal energy allocation that yields the maximum network lifetime also satisfies certain
balance constraints. For instance, the ratio of the maximum energy allocated to a sensor to the mini-
mum energy allocated to a sensor does not exceed a certain limit. Future research efforts can be
directed toward solving the problem of optimal network design with energy balance constraints,
namely, to design a WSN such that an optimal energy allocation satisfies a given balance constraint.
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13.9 CONCLUSIONS

We have developed an algorithm to find an optimal network design which maximizes the lifetime
of a wireless sensor network obtained by optimal initial energy allocation for an arbitrary sensor
distribution. Our strategy is to solve a nonlinear system of equations. We have shown that an opti-
mal network design has different widths of annuli. Furthermore, for the same number of annuli, an
optimal network design with variable annulus widths can yield a noticeably longer network lifetime
than a network design with identical annulus widths.
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