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Truncated complex moment problems with a zz
relation

Lawrence A. Fialkow

Dedicated to the memory of my parents

Abstract. We solve the truncated complex moment problem for measures sup-
ported on the variety K = {z € C: 22 = A+ Bz+CZ+ Dz?, D # 0}. Given
a doubly indexed finite sequence of complex numbers v = 7™ : 400, Y01, V10,
e 0,205 V1,2n—1, - - -, Y2n—1,1, Y2n,0, there exists a positive Borel measure p
supported in K such that v;; = [ z°27 du (0 < i+ j < 2n) if and only if the
moment matrix M (n)(y) is positive, recursively generated, with a column de-
pendence relation ZZ = A1+ BZ +CZ+ DZ?, and card V(y) > rank M(n),
where V() is the variety associated to . The last condition may be re-
placed by the condition that there exists a complex number 7y »41 satisfying
Yrt+l,n = Ynontkl = AYnn—1 + BYnn + CYnt1,n—1 + D¥n nt1. We combine
these results with a recent theorem of J. Stochel to solve the full complex mo-
ment problem for I, and we illustrate the connection between the truncated
and full moment problems for other varieties as well, including the variety
2% = p(z,2), deg p < k.
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1. Introduction

Given a doubly indexed finite sequence of complex numbers

Y= 7(2") © 00570157105 ---570,2n5V1,2n—15- -5 V2n—1,1572n,0, with v > 0 and

Yji = %ij, the truncated complex moment problem entails finding a positive Borel
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measure p supported in the complex plane C such that
vy = [ # dn O0<i+g < om;

v is called a truncated moment sequence (of order 2n) and u is a representing
measure for . In [C][CF1]-[CF7] [F1]-[F3], R.E. Curto and the author studied
conditions for the existence of representing measures expressed in terms of posi-
tivity and extension properties of the moment matriz M (n) = M (n)(~y) associated
to . As we discuss in the sequel, if v has a representing measure, then M (n) is
positive semidefinite and recursively generated (see below for terminology and no-
tation). For truncated moment problems in one real variable, where the moment
matrix for a real sequence 3™ is the Hankel matrix H(n) = (Biti)o<ij<ns @
representing measure for 4> exists if and only if H (n) is positive and recursively
generated [CF1]. By contrast, positivity and recursiveness are not sufficent in mul-
tivariable problems: in [CF3] we exhibited a positive, invertible M (3) having no
representing measure, and M (3) is (vacuously) recursively generated.

There is a close connection between the existence of representing measures
supported in a prescribed algebraic variety and the presence of corresponding
dependence relations in the columns of M (n). For n > 2, we denote the succes-
sive columns of M(n) by 1,2,Z,2% ZZ,Z*%,...,Z", Z" ' Z,...,ZZ" ', Z". For
a complex polynomial p € Py, p(2,2) = Y gciyjcn a;;Z'27, a representing mea-
sure u is supported in Z(p) = {z € C : p(#,Z) = 0} if and only if there is a
dependence relation p(Z,Z) = Y. a;;Z'Z7 = 0 in Crm(n) (the column space of
M (n)) [CF2, Proposition 3.1]; it follows that if y is a representing measure, then
card supp p > rank M(n) [CF2, Corollary 3.7]. Moreover, if M (n) is positive and
recursively generated, then any of the following types of dependence relations in
Cri(n) implies the existence of a rank M (n)-atomic representing measure: Z = Al
(for measures concentrated at a point); Z = Al 4+ BZ (measures supported on a
line) [CF3,Theorem 2.1]; Z2 = Al + BZ + CZ (measures on the intersections of
two hyperbolas) [CF3, Theorem 3.1]; ZZ = Al + BZ + C'Z (measures on a circle)
[CF7, Theorem 1.1]; or Z* = p(Z, Z) with deg p < k < [n/2] + 1 [CF3,Theorem
3.1]. In view of these results, in studying conditions for the existence of represent-
ing measures, we may assume without loss of generality that M (n) is positive and
recursively generated, and that {1, Z, Z, Z*} is independent.

The precise relationship between the column structure of M (n) and the exis-
tence of representing measures for v(2® is not well understood. The basic existence
theorem of [CF2] shows that a rank M (n)-atomic representing measure exists in
the case of flat data, when M (n) is positive and rank M(n) = rank M(n — 1).
For the case when there is an analytic column relation, of the form Z* = p(Z, Z)
with p € Pr_1 for some k < n, an algorithm of [F2] determines whether or not
a finitely atomic representing measure exists. In the present note we solve the
truncated moment problem for a moment matrix M (n) with a column relation

77 =A1+BZ+CZ+DZ* D #0. (1.1)
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Clearly, this relation falls beyond the scope of [CF2] [CF3] [CF7] [F2]. Our main
result, which follows, gives a concrete necessary and sufficient condition for the

existence of a finitely atomic representing measure (necessarily supported in the
variety C = {2 € C: 22 = A+ Bz + Cz + Dz?, D #0}).

Theorem 1.1. Let n > 2 and assume that M(n)(7y) is positive and recursively
generated. Suppose that {1,Z,Z,Z*} is independent in Cr(n) and that there is a
dependence relation of the form ZZ = A1+ BZ+CZ+DZ?, D # 0. The following
are equivalent for v = 2" ;

i) v admits a finitely atomic representing measure;

i) v has a representing measure with finite moments up to at least order 2n + 2;
iii) M (n) admits a positive moment matriz extension M(n + 1);

iv) M(n) admits an extension M (n + 1) satisfying rank M (n+ 1) = rank M (n);
v) v has a rank M (n)-atomic representing measure;

vi) There exists Y nt1 € C such that

Ynt+1,n = Y+l = A'Yn,n—l + B'Yn,n + C’Yn—i—l,n—l + D’Yn,n+1-

For n = 2, Theorem 1.1 was proved in [CF7, Theorem 1.3] as part of a so-
lution to the quartic complex moment problem. The main implication, vi) = v),
provides a simple numerical test for the existence of a minimal finitely atomic
representing measure (which may then be explicitly computed using the Flat Ex-
tension Theorem (Theorem 2.1 below)). This type of numerical test is new in
truncated moment problems and indicates the kind of auxiliary condition (beyond
positivity and recursiveness) that may be required to solve moment problems that
are neither flat nor analytic (problems in which there is a column dependence
relation with more than one term of highest degree).

Let V(v) = ,,Q;n Z(p), the variety associated to v(*™); [CF4, (1.7)] implies

Z,7)=0

that if p is a reprg(sen)ting measure, then card V() > card supp p > rank M(n).
As we noted above, there exists a positive invertible M (3) with no represent-
ing measure, and in this example V(y)(= C) is infinite. By contrast, in all of
the examples of [CF4] [CF7] in which a singular, positive, recursively generated
moment matrix M (n) fails to have a representing measure, it transpires that
card V(v) < rank M (n). These results suggest the following solution to the sin-
gular truncated complex moment problem.

Congecture 1.2. Suppose M (n) is singular. 7™ admits a representing measure if
and only if M (n) is positive, recursively generated, and card V() > rank M (n).

An affirmation of Conjecture 1.2 would also solve the singular full complex
moment problem for 7(°°). Indeed, as we discuss in Section 4, if Conjecture 1.2 is
true, then for M (co0) singular, it would follow that (%) has a representing measure
if and only if M (00) > 0 and card V(7)) > rank M (cc). Theorem 1.1 yields the
following result in support of Conjecture 1.2.

Theorem 1.3. Under the hypotheses of Theorem 1.1, the following are equivalent
for v =~ ;
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i) v admits a rank M (n)-atomic representing measure;
i) v admits a representing measure;
i) card V() > rank M(n).

Examples 1.7 and 1.9 (below) illustrate Theorem 1.3 in negative and, respec-
tively, positive cases. Theorem 1.3 shows that the conditions of Theorem 1.1 for a
finitely atomic representing measure are actually equivalent to the existence of an
arbitrary representing measure. Whether the existence of a representing measure
implies the existence of a finitely atomic representing measure in a general trun-
cated moment problem is an open question that we address in [CF8] (cf. [P3] and
Question 2.4 below). By combining Theorem 1.3 with the above-mentioned results
of [CF3] [CF7], we have the following partial affirmation of Conjecture 1.2.

Corollary 1.4. Suppose {1,2,Z,Z* ZZ} is dependent in Cpr(n). Then v*™) admits
a representing measure if and only if M (n) is positive, recursively generated, and
card V(v) > rank M(n).

Our earlier remarks imply that the variety condition is superfluous if {1, Z, Z, Z*}
is dependent; with respect to the lexicographic ordering of the columns, the ZZ
relation is the first case in which the variety condition is indispensible.

It is instructive to compare [CF7, Theorem 1.3] and Theorem 1.1 to results of
J. Stochel [St1] concerning the full moment problem, in which moments of all orders
are prescribed (cf. [AK] [Akh] [PV2] [ST] [SS1] [SS2]). Stochel’s results for the 2-
dimensional real full moment problem are stated in terms of positivity properties of
the Riesz functional, but we may paraphrase them in the language of real moment
matrices Mg (c0), with columns 1, X, ¥, X2, XY, Y2, .... Paraphrasing [St1], we
say that a real polynomial p(x, y) is of type A if it satisfies the following property: a
full real moment sequence 3(°°) = {Bij}i,j>0 has a representing measure supported
inV(p) = {(z,y) € R? : p(x,y) = 0} if and only if Mg (c0)(8) > 0 and p(X,Y) =0
in Cprg (00)(3)- In particular, Stochel proved that if deg p < 2, then p is of type A
[St1, Theorem 5.4] . Using the equivalence between the 2-dimensional real moment
problem and the complex moment problem (cf. [CF7, Section 1] [SS2, Appendix]),
one may conclude that if p € C[z,z] and deg p(z,%) < 2, then () has a repre-
senting measure supported in Z(p) = {z € C : p(z,z) = 0} <= M(c0)(y) > 0
and p(Z,Z) =0 in CM(0)(v)- By contrast, in the truncated moment problem, an
example of [CF7] (Example 1.7 below) illustrates that for certain column relations
of degree 2, such as (1.1), additional conditions beyond positivity and recursive-
ness may be required to insure the existence of a representing measure. As we
show in Section 4, the explanation of this phenomenon is that in the full moment
problem subordinate to (1.1), positivity of M (c0)(7y) actually subsumes, for each
n, the recursiveness of M (n)(y) and the auxiliary condition of Theorem 1.1-vi).

In Section 4 we describe a technique for solving a full multidimensional mo-
ment problem which entails combining the solution of the corresponding trun-
cated moment problem with a recent convergence theorem of Stochel [St2] (The-
orem 4.1 below). For moment problems subordinate to K = {z € C : 2z =
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A+ Bz + Cz + D2% D # 0}), this technique shows that if M (0co) has a column
relation of the form (1.1), then 7(>) has a representing measure (necessarily sup-
ported in K) if and only if M (co) > 0 (Proposition 4.4). Of course, this result also
follows from [St1, Theorem 5.4] via the equivalence between the R? and C moment
problems. In Section 4 we also illustrate the convergence technique for other types
of moment problems, including those subordinate to an analytic relation; as we
discuss in Section 4, the following result can also be derived from [SS1].

Proposition 1.5. If M (0o) has a column relation of the form Z* = p(Z, Z),
deg p < k, then v(>) has a representing measure if and only if M(o0) > 0.

In [St1], Stochel showed that not every real polynomial of degree 3 is of
type A, and recently Powers and Scheiderer [PS] gave a criterion for solving the
full moment problem on (non-compact) semialgebraic subsets of the plane (cf.
[KM] [PV1] [PV2] [Sch] [SS1] [SS2]). In view of Theorem 1.1 and [CF3] [CF7],
to complete the theory of the truncated complex moment problem for degree 2
curves, it suffices to consider the case when M (n) is positive, recursively generated,
{1, Z, Z, Z*, ZZ} is independent, and there is a column relation Z? = Al +
BZ +CZ +DZ?+ EZZ, E # 0. This problem is solved in [CF7] for n = 2 and
we are currently studying the general case.

Theorem 1.1-vi) provides a concrete test for the existence of a finitely atomic
representing measure supported in the variety K corresponding to (1.1). If | D| # 1,
it is elementary that the equation of Theorem 1.1-vi) always admits a unique
solution. Alternately, in Section 2 we prove the following result independently
of Theorem 1.1, using instead only the n = 2 case [CF7] and moment matrix
extension results of [CF2] [CF4].

Proposition 1.6. If v(>") satisfies the hypothesis of Theorem 1.1 and |D| # 1, then
there exists a unique finitely atomic representing measure p, and card supp p = 4.

For |D| = 1, K admits diverse possibilities, and may be finite or infinite;
further, in this case there need not exist any representing measure, as the following
example of [CF7] shows.

Example 1.7. ([CF7, Example 3.8]) For f > 1, let

100 0 1 0
010 0 0 1
001 1 0 0
M2=106 01 f§ f-1 f-1
100 f-1 f f-1
010 f-1 f—1 f

M(2) is positive, recursively generated (vacuously), {1,7,7,7%} is a basis for
Chr(n), and 727 = 1 — 7 + Z2. Theorem 1.1-vi) requires Yo3 such that o3 =
Vo1 — Y31 + Va3, or ilmyaz = (f —1)/2 (> 0). Thus v admits no finitely atomic
representing measure; moreover, since card {z 1 zz = 1 — 2+ 2’} =3 < 4 =
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rank M (2), it follows from [CF4, (1.7)] that there is no representing measure
whatsoever. Note that this example also illustrates Theorem 1.3 in a case in which
Theorem 1.3-iii) fails. O

One element in the proof of Theorem 1.1 is the following description of a basis
for the column space of a recursively generated moment matrix M (n) satisfying
(1.1).

Proposition 1.8. Suppose n > 2, M(n) is positive and recursively generated,
{1,2,Z,7%} is independent in Cnm(ny, and there is a dependence relation of the
form ZZ = Al 4+ BZ + CZ + DZ?, D # 0. Then there is a unique integer q,
2 < q < n, such that a basis for Cprrny consists of {1, 7, VAV /AR LA S

Note that if ¢ < n, then rank M(n) = rank M (n — 1), so the existence of a
unique finitely atomic representing measure (which is rank M (n)-atomic) follows
immediately from [CF2, Corollary 5.14] (cf. Theorem 1.13 below). Example 1.7
(above) illustrates a case with ¢ = n (= 2) in which there is no representing
measure. We next illustrate the existence of a representing measure in a case in
which ¢ =n =3 (and |D| =1).

Example 1.9. Forr > 1, let M(3) =

1 0 0 0 1 0 1 0 0 1

0 1 0 0 0 1 1—r r 1—r r-1

0 0 1 1 0 0 r—1 1-—r r 1—r

0 0 1 r 1—7r r—1 151‘ 151‘ 37“;1 5“;”)

1 0 0 1—7r r 1—7r 3r—1 1—r 1—r 3r—1

0 1 0 r—1 1—r r 5(12*7“) 3r271 13r 13r
3 3 3 2

1 1-r r—1 Lz 3=l 5“;” x y 2 w

0 r 1-r L Ll y x Yy z

0 1—-r r 37"2_1 r 12;’" z Y x Y

1 r—1 1-—7r 5(1;r) ol Lo w 2 y x

Here, we choose x > (3 — Tr + 8r?)/4 to insure that M (3) is positive and that
{1,2,7,72,Z3} is independent. Now ZZ = 1+ Z — Z*, so we have A= 1, B =0,
C =1, D = —1. Recursiveness requires ZZ> = Z + ZZ — Z*, which in turn
successively determines y, z, and w asy = (r+1)/2 -z, z2=3(1-r)/2—y =
1-2r+z,w = (5r—3)/2—z = (9r—22—5) /2. With these definitions, M (3) satisfies
the hypotheses of Theorem 1.1 and Proposition 1.8, with ¢ = n = 3. The condition
of Theorem 1.1-vi), based on the recursive relation ZZ> = Z? + Z?Z — Z*, is that
there exists 34 satisfying Y34 = Y32 + Yaz — y34, or Re 34 = (1 — x)/2. Thus,
corresponding to each choice of y3a4 with Re 34 = (1 —x)/2, there is a distinct 5-
atomic representing measure for v% . We compute one such measure explicitly in
Ezample 2.2 (below). Alternately, the existence of a 5-atomic representing measure
follows from Theorem 1.3, since the variety associated to M (3) is the vertical line
x = —1/2, and is thus infinite. O
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We devote the remainder of this section to some background results concern-
ing moment matrices and representing measures. In Section 2 we prove most of
the implications of Theorem 1.1, as well as Theorem 1.3 and Proposition 1.6. In
Section 3 we prove Proposition 1.8 and we complete the proof of Theorem 1.1 by
proving vi) = iv). In Section 4 we discuss a recent theorem of J. Stochel which
connects the full and truncated moment problems; we show how to re-derive the
solution of certain one- and two-dimensional full moment problems from our pre-
vious results on the truncated moment problem in [CF1] [CF4] [CF7] [F2], or from
Theorem 1.1.

Let P, denote the complex polynomials g(z,2) = > a;;2°27 of total degree at
most n, and for ¢ € P, let § = (a;;) denote the coeflicient vector of ¢ with respect
to the basis {Z°27 }g<;4+j<n of P, (ordered lexicographically: 1,z,2,...,2",...,2").
Note that dim P, = m(n) = (n + 1)(n + 2)/2; for v € C™™ and 0 < k < n,
let [v]x denote the truncation of v to components indexed by basis monomials of
degree < k. For p € Pay, p(2,2) = Y. b;;2'27, let Ay (p) = 3 bijyij- The moment
matriz M (n) = M(n)(v) is the unique matrix (of size m(n)) such that

(M(n)f,9) = Ay(fg) (f,9 € Pn).
If we label the rows and columns of M (n) lexicographically, as
1,Z,Z,2%,22,7%,..., 2", ..., Z", it follows that the row Zk 7t column Z'Z7
entry of M(n) is equal to (M (n)zizi, zk2l) = Ay (7 29HR) = 5,4y i1 . For exam-
ple, with n = 1, the quadratic moment problem for 7(2) : Y00, Y015 Y10, Y02, Y115 Y20
corresponds to

Yoo 7Yoi1 710
M(l) = Y10 Y11 Y20
Yoi1 Yo2 Y11

If v admits a representing measure p, then for f € P,, (M(n)f, f) = A1) =
J |f?du > 0, whence M(n) > 0.

For an arbitrary matrix A € M,(,)(C), we define a sesquilinear form (-,-) 4
on P, by (p,q)a = (Ap, §); the following characterization of moment matrices will
be used in the proof of Theorem 1.1.

Theorem 1.10. (/CF2, Theorem 2.1]) Let n > 1 and let A € My,(,,)(C). There

exists a truncated moment sequence v = v*™) such that A = M (n)(y) if and only
if the following properties hold:

i) (1,1)4 > 0;

i) A= A*;
Z”) (p> (I>A = <(I)p>A (paq € Pn)f

w) (zp,)a = (P, Z0) 2 (P,q € Pn-1).

For p € Pn, p(2,2) = Y a;;7'27, we define p(Z,Z) € Cr(py by p(Z,2Z) =
> aijZ'Z7 (= M(n)p); from [CF2, Lemma 3.10], we have

For p€ Py, p(Z,Z) =0 <= p(Z,Z) = 0. (1.2)
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If i is a representing measure for v, then (from [CF2, Proposition 3.1])
For p€ Py, p(Z,Z)=0<= supp p C Z(p) = {z € C:p(z,2) =0}. (1.3)

It follows that if y is a representing measure, p(Z, Z) = 0, and pq € P, then
(pq)(Z,Z) = 0. Thus, a necessary condition for representing measures is that
M (n) be recursively generated in the following sense:

P, 4, g € Py, p(Z,Z) =0=> (pq)(Z,Z) = 0.

Positivity and recursiveness are the basic necessary conditions for solubility of
a truncated complex moment problem. For the analogous one dimensional real
truncated moment problem, these conditions are also sufficient: a real sequence
B2 . By, ..., Ban has a representing measure supported in R if and only if the
Hankel matrix (fi1;)o<i,j<n is positive and recursively generated (with respect
to the column labeling 1, ¢, ,...,t") [CF1, Theorem 3.9]. By contrast, Example
1.7 (above) illustrates M (2)(vy) that is positive and recursivley generated, but for
which « has no representing measure. The following structure theorem for positive
moment matrices provides a basic tool for constructing representing measures; it
shows that a positive moment matrix is “almost” recursively generated.

Theorem 1.11. ([CFj, Theorem 1.6]) Let M(n) > 0. If f, g, fg € Pn_1 and
f(Z,Z) =0, then (fg)(Z, Z) = 0. Moreover, if f, g, fg € Pn and f(Z,Z) = 0,
then [(f9)(Z, Z)]n—1 = 0.

Let V(y) = perzln Z(p), the variety associated to v(>™). One consequence of

p(Z,Z)=0
(1.3) is that if p is(a r)epresenting measure for v, then card V(y) > card supp p >
rank M(n) [CF4, (1.7)]; in particular, if rank M (n) > card V(v), then v admits
no representing measure (cf. Example 1.7 above). The main result of [CF2], which
follows, provides the equivalence of iv) and v) in Theorem 1.1.

Theorem 1.12. ([CF2, Theorem 5.13]) v*™ admits a rank M (n)-atomic repre-
senting measure if and only if M (n) > 0 and M (n) admits a flat extension, i.e.,
M(n) admits an extension to a moment matriz M (n + 1) satisfying rank M (n +
1) = rank M(n).

In [CF2] [CF3] we established the existence of flat extensions in the following
cases:

Theorem 1.13. ([CF2, Corollary 5.14]) If M(n) > 0 is flat, i.e., rank M(n) =
rank M(n — 1), then ™ admits a unique finitely atomic representing measure,
which is rank M (n)-atomic.

Theorem 1.14. (/CF3, Theorem 2.1]) If M(n) is positive, recursively generated,
and Z = A1+ BZ (B #0), then M(n) admits a flat extension (corresponding to
a rank M (n)-atomic representing measure supported on the line Z = A+ Bz).

Theorem 1.15. ([CF'3, Theorem 3.1]) Suppose M (n) is positive and recursively
generated. If 1 < k < [n/2] + 1 and Z¥ = p(Z,Z) for some p € Pj_1, then
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M(n) admits a unique flat extension (corresponding to the unique finitely atomic
representing measure for 7(2”)),

In [CF2, Theorem 6.1] we proved that if M (1) > 0, then M (1) admits a flat
extension. In view of Theorems 1.14 and 1.15, if n > 2, M (n) is positive and recur-
sively generated, and {1, Z, Z, Z?} is dependent in Ch(n), then M (n) admits a flat
extension. Further, in [CF7] we proved that a flat extension exists if M(n) > 0 is
recursively generated, {1, Z, Z} is independent and ZZ € (1, Z, Z). The preceding
results motivated our interest in (1.1) and the hypothesis of Theorem 1.1.

2. Moment matrices, extensions, and representing measures

In this section we recall some additional terminology and results concerning mo-
ment matrices and extensions. We use these results to present the first part of the
proof of Theorem 1.1 and proofs of Theorem 1.3 and Proposition 1.6.

Given v = v®™ for 0 < i,j < n we define the (i + 1) x (j + 1) matrix B;;
whose entries are the moments of order i + j:

Yij Vi+1,5-1 cer Yit4,0
Yi—1,j+1 Vij Yi+1,5—-1
Yi—1,j+1
B;; = (2.1)
Y0,j+i s Vji

It follows from the definition of M (n)(7y) that it admits a block decomposition
M(n) = (Bij)o<i,j<n-

We may also define auxiliary blocks By 41, .., Bn_1,n+1 via (2.1). Given
“new moments” of degree 2n+1 for a prospective representing measure, let By, ;11
denote the corresponding moment matrix block given by (2.1), and let

BO,n+1

B(n+1) = : . (2.2)
Bn—l,n—i—l
Bn,n+1

Given a moment matrix block C(n + 1) of the form Bp41 41 (corresponding to
“new moments” of degree 2n + 2), we may define the moment matrix extension
M (n + 1) via the block decomposition

M (n) B(n+1) )

B(n+1)* Cln+1) (2:3)

M(n+1):<

Note that M (n + 1) is completely determined once column Z™*! is specified.
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A result of Smul’jan [Smu] shows that a block matrix

M:(é* g) (2.4)

is positive semidefinite if and only if i) A > 0, ii) there exists a matrix W such
that B = AW, and iii) C > W*AW (since A = A*, W* AW is independent of W
satisfying B = AW). Note also that if M > 0, then rank M = rank A if and only
if C = W*AW, conversely, if A > 0 and there exists W such that B = AW and
C =W*AW, then M > 0 and rank M = rank A. A block matrix M as in (2.4)
is an extension of A, and is a flat extension if rank M = rank A. A flat extension
of a positive matrix A is completely determined by a choice of block B satisfying
B = AW for some matrix W, and by setting C = W*AW; we denote such a flat
extension by [A; BJ.

For a moment matrix block B, 1, representing “new moments” of order
2n + 1 for a prospective representing measure for v(>*), let B = B(n + 1) (as in
(2.2)). It follows that M (n) > 0 admits a (necessarily positive) flat extension

g ( M) B
i) = (M50 2
in the form of a moment matrix M (n + 1) if and only if

B = M(n)W for some W (i.e., Ran B C Ran M (n));
C :=W*M(n)W is Toeplitz, i.e.,has the form of a block Bpy1n+1. (2.5)

The following result is our main tool for constructing finitely atomic repre-
senting measures.

Theorem 2.1. (Flat Extension Theorem, [CF2, Remark 3.15, Theorem 5.4, Corol-
lary 5.12, Theorem 5.13, Corollary 5.15] [CF3, Lemma 1.9] [F'1]) Suppose M (n)(7)
is positive and admits a flat extension M (n+1), so that Z"* = p(Z,7) € Cr(n+1)
for some p € P,,. Then there exist unique successive flat (positive) moment matriz
extensions M(n + 2), M(n + 3),..., which are determined by the relations

Zmk = (1) (2,2) € Crr(ntr) (B >2). (2.6)
Let r = rank M(n). There exist unique scalars ao, ..., ar—1 such that in Cpr(,,

Z"=apl+ - +a 12" L

The characteristic polynomial g(z) := 2" — (ap + -+ + a,—12" 1) has r distinct
roots, zo, - -, 2r—1, and v has a rank M (n)-atomic minimal representing measure
of the form

Mn+1)] =S pid,,
where the densities p; are determined by the Vandermonde equation
V(Zo, [ 727‘—1)(p07 ey pr,-_l)t - (’)/00, ce 7'70,7'—1)t- (27)

The measure v = v[M (n + 1)] is the unique finitely atomic representing measure
for 272 and is also the unique representing measure for M (oco)[v].
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It is clear from (2.6) that under the hypothesis of Theorem 2.1, M (n+1) has
unique successive recursively generated extensions (which are also flat and posi-
tive). We next use the Flat Extension Theorem to explicitly construct a particular
representing measure corresponding to the flat extensions of Example 1.9.

Example 2.2. We previously used Theorem 1.1 to show that M (3) in Example 1.9
has a flat extension M (4) corresponding to each choice 34 with Re y34 = (1—2)/2.
Let yss = (1 — x)/2. Since Crp(zy has basis {1,2,Z,2% 723}, to determine the
characteristic polynomial g, in Theorem 2.1, we seek a purely analytic column
relation in the flat extension M (5) determined by (2.6). A calculation shows that
in Cpra) we have Z* = aol + a1 Z + W Z + a2 Z? + asZ®, where ag = 1 —r,
ar=0B-71)/2, b1 = (=3+2r—r?+22)/(2r —2), a2 = (1 —2)/(r — 1), a3 = —2.
Thus M (5) is determined by Z° = agZ+ay, Z*+b1 Z Z+ay Z3+a3 2* = agZ+a, Z*+
b1A1 + blBZ-l- C(Z4 - ao]. - CllZ - a2Z2 - (13Z3) + leZ2 + GQZB + 03Z4 = T(Z)
Let r(z) denote the polynomial corresponding to r(Z); a calculation shows that the
characteristic polynomial, g.(z) = 2° — r(2), factors as g,(z) = 5—5(z — 1)q(2),
where q(z) = (1 =2r +3r? —22) + 2(r — )z +2(1 —2)22 + 4(1 —7)2% + 2(1 —r)2*.
Let § = (—2+6r—9r2+6r3+4m—6m:+a:2)1/2, ar=z—1—-0, s =x—r+0, p1 =
(—242r)2 —4(=242r)a1)"/?, py = ((—242r)> —4(—=2+42r)as)'/?; the five distinct
roots of g (gquaranteed by Theorem 2.1) are zo =1, z1 = (2 — 2r — p1)/(4r — 4),
2o = (2=2r+p1)/(4r—4), 23 = (2—2r—pa)/(4r—4), 24 = (2—2r+p2) [/ (4r—4). With

r=2, x =6, wehave z = i(—Q—i\/—4 + 8(4 — V10)) ~ 0.5—0.410927i, 2, = 71,
23 = %(—2 — i\/—4+ 8(4 ++/10)) ~ —0.5 — 1.825144, z4 = Z3; the corresponding

densities given by (2.7) are py = 1/3, p1 = p2 = 55(10 + 2/10) = 0.272076,
p3 = ps = 25(10 — 2¢/10) ~ 0.0612574. O

We now turn to the proofs of the main results.

Proof of Theorem 1.1. Part 1. We will prove the implications iv) < v) =
i) = 4i) = 4i1) = wvi). We have iv) & v) by Theorem 1.12. The implications
v) = i) = ii) are clear. If ii) holds, let v be a representing measure for 4(>") with
finite moments up to order 2n + 2; then M (n + 1)[v] is a positive extension of
M (n), so iii) holds. For iii) = vi), assume that M (n + 1) is a positive extension
of M(n). Since ZZ = A1+ BZ + CZ + DZ?, D # 0, Theorem 1.11 (applied to
M (n+1)) implies [ZZ"],, = [AZ" Y, +[BZ"],,+[CZZ" ', +[DZ"],, whence
vi) follows by specialization to row Z". O
To complete the proof of Theorem 1.1, it suffices to prove vi) = iv); the proof is
given in Section 3.

Proof of Proposition 1.6. We are assuming |D| # 1. The conclusion that
has a unique finitely atomic representing measure, which is 4 atomic, is proved in
[CF7, Theorem 1.3] for n = 2. We may thus assume n > 2 and we view M (3) as
an extension of M(2), i.e.,

(M@ BE)
M(3)‘(B(3)* 0(3))‘
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Now the relation
Z7?=AZ+BZ*+CZZ +DZ? (2.8)

and moment matrix structure show that v23 completely determines block B3, i.e.,
Y14 = (1/D)(v23 = Ay12— By13—C722) and yo5 = (1/D) (14— Ay03 — Byoa —C13).
Moreover, since |D| # 1, the equation 723 = Avy21 + B2 + Cy31 + D23 admits
a unique solution ~y»3; thus B(3) is uniquely determined. Again, since |D| # 1, it
follows that v33 and 724 are uniquely determined by the equations v4o = Avysy +
B33+ Cv41+ D33 and 33 = A7yss + B3+ Cvy3s+ DJ4o. Since 33 and 742 in turn
uniquely determine C(3) via (2.8), it follows that M (3) is the unique recursively
generated moment matrix extension of M (2). Since [CF7, Corollary 3.4] shows
that M (2) has a unique flat extension M (3), which is recursively generated by
[CF3, Lemma 1.9], we conclude that M (3) is a flat extension of M (2). Since M (n)
is recursively generated, Theorem 2.1 and the remarks following it now imply that
M(n) is flat, i.e., rank M(n) = rank M(n —1) = --- = rank M (2) = 4, whence
it follows from Theorem 1.12 that M (n) has a unique finitely atomic representing
measure, which is rank M (n)-atomic. Since rank M (n) = rank M(2) = 4, the
result follows. [

We conclude this section with a discussion of Conjecture 1.2 and a proof of
Theorem 1.3. In [CF3, Section 4], we exhibited a positive invertible M (3) having
no representing measure. Since this M (3) is invertible, it is recursively generated,
and V(y) = C, whence card V(y) > rank M(3). On the other hand, in all of
the examples of [CF4], whenever M (n)(vy) is positive, recursively generated and
singular, it turns out that if v admits no finitely atomic representing measure,
then card V(v) < rank M (n), so v admits no representing measure whatsoever.
These observations suggest the following questions related to Conjecture 1.2.

Question 2.3. If M(n) is positive and recursively generated, and card V(y) >
rank M (n), does y(>™) admit a representing measure?

Question 2.4. If v?™) admits a representing measure, does it admit a finitely
atomic representing measure?

Positive answers to these questions would affirm Conjecture 1.2 and would
reduce the truncated complex moment problem to standard issues in linear algebra
and algebraic curve theory. Indeed, positivity, recursiveness, and calculation of
rank M (n) entail standard linear algebra, while card V() can be estimated (at
least in principle) by techniques from algebraic geometry. Concerning Question
2.4, a result of M. Putinar [P3] implies that if y(**) has a representing measure
i with finite moments up to order at least 2n + 2, then there exists a finitely
atomic representing measure. (In [CF8] we show that the same conclusion holds if
u merely has finite moments up to order 2n + 1.)

We next prove Theorem 1.3 (which we restate for convenience); this appears
to be the first result in the literature directly addressing Question 2.3 or Conjecture
1.2.
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Theorem 2.5. Suppose M (n) is positive and recursively generated, {1, Z, Z, Z*}
is independent, and there is a column relation ZZ = A1+ BZ+CZ+DZ?, D #0.
The following are equivalent for v(>)

i) v admits a rank M (n)-atomic representing measure;

ii) v admits a representing measure;

iii) card V() > rank M(n).

Proof. The implications i) = ii) = iii) are clear, so it suffices to prove
iii) = 1i). If |D| # 1, Proposition 1.6 (and its proof) imply that there exists a
unique finitely atomic representing measure u, and that card V() > card supp p =
4 = rank M(n). In the sequel we may thus assume |D| = 1. We next reduce to
the case D = 1. Let us write relation (1.1) in the form

ZZ:CM001+CK01Z+CM1()Z+CMU2Z2, (29)

where agy = €', 0 < ¢ < 2m. Let = 1//2 and set A\ = ¢*. Following [CF7],
let Jx € My, (n) denote the invertible diagonal matrix whose entry in row AVAN
column Z?Z7 is XM (0 < i + j < n); [CF7, Prop. 1.10-(i)] implies that M (n) =
JM(n)Jy is the moment matrix corresponding to (™, where %;; = XMy
(0 <i+j < 2n). [CF7, Prop. 1.7] shows that v admits a representing measure
w if and only if 4 admits a representing measure i, where supp i = Asupp p. In
particular, M (n) is positive if and only if M (n) is positive; further, corresponding
to a relation Z'Z7 = 37 aysZ"Z° in Cag(ny, there is a relation in Cyy(, of the
form

n)

717 =3 (NN ) 272 (2.10)

[CFT7, Prop. 1.10-(iii)]. Thus, corresponding to (2.9), there is a relation 77 =
0ol + A1 Z + Ao Z + AN Lage Z2, and since A\ tags = 1, in the sequel we may
assume D = 1.

We now have ZZ = A1+ BZ + CZ + Z%, s0o V(y) C K = {2 : 22 =
Al+Bz+Cz+22}. Write z = z+iy, A = A +iAy, B= By, +iBs, C = C; +iCs.
Then K = {z + iy : re(z,y) = im(x,y) = 0}, where re(z,y) = 2y*> + (B2 —
CQ)y — (Bl + Cl):v — Al and im(x,y) = 23:y + (B2 + CQ)ZIZ + (Bl — Cl)y + AQ.
If By + Cy # 0, then re(z,y) = 0 corresponds to a “horizontal” parabola of the
form z = p(y) = Ey? + Fy + G, and thus, substituting z = p(y), im(z,y) can be
expressed as a cubic in y, whence card K < 3 < rank M(n).

We may now assume B; +C; = 0, whence re(z,y) = 2y + (By — Cy)y — Ay;
thus re(z,y) = 0 corresponds to 0, 1, or 2 horizontal lines, depending on the value
of the discriminant § = (B — C2)? + 84;. If § < 0, then clearly K = .

We next consider the case § = 0, which corresponds to A; = —(By — C5)?/8.
In this case, re(z,y) = 0 is the line y = (Cy — B3)/4, and thus, in K, we have
im(x,y) = (3C3 + By)x + 245 + B1(Cy — Bs). If By + 3Cy # 0, then im(z,y) =
0 uniquely determines z, whence card V(y) < card K = 1 < rank M(n). If
Bo +3Cy = 0, then 24, + B1(Cy — Bs) = (2/3)(3As — 2B, B,); if, in addition,
3As — 2B B> # 0, then clearly K = (.
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To conclude with 6 = 0, we show that the case By + 3C> = 0 and 345 —
2B By = 0 cannot arise under the hypotheses that M (n) is positive and {1, Z, Z} is
independent, which hypotheses imply det M (1)(v) > 0. Indeed, let vo1 = a1 + ias,
Y11 = b, Yo2 = C1 + iCQ. Since Y11 = A’)/()O + B’)/gl + C’)/l[) + Yoz, We have c1 = b—
(A1 +Bla1 —Bga2+C’1a1 +02(12) and Cy = —A2 —Bla2 —Bgal —Czal +Cla2. USng
Cy = —B;, Ay = —(Bz — (5)?/8, Co = —B»/3, Ay = (2/3)B; B2, a calculation
shows that det M (1)(y) = (—4/81)(3a2 + Ba)?A, where A = 9b+ 18a1 B, + 9B +
6ay By + B3. Now M(n) > 0 and {1, Z} is independent, so det ( 710 121 > >0,
whence b > a?+a3. Thus A > 9(a;+B;)?+(3az+Bs)? > 0, whence det M (1)(y) <
0, a contradiction.

We next consider the case of By + Ci = 0 where § > 0, so re(z,y) = 0
corresponds to two horizontal lines, y = y; = (1/4)(Cy — By + 6'/?) and y =
Y2 = (1/4)(02 — BQ — 61/2). Now zm(x,y) = 23:y + (B2 + CQ)CI? + QBly + AQ,
so im(z,y) = 0 represents either a proper hyperbola or a degenerate hyperbola
consisting of intersecting lines. In the hyperbola case, for y = y;, im(z,y) = 0
corresponds to (2y; + B2 + C2)xz = —As + 2B;y, and since this relation comes
from a proper hyperbola, 2y; + Bs + Cs and —As + 2B;1y; cannot both equal 0;
thus there is at most one value of x such that (z,y;) € K. A similar argument
holds for y = ys, so card K < 2.

Finally, we consider the case when im(z,y) = 0 corresponds to a degenerate
hyperbola (intersecting lines), which occurs precisely when Ay = By (B2 + Cs).
In this case, im(z,y) = 0 is equivalent to (z + By)(y + (B2 + C2)/2) = 0. Since
re(x,y) = 0 consists of the distinct lines y = y; and y = y», it follows that
card K > rank M (n) > 4 if and only if y + (B2 + C2)/2 = 0 coincides with y = y;
or with y = y2. A calculation shows that this occurs if and only if A1 = Cy(B2+C5)
(in which case K includes a horizontal line).

To complete the proof, we will show that the conditions By +C; =0, § > 0,
Ay = B1(Bs + C2), Ay = Cy(Bs + C2) imply that Theorem 1.1-vi) is satisfied. We
note for future reference that the preceding relations imply that R = A1 B; —C2A,,
S=A +B%+BlCl — ByCs —C22, T=Ay— BBy +CCy satisfy R=S5 =T = 0.

Theorem 1.1-vi) is equivalent to the real system

Imyp 1 = —(1/2)(—AiImyn—1,n + AsReyn—1n
+ Bovnn + CoRevp—1n1 — Crimyp—1ny1)  (2.11)
and
0 = (A1 Reyp—1,n+ A2 Imyp—1n+BiYnn+CiRevn_1 nt1+Colmyn_1 nt1) (2.12)

(2.11) merely shows how to define Im~,, n11, so to complete the proof it remains
to show that (2.12) holds (in which case a free choice for Revy ,+1 determines
infintely many distinct flat extensions M (n + 1)).

From the relation ZZ = A1+ BZ + CZ + Z?, recursiveness implies ZZ"~! =
AZ"=2 4 BZ"=1 4 CZZ"=2 + Z". Thus (22", Z"12) = A(Z"~2, 71 Z) +
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B(zn—l,Zn—IZ> + C(ZZn_Q,Zn_IZ> + <Zn,Zn_1Z>; Or Ynn = A7n71’n71 +
Byp—1.n 4+ C¥nn—1 + Yn—1,n+1- The last relation is equivalent to the real system

Yn,n = Al’)/nfl,nfl + BlRe’Ynfl,n - BZIm'Ynfl,n
+ ClRe'Ynfl,n + C2Im7n71,n + Re7n71,n+1 (213)

and

0=Avn-1,n1+ BaReyp_ 10+ BiImy,_1n
+ CzR@’Ynan — lem’)/n,Ln + Im’yn,1’n+1 (214)

Substituting in (2.12) for 7, » (from (2,13)) and for Im~y,—1,,+1 (from (2.14)), we
see that (2.12) is equivalent to Ryp—1,n-1 + S ReYp—1,n + T Imyp—1, = 0, and
since R =S =T = 0, the proof is now complete. 1.

3. Existence of representing measures

In this section we complete the proof of Theorem 1.1 by proving that vi) = iv).
In the sequel, n > 2, M(n) is positive and recursively generated, {1, 7,7, 7%}
is independent in Cjpr(,), and there is a dependence relation of the form 727 =
A1+ BZ +CZ + DZ?, D # 0. We will use the hypothesis of Theorem 1.1-vi) to
prove that M (n) admits a flat extension M (n + 1).

We begin with a proof of Proposition 1.8. Recall that {1, 7, Z, Z%} is inde-
pendent in Cps(,). Let ¢ be the largest integer, 2 < ¢ < n, such that B = B, =
{1,2,Z,72,...,7¢ ...,Z9} is independent; if ¢ < n, there exist unique scalars
Qo, a1, 1,2, .. .,a, such that Z97 = apgl+ a1 Z + f1Z + @ Z% + -+ -+, Z9. For
0<ji<n—1,let (B>j denote the subspace of Cjs(,) spanned by elements of B
having degree < j.

Lemma 3.1. If0<j<n-—1andV € (B);, then ZV € (B),,,.

Proof. The result is obvious for j = 0. If V € (B),, then V = apl+a1 Z+b, Z,
so ZV = G,0Z+G1Z2+b1ZZ = b1A1+(a0+blB)Z+b102+(a1+b1D)Z2 S <B>2
Let V€ (B);, j 22,V = al+auZ+ WZ + axZ? + --+ + a; Z7 (where, if
Jj > q, Ag+1 = *++ = aj = 0) Then ZV = a0Z+a1Z2+b1(A1+BZ+C'Z+
DZ?) +ayZ3+---+a; ZIT1 If j+1 < g, then clearly ZV € <B>j+1' If ¢ < j, then
V= a01+a1Z+b12+a2Z2+- : '+(lq_1Zq71 +anq, so ZV = 00Z+G1Z2+b1(A+
BZ+CZ+DZ*)+axZ%+ - +ag-1Z%+ay(aol+ar1 Z+B1 Z+ax Z? +- -, Z9) €
(B), c (B),;.0

The following result implies Proposition 1.8.

Proposition 3.2. B is a basis for Cprr(n); each non-B column vector of degree p is
in (B),, 0 <p<mn.

Proof. The proof is by induction on p; the result is vacuous for p = 0,1 and
is true for p = 2 since ZZ = A1+ BZ + CZ + DZ? and Z*> = (1/D)(Al1+ BZ +
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CZ+DZ?— (Al1+ BZ +CZ)). Assume the result is true for p = 0,1,2,...,k—1,
2<k—1<n-—1,andlet V = Z¢Z7 be a non-B vector with i + j = k. Suppose
first that ¢ > 1. Then W = Z~'ZJ has degree k — 1 (> 2), and since i — 1 > 0,
W ¢ B. By induction, W € (B),_,, so W has the form W = apl + a1 Z + b Z +
asZ? 4+ -+ + ap_1 Z*¥' (where, if ¢ < k — 1, then age1 = -+ = ap—1 = 0).
Now V = 7727 = ZW = apZ + a1 ZZ + b, 2> + 0y ZZ*> + --- + ap_ 22+ =
X+ axZ(ZZ) + -+ + a1 Z(ZZ*~2), where, clearly, X = apZ + a1 ZZ + b, Z* €
(B), C (B),.For 1 <r <k—2,ZZ" is a non-B vector of degree r + 1 (< k — 1),
so by induction, ZZ" € (B), - Sincer +1 <k —1<n—1, Lemma 3.1 implies
ZZ™ = Z(ZZ") € (B),,, C (B),, 1 <1 < k—2, 50 it follows that V € (B),.
For the case when i = 1, we have j > 2 and V = ZZ7 = Z(ZZi~1). Since ZZ/~!
is a non-B vector of degree j (= k — 1), the result follows by induction and by an
application of Lemma 3.1. O

As discussed in Section 1, if ¢ < n in Proposition 1.8, then M (n) is flat, so
the existence of a flat extension follows from Theorem 1.13. In the sequel we may
thus assume that ¢ = n and that J = {1,2,2,22,...,Z¢, ..., Z"} is a basis for
Chr(n); this considerably simplifies the proof at one point that we note below.

To prove Theorem 1.1 vi = iv), our first goal is to define columns

n+l — t
Z = (70,n+1,71,n+1,70,n+2, s YintLly - VOt - s YLy - - ,70,2n+1) )

ZZ" = (Vi V2 Yoant 1y - 5 Vit Lo -+ s Vi -+ - Yk Lo - -+ Y1,2n)
for block B = B(n + 1) of a recursively generated extension M (n + 1) of M(n).
Since M (n + 1) is to be recursively generated, (1.1) implies that in Cp(,41), the
column space of M (n + 1), we must have

27" =AZ" '+ BZ"+CZZ" "' + DZ" (3.1)
In particular, in the column space of B we require
[(ZZ™), = A[Z" Y,y + B[Z"], + C[ZZ""],, + D[Z™H],. (3.2)
Now M (n) is recursively generated, so we already have
[ZZn]n—l = A[Znil]n—l + B[Z"]p—1 + C[Z_Znil]n—l + D[ZnJrl]n—l
(i-e., the ‘moment relations implicit in this equation can be established from the
relation ZZ" ™! = AZ" 2+ BZ" '+ CZZ" 2+ DZ™ in Cpyp(y)- To establish (3.2)
we must thus define certain new moments of degree 2n + 1,
Yn+1,n5 Vn,n+15 Tn—1,n4+25 ---» Yi,2n+1—i5 ---» Y0,2n+1,
With Vp41,n = Yn,nt1, such that
Yit1,2n—i = AYVion—i—1 +BYian—i+CVit1.2n—i—1 + DVion—it1 (0 <i <n). (3.3)

The hypothesis of Theorem 1.1-vi) is that (3.3) holds for ¢ = n, i.e., there
exists yp,n+1 € C such that

Yn+1,n = Y+l = A'Yn,n—l + B'Yn,n + C’Yn—i—l,n—l + D’Yn,n+1- (34)
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We now use (3.3) and (3.4) to define the remaining 7; 2n—i+1 successively:

Vian—it1 = (1/D)(Vit1,2n—i — AVian—i—1 — BYian—i — CVit1 2n—i—-1),

i=n—-1,n-2,..,0. (3.5)

The new moments (together with certain “old” moment data from M (n))
define B-block columns Z"*! and ZZ™ which satisfy (3.2). Our next goal is to
show that these columns belong to Ran M (n), as required for columns in the
B-block of a positive extension M (n + 1) (cf. (2.5)). Note that the compression
of M(n) to rows and columns indexed by the elements of [ is positive and in-
vertible. Let [v]s denote the compression of a column of M(n) or a column of
B to components indexed by the elements of J; [v]s consists of the components

of vinrows 1,Z,Z,72,...,2¢% ..., Z". Tt follows that there exist unique scalars,
aog, a1, b1,a9,as, ..., a,, such that

(ZZM g = ao[llg + a1[Z) 7 + b1[Z] 5 + a2]Z%] 5 + -+ + an[Z7] 7, (3.6)

or, equivalently,

for each F € 7,
<ZZn7F> = (lo(l,F) +CL1<Z,F> +b1<ZaF> +0,2<Z2,F> +oe +an<Zn7F> (37)

We next show that ZZ™ (as defined above) satisfies ZZ" € Ran M (n).

Lemma 3.3. In the column space of ( M(n) B ), ZZ" = apl + a1 Z + b1 Z +
axZ? +---+a,Z".

Proof. In terms of inner products, what we seek to prove may be expressed
as follows:
For 0<i+j<n,(ZZ",Z'Z7) = ay(1,Z'Z7) + a\(Z,Z°Z7) + b, (Z, 2 Z7)
+ax(Z2, 227 + -+ a (2", 2 Z7).  (3.8)
The proof of (3.8) is by induction on the level number p =i+ j, 0 <p < n.
Since 1,7, 7 € 7, it follows from (3.6) that (3.8) holds for p = 0 and p = 1. We
assume that 1 <k —1 <n — 1 and that (3.8) holds for p=0,1,...k — 1, and we
next prove that (3.8) holds for p = k; this is equivalent to the following:
For eachr, 0 <1 <k, Vi pi1nir (=(ZZ", Z’"Zkfr))
=ao(1,Z"Z* Y + a (2,27 25T + 01 (Z, 27 25T
+ay(Z%, 2725y + - an (2™, 2725, (3.9)

To prove (3.9), we introduce some notation; for 0 < r < k, let F(k,r) =

a0 Vk—r,r 01 Vk—rr+1 +b1')/k—r+1,r +02Ve—rr+2 O Ve—rrtn; F(k7 ’f') coincides
with the right hand side of the equation in (3.9); thus (3.9) is equivalent to showing
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that F'(k,r) = Ye—r+1,n+r, 0 < 7 < k. The moments appearing in F(k,r) are
components of column Z’"Z’“’T; indeed, we have
F(k,r) = ao(Z"Z"" 1) + ai(Z" 24", Z) + b (27247, Z)
+G2<Z”'Zk—’r‘,22>+...+an<ZT‘Zk—’r',Zn>- (310)

We also require an identity which follows from recursiveness:

For1<r<k,
Zrzkr = gr1zkr=Yz2) = 27121 (A1 4+ BZ + CZ + DZ?)
= Azt zbr Bz oz ZE ¢y Dz ZEL (30)
Further, since ZZ" = AZ" ' + BZ" + CZZ"*t' + DZ"*!, then, for 0 <r < k,

Ve—r+1,n+r = (ZZ", Zk—rZr>
= A’Yk—r,n+r—1 + BYk—rntr + C'Yk—’r'+1,n+r—1 + DVk—rntrt1 (312)

The proof of (3.9) is by induction on r, 0 < r < k. It follows from (3.7) (with
F = Z¥) that (3.9) holds for » = 0. (It is at this point that we are using the fact
that ¢ = n in Proposition 1.7, which guarantees that Z*¥ € 7; in the case ¢ < n,
we would require a separate argument for the base case r = 0.) The induction on
r is organized as follows. We first show that

Forl1<r<k-1, F(k,r+1)—=Vk—rntr+1 = (1/D)(F(k,7) = Vk—r+1,n+r). (3.13)
Thus, (3.13) reduces the induction to the case r = 1, i.e., to showing that F(k,1) =
Yk,n+1; this utilizes the base case r = 0 and will be the last step of the proof.

We now procede to prove (3.13). From (3.10) and (3.11) we have
F(k,r) = ao(Z"Z* " 1) + a1 (Z" 2", Z) + (27 2%, Z)
+ax(Z"ZF 2P+ v an (2725, 2
— ag(AZ"1 Zkr= BT Zh=r=1 L ogr -l gk 4 prtt Zhr=l )
Y ay(AZTVZhr= gy k=l L o grmi gk 4 p gt gl 7y
Y b (AZr Zhrml L B Zher=l 4 ozl gk 4 pgrtl Zkr=1 gy
Y an(AZTVZhr= 4 g k=l g grt g o pgrl kel 72y
b ap(AZT Rl B Zherl L gl gk p gt Zher=l gy
= A(aoVh—r—1,r—1+@1Vk—r—1,r+01Vk—r r—1 +a2Vk—r—1,r41+" -+ Vh—r—1,r+n—1)

+ B(aoVk—r—1,r + G1Vk—r—1,r+1 + 01Vk—rr + @2Ve—r—1,r42 + - + QG Vb—r—1,r4+n)

+ C(aoYk—rr—1 + 01 Vk—rr + 01Vk—r41,r—1 + C2Vk—rr+1 + - + O Ve—r r4n—1)
+ D(aoVk—r—1,r+1 + @1 Vh—r—1,r+2 + D1Yk—r r41
+ @2 Yh—r—1,043 + -+ O Vh—r—1,r4+n+1)-
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Thus, F(k,r) = AF(k—-2,r—1)+ BF(k—1,r)+CF(k—1,r—1)+ DF(k,r +1).
By induction on k, and using (3.12), it follows that F'(k,r + 1) — Ye—prgn+1 =

(I/D)(F(k: r)— (A’Yk—r,n+r—1 + BYk—rntr + CVk—r+1,n4r—1 + D’Yk—r,n+r+1)) =
(1/D)(F(k,r) — Yk—r+1,n+r); thus (3.13) holds.

To complete the proof of (3.9), it now remains to prove that (3.9) holds for r =
1,i.e., F(k, 1) = Yk,n+1- We have F(k‘, 1) = aoVk—1,1t01Yk—1,2 +b1’)/k71 +a2vk—1,3+
-+ +pYk—1,n+1, S0 the moments in F(k, 1) all appear in ZZ* 1. By recursiveness,
this column may be expressed as ZZ* 1 = Z¥277 = Z*2(A1+BZ+CZ+DZ?)
=AZF 2+ BZ¥' + CZZ** + DZ*. Thus,

F(k,1) =ao(ZZ* 1 1)+ a (22", Z) + b (Z22% 71, Z)
+ax(ZZ8 1, 2% + -4 an (2251, 7
=ao(AZ*¥ 2+ BZ" '+ CZZ"* + DZ" 1)
+a,(AZ* 2+ BZ¥ 1+ CzZ* 2 + DZ*, Z)
+ 0 (AZ¥2 + BZF 1 + CZZ% 2 + DZ*, Z)
+ay(AZ¥ 2+ BZ¥ 1+ CzZ¥ 2 + DZ%, 77)
+ o tan(AZF 2 4+ BZM Y+ CZZ% 2 + D7k, Z™)
= GO(A'YI@—Q,O + B’Yk—m + é’Yk—Q,l + D’Yk,O)
+ a1 (A’Yk—m + B'Yk—l,l + C_"Yk—2,2 + D’Yk,1)
+b1(Ave—1,0 + BYko + Cyk—1.1 + Dyet1.0)
+ as(Ayk—22 + Byg—12 + Cyk—23 + D7i.2)
+ o+ an(Ave—2.n + BYe—1n + CYi—2,n41 + DYin)
= A(ao’7k72,0 + a1Yk—2,1 +b1Ye—1,0 + @2 Vk—22 + -+ G Ve—2,n)
+ B(aogVe-1,0 + @17k—1,1 + b1Ye0 + a2Ve—12 + -+ anVe—1,n)
+ C(aoYk—2,1 + a17k—2,2 + b1Ye—11 + @2Vk—2,3 + *** + QnVh—2.n+1)
+ D(aoVk,0 + @17k,1 + b1Vkt1,0 + Q2Vk2 + -+ + QnYien)
= AF(k—2,0) + BF(k—1,0) + CF(k — 1,1) + DF(k,0).

By induction on k, and using the base case of k when r = 0, the last expression
coincides with G = Avk_1.n + BYkn + CYk—1.n+1 + DVit1 n-

To show that G = 7y n+1, we first consider the case £ < n. By recursiveness,
22781 = 276-2(77) = 27=(A1 + BZ+CZ +D7%) = 12252+ BZ 751 +
G727 4 DZZ, 0 ypmst = (22741, 2201y = (AZZ%2 + BZZV1 4
CZz?7Z%2 + DZZ* zZZ"') = G. Thus F(k,1) = Y n1 when k < n. In the
case k = n, we have F(n,1) = G = Ayp_1.n + Bynn + CYn—1nt1 + DVni1.n, SO
(3.4) immediately implies that F'(n,1) = vy, n+1. The proof of Lemma 3.3 is now
complete. O
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In view of Lemma 3.3 and (3.1), we now have columns Z"*! ZZn"
€ Ran M (n). We may thus successively define the remaining columns for block B
by utilizing (1.1) and recursiveness:

727" Y = AZZ" 2 4+ BZZ" Y 4+ CZ2Z" 2+ DZ 2",
VAVASSIE. VAV AN : VAV AN O/ A VA YAV ALINTE
e, I"Z =AZV Y+ BZV 2+ CZ" + D2 72,
and
ZmH = (1)D) (27 — AZm — BZM — 71 7),
Since Z"*1, ZZ™ € Ran M (n), it follows that Z¥Z! € Ran M (n), (k+1=n+1).
Having defined columns of order n + 1 as above, which define a block B, we
must show that B has the structure of a moment matrix block B(n + 1). Since

M (n) is recursively generated, the defining column relations for B given above
readily imply that B has the form

BO,nJrl
Bl,nJrl
B= : :
anl,n+1
Bn,n + 1]

where, for 0 < j <n—1, Bj 41 is a moment matrix block consisting of “old data”
of order j +n+ 1. To show that B is of the form B(n + 1), it thus suffices to verify
that B[n,n + 1] has the following form of a moment matrix block By, ,41:

VAR AA LY A AL

Yn,n+1 Yn+1,n Yn+2,n—1  ---  V2n+1,0
7n71,n+2 ’Yn,nJrl '7n+1,n CO '72n,1
Yn—2,n+3 Yn—1,n+2 Yn,n+1 e Y2n—1,2 ,

Y0,2n+1 Y1,2n Y2,2n—1 e Yndln

where 7yj; = %;; To establish that B has the required form, we will prove the
following two properties:

Vrtimil i = <Zn+17i2i, Zn> — (Zn+1, Zn7i+12i71>*,
€.y Yntinti—i = Vntl—inti> 1 <i<n+1 (3.14)
B[n,n + 1] is constant on diagonals. (3.15)

Lemma 3.4. (Z"+1_iZi, Z") = (Z”‘H, Z"‘i+12i_1>_,
6.€., Yntintl—i = Yntlointi, 1 <i<n+1.



Vol. 0 (2002) Moment problems with a zz relation 21

Proof. The proof is by induction on i. The identity holds for ¢ = 1 by (3.4).
We assume the identity holds for i = 1,...,j —1 < n and we next establish (3.14)
for i = j. (We treat the case i = n + 1 separately at the end.) We have

ZiZntmi = AZim e pZiTt gneitt y 0 Zi znm 4 Dzt gnmit?
whence (by considering level Z™)

Yi+n,n+1—j = A’7n+j71,n7j + B’Yn+j71,nfj+1 + C'7n+j,nfj + D7n+j*17n*j+2'
(3.16)
Our first goal is to provide identities for the terms on the right hand side of (3.16).
By recursiveness and conjugation in Cps(p) (cf. (1.2)),

7" = (1/D)(2""Z — AZ"2 = BZ""' — 027,
whence

Vntj—im—j = (2" Z" T 2771

= (1/D)(vntj—2,n—j+1 — AVntj-s,n—j — Bynti—2m—j — Cntj—3,n—j+1),
(3.17)

Vntj—tm—jr1 = (2", 2" ZI7)
= (I/D)(7n+j—2,n—j+2 - A'Yn+j—3,n—j+1 - B’Yn+j—2,n—j+1 - C_"Yn+j—3,n—j+2)a
(3.18)

and

Vntin—j = (Z", 2" Z7)
= (1/D)(Yntj—1,mn-j+1 — AVntj—2.n—j — Byntj—1n—j — Chntj-2,n—j+1)-
(3.19)

Substituting (3.17)-(3.19) into (3.16) yields

Vitnnti—j = DYntj—1,n—jt2
+ (A/D) (Yntj-2n-j+1 = Antj-sn—j — BYntj-2n-j = CYntj-s,n—j+1)
+ (B/D)(Yntj-2mn-j+2 — AVntj-sm—j+1 — BYntj2njr1 — C¥ntj3mji2)
+(C/D)(ntj—1,n-j+1 = Afntj—2,n—j = Brntj—1,n—j — Cyntj—2,n—jt1)
= Dyntj1mjr2 + (1/D)(AVntj 2. jr1 + BYntj2.mnjr2 + CVntj1.njt1)
— (A/D)(AYntj-3,n—j + BYntj-3n—j+1 + Congj2.nj)
— (B/D)(Avnyj—2.n—j + Brnyj—2n—jt1 + Chyntj—1,n—;)
— (C/D)(Avntj—3m—j+1 + BYntj—sm—jtr2 + CYntj—2.n—jt1)-
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In order to simplify the preceding expression, we require several further identities.
Note that, by recursiveness,

for2<j<mn, Zi7tzn-itt = Zi=27n=i(77)
= AZi=2zn=i 4 BZi=2znit L 27 ZnT 4 DZIT2 22 (3.20)
so0, for 2 < j <n,
Vntj—2mtioj = (ZI7HZn7IHL Zn

= A'7n+j73,n7j + B’Yn+j73,nfj+1 + C'YnJrjfZ,nfj + D’Yn+j73,nfj+2; (321)

Vntj1mtlj = (Zj—lZn—j-H,Zn)
= Avntj—2n—j + Bintj—2n—j+1 + Congj—tn—j + Dnyj—2n—jt2) (3.22)
and
Vntj—2n—jre = (202 220

= A7n+j73,nfj+1 + B’Yn+j73,nfj+2 + C'Yn+j72,n7j+1 + D7n+j73,nfj+3)-
(3.23)

Further, since
ZIzn =i = (Z2)(Z97 Zzn )
= AZi7tzn=i . BZi=tznitt y 0 ZignTi 4 pZiTt znit?
then
Vit m—jte = (21 2" 27071
= Avntj-2n-j+1 T Bntj-2n—jt2 + Ctjmin—jt1 + Dnyj2n—jts-  (3.24)
It follows from (3.21)-(3.24) that the expression for vj4pn nt1—; that we derived
above (following (3.19)) can be re-expressed as
Vitnnt1-j = DVntj—1,n—j42 + (1/D)(Mnsj—1,n42—j — DYntj—2,n+3—5)
—(A/D)(Yntj-2.n+1- = Dntj-snt2-3) = (B/D)(Yntj-1,n+1-j = DV¥ntj-2,n+2-5)
— (C/D)(vn+j-2nt2—j — D¥ntj—3,n+3-5)
= DYntj—1,n—jt+2 + (1/D)(Yntj-1,n—jt+2 — AYntj—2,n—jt+1
—Bynij1njr1 — CYngj2nji2)
= D(1/D)(Vntj-2,m—j+3 — AVnti-sm—j+2 — BIntj—2m—j+2 — Chntj-3n—j+3)-
To further simplify the last expression, we employ recursiveness again:
For1<j<n, Zritlzi =
ZnTigi=\(Z7Z) = AZ" I zi7 y BZnTiZ0 ¢ Zn I i DIz
(3.25)
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Thus
Tn—jtantjo1 = (27120, 201 Z)
= A'Ynfj+l,n+j72 + B’Yn7j+1,n+jfl + C'Ynfj+2,n+j72 + D'7n7j+1,n+j); (326)

whence, by induction (the case of j — 1),

Yntj—1,n+2—j = Yn—j+2,n+j—-1
= A’Yn+j—2,n—j+1 + B'Yn+j—1,n—j+1 + C'Yn+j—2,n—j+2 + D’?n—i—l—j,n—i—j- (327)

Similarly,
Vn—jismij—z = (Z"H1 7129, 202 77)

= AYn—j+2,n+j-3 + BYn—jt2,ntj—2 + Chn—jtanti-3 + D¥n—jt2,nti—1),
(3.28)

whence, by induction with 7 — 2 and using (3.28),

Yn+i—2,n—j+3 = Vn—j+3,n+j—2
= AVntj—3n—j+2 + Byntj—2.n—j+2 + CVntj—3.n—j+3s + DV¥ntj—1,n—jr2. (3.29)
Substituting (3.27) and (3.29) into our last equation for ¥j4p,n41—;, we obtain the
desired conclusion, Yjin, nt1—j = Ynt+1—j,n+j-
This completes the proof of Lemma 3.4 for 1 < ¢ < n. Using this result, we
next establish the result for ¢ =n + 1, i.e., ¥9,2n41 = Y2n+1,0- Since
ZmH = (1)D) (27 — A2 — BZM — 7' 7),
it follows that
Yont1,0 = (2", Z™) = (1/D) (Yan,1 — A¥on—1,0 — BYono — Cran-1,1)-  (3.30)
Further, since ZZ" = AZ""'+ BZ"+CZZ"~' + DZ"*! then y1 2p = (ZZ", Z7)
= Av2n—1 + BY,2n + Cy12n—1 + DYo,2n+1, Whence Yo2n41 = (1/D)(71,2n —
(A’)/072n_1 + B’)/(),an- C’)/172n_1)_). The case_i =n implies Y1,2n = Y2n,1, SO it follows
that Y0,2n4+1 = (1/D)(v2n,1 — Av2n—1,0 — By2n,0 — CY2n—1,1) = Y2n+1,0- The proof
of Lemma 3.4 is now complete. [
To show that block B has the structure of a moment matrix block Ba,,41, it
now suffices to show that B is constant on diagonals.

Lemma 3.5. B is constant on diagonals.

Proof. We first show that B is constant on diagonals formed by excluding
elements from column Z"*!, i.e.,

Fori+j=n+1,k+l=n,1>1,j>2 (279, Z*7"y = (ZF1 zi~t Zk+lzl-1y

(3.31)
We number the 2n+1 diagonals of B of this type from the lower left toward the up-
per right; the corresponding diagonal numbers d ared = n,n—1,...,0,—-1,..., —n.

The proof of (3.31) is by (downward) induction on d; (3.31) holds trivially for
d =n and d = —n and holds for d = n — 1 by the definitions of Z"*! and ZZ"
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(cf. (3.5)). We first assume (3.31) holds for some diagonal d > —n + 1 and show
that it also holds for diagonal d —1. Fori +j =n -1, > 1,1+ k=mn,12>1,
let (Zi+1 72741 ZF 7!y denote an element of diagonal d — 1 of block B, not on the
bottom row or in the rightmost 2 columns; we seek to show that
(Zi+1Zj+1,ZkZl> — <Zi+2Zj’ Zk+1 Zlfl> (332)
Now, from (1.1) and recursiveness,
ZHZH = AZiZ) + B2 4 CZ 70 4+ D22,
S0
VARV AR AV A T VAV AV AV A B IVAVARRIVAV A
+C(ZH 73 7k 7Y + D(Z1 772 7k 71
— A(Zi+lzj—1 Zk+lzl—1> + B(Zl+1z] Zk+lzl—1>
+ C(Zi+2zj—1 Zk+1 Zl—1> + D(Zl+1z]+1 Zk+lzl—1>
(applying moment matrix structure in the first three terms (which refer to M (n)),
and applying induction to the fourth term, since (Z'Z7+2, Z*Z!) belongs to diag-
onal d, for which (3.31) holds.) Now, by the recursive definition of Z***Z/, the
last sum coincides with (7277 Zk+1 7!1=1) This completes the proof of (3.31).
To complete the proof that B is constant on diagonals, it suffices to prove that
this is true in moving from column Z"Z to column Z"*!, i.e.,
for k+1=n, withn >k>0, (Z"Z, 787" = (Z"+! ZF1 7171, (3.33)
Now (201, ZH171=1) = (1/D)(Z"Z — AZ"=) — BZn — 217, 2+ 7171,
= (1/D)(Z"17? — AZ"27 — BZ"17Z — CZ"272,Z% 7Y, (by (3.32) (for the
first term on the left hand side of the inner product), and by moment matrix
structure in M (n) (for the last three terms)). It now suffices to prove that
(1/D)(z"'z? —AZ"?Z -BZ" 'z -CZ"2%7%) = 7" (3.34)
Recall that
27" ' = AZZ"? + BZZ"' + CZ*Z"? + DZZ".
From Lemma 3.2 and what we have proved above, the sub-block B of block B
formed by deleting column Z™*' obeys moment matrix structure. Since the pre-

ceding column relation does not involve Z"+! or Z"*! it follows exactly as in the
proof of [CF2, Lemma 3.10] that this relation may be conjugated in the column

space of M (n) B), yielding (3.34), whence (3.33) follows. The proof of Lemma 3.5
is complete. [

From Lemmas 3.3-3.5, block B[n, n+1] is of the form B,, ,,11, block B is of the
form B(n + 1), and and Ran B(n + 1) C Ran M (n). Thus, to complete the proof
of Theorem 1.1, it remains to prove that the C-block of M = [M(n); B(n + 1)] is

Toeplitz, i.e., constant on diagonals.

Lemma 3.6. The C block of [M(n); B(n + 1)] is constant on diagonals.
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Proof. Since C' = (C; j)o<i,j<n+1 is self-adjoint, it suffices to consider the
main diagonal and the diagonals below it. These we index by d =n,n—1,...,0,
beginning with the 2-element diagonal c, 1, cpt1,2. That ¢,1 = cpq1,2 follows
from the structure of [M(n); B(n + 1)] [CF2, Proposition 2.3]: each diagonal of
C' is symmetric with respect to its midpoint. Assume, by induction, that each of
the diagonals indexed by n, n —1,...,d (> 0) is constant. We seek to prove that
diagonal d—1 is also constant. We first consider an element of this diagonal that is
not in the leftmost column, the rightmost two columns, or in the bottom row, and
we denote this element by A\ = (ZiT1 2/ Zk 71 where i +j+2=k+1=n+1
and /,j > 0. We must prove that

(Zi+1 Zj+1, Zkzl> — (Zi+2zj, Zk+1 Zl_1>.

Now [CF7, Lemma 3.15] shows that in M = [M(n); B(n + 1)], dependence
relations which define the columns of block B = B(n+1) extend to the full columns
of M (and hence define the columns of block C). Thus, in the column space of
(B(n+1)* C') we have

ZWlzitl = AZ17) + BZI 20T + €27 20 + DZ1ZIY? (i+j=n—1), (3.35)
whence, by moment matrix structure in B(n + 1)*,
A = (Zi+1Zj+1, Zkzl>
= A(Z'79,Z¥7"Y + B(Z'Z3tY, Z8 ZYY + C(Z1 23, 28 7Yy + D(Z1 772, Z% 71
— A(Zi+1Zj71, Zk+1 Zl71> + B(Zi+1zj, Zk+1zlfl>
N VAR A RV ARRY AR S )IVAVARRIVAY AN
Now (ZiZi+2  Z* Z') is on diagonal d, so by induction,
(Zi7i+2 7k 71y = (Zi+1 gi+] | Zk+1 gl-1y,
Thus, by (3.35),
A = (AZi+1Zj71 + BZi+1Z]' + CZi+2zjfl + DZi+1zj+1, Zk+1zl71>
— <Zi+2zj’ Zk+lzl71>.
Since we are working on or below the main diagonal, and the diagonal is sym-
metric with respect to its midpoint, at this point we may conclude that the entire
diagonal is constant, except perhaps in the case of d = 0, where it suffices to prove

that (Z"Z, Z"Z) = (Z"*', Z"*1), or, equivalently, (Z"+!, ZnH1) = (Z 72", ZZ").
Now

Z"Y = (/D) (ZZ" — AZ" Y —BZ" - CZZ™Y),
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s0
(Zm L, ZmHy
= (1/D)(Z 2", 27y — Az, 77
- B(Z", 2" —C(ZZ" 1, ZmTh)
= (1/D)(Zz", Z"YY — A(ZZ"2, ZZ"™)
— B(ZZ"Y,ZZ") — C(Z2Z"2, Z2™))  (3.36)
(by the moment matrix structure of block B(n + 1)*). Since C = C*,
(Zz™, Z"Yy =(Zz" 272" = (22", 722 72"
(by induction, since (Z™*!, ZZ") is on the first subdiagonal). Thus (ZZ", Z"') =
(7277t ZZ"), whence (3.36) and recursiveness imply
(Z7 L, ZmHy
= (1/DNZ°Z" ' = AZZ"* - BZZ"' - CZ*Z"%,22") =(Z2", ZZ").

The proof of Lemma 3.6 is complete. (I
Lemmas 3.3-3.6 together complete the proof of Theorem 1.1 vi) = iv).

4. Solving full moment problems via truncated moment problems

In this section we show how to apply a recent theorem of J. Stochel [St2] which
provides a link between the full and truncated multidimensional moment problems.
Although Stochel’s result applies to moment problems in any number of real or
complex variables, we paraphrase it here only for one complex variable.

Theorem 4.1. (cf. Stochel [St2]) Let K be a closed subset of C. A full sequence
yle0) = (7ij)i,j>0 has a representing measure supported in K if and only if, for
each n > 1, v" has a representing measure supported in K .

The following result permits us to implement Stochel’s theorem in concrete
situations.

Proposition 4.2. If M(co) > 0, then M(n) is positive and recursively generated
for each n > 1. In this case, for p € Clz,2], p(Z,Z) = 0 in Cpr(o0) if and only if
p(Z,Z) =0 in Car(ny for some (respectively, for all) n > deg p.

Proof. Fixn > landlet f, g, fg € P,, with f(Z,Z) = 0in Crr(n)- We seek to
show that (fg)(Z, Z) = 0in Cps(). Since M (n+1) > 0, the Extension Principle for
positive matrices [F1] implies that f(Z, Z) = 0in Car(n41)- Theorem 1.11, applied
to M(n + 1), now implies the desired conclusion that [(fg)(Z, Z)], = 0.

Suppose M (o0) is positive and p € Clz, ] satisfies p(Z,Z) = 0 in Chr(n) for
some n > deg p. Since M (k) > 0 for all kK > n, the Extension Principle implies
p(Z,Z) =0 in Cpr(ry for all k > n, whence p(Z, Z)=0in Cr(ooy- O
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Before proceding to applications of Theorem 4.1, we consider connections
between Theorem 4.1 and Conjecture 1.2. In the full moment problem for (),
with M (c0) singular, we may define the variety V(7(°°)) by analogy with V(y(2).
It follows exactly as in the trucated moment problem (using [CF2,Proposition 3.1
and Lemma 4.1] ) that if 4(°°) admits a representing measure, then M (co0) > 0
and card V(7)) > rank M (co). If Conjecture 1.2 is true, it would follow that
these conditions are also sufficient for the existence of a representing measure.
Indeed, if M(oo0) > 0, then Proposition 4.2 implies that for each n, M(n) is
positive and recursively generated. Moreover, the variety hypothesis implies that
card V(v > card V(v(>)) > rank M(co) > rank M (n). If Conjecture 1.2 is
true, it would then follow that there exists a representing measure p, for v(2®,
whence the existence of a representing measure for v(>) would follow from Theo-
rem 4.1.

Question 4.3. Suppose M(oco) is singular. If M(co) > 0 and card V(7)) >
rank M (o), does 7(°°) admit a representing measure?

We noted in Section 1 results of Stochel [St1] concerning the existence of a
sequence v(>) and a polynomial p of degree 3, with M(co) > 0 and p(Z,Z) = 0
in Cpr(s0), such that 7(*®) has no representing measure. As a test for Question
4.3 (and Conjecture 1.2), it would be helpful to be able to construct a concrete
example of such a sequence 7(°) and to compute card V(v(>)) and rank M (c0).

We next convert some terminolgy of [St1] [SS2] for the 2-dimensional full real
moment problem into the language of the full complex moment problem. Let v =
v(>) and let A, denote the Riesz functional on C[z, z] defined by A (3" a;;2°27) =
S aijvij; thus A (pg) = (M(0)(7)p,4) (p,q € Clz,2]). Let 3.7 denote the set
of finite sums of complex squares |p|*> (p € Clz,z]). A, is said to be positive
definite if A(gq) > 0 for each ¢ € $°?. Positive definiteness is a necessary (but in
general, not sufficient) condition for the existence of a representing measure for +;
note that A, is positive definite if and only if M ()(oc0) is positive semidefinite.
A necessary condition for the existence of a representing measure supported in
Z(p) is the following property (Ac): Ay(pg) = 0 for each ¢ € C[z,z]. (This is
just a complexified version of Stochel’s property (A) for the full real moment
problem.) Thus, in order for there to exist a representing measure for v supported
in Z(p), it is necessary that A, be positive definite and satisfy property (Ac). If
these conditions are sufficient to imply the existence of a measure, p is said to be
of type Ac (p satisfies the complexified version of Stochel’s type A for p(x,y)).
Now A, (pg) = (M(0)p,d) = (p(Z, Z), ). Thus Proposition 4.2 shows that A is
positive definite and satisfies (Ac) <= M(00) > 0 and p(Z, Z) =0 in Cps(oo)-

As a first application of Proposition 4.2, we solve the full complex moment
problem subordinate to a column relation in Cps() of the form ZZ = A1+ BZ +
CZ + DZ?. (Note that we do not assume D # 0 as in (1.1)).
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Proposition 4.4. 'y(oo) has a representing measure supported in K = {z_ D22 =
A+ Bz+Cz+ D2z?} if and only if M(00) >0 and ZZ = A1+ BZ + CZ + DZ>

Proof. The necessity of the conditions is clear. For sufficiency, since M (co0) >
0, Proposition 4.2 implies that for each n, M (n) is positive and recursively gener-
ated. For n > 2, we have ZZ = A1+ BZ + CZ + DZ? in Cpy(y,). Since M (c0) > 0,
the Extension Principle [F1] implies that {1, Z, Z, Z2} is dependent in Crr(oo) if
and only if {1, Z, Z, Z?} is dependent in C M(n) for some n > 2 (equivalently, for
eachn > 2).1f {1, Z, Z, Z*} is dependent, then [CF3, Theorems 2.1 and 3.1] imply
that there exists a representing measure y,, for v*™ with supp p, C V(") c K.
If {1, Z, Z, Z*} is independent, then the existence of a representing measure i,
for y(2") (necessarily supported in K) follows from [CF7, Theorem 1.1] if D = 0,
and from Theorem 1.1-iii) if D # 0 (since M (n + 1) > 0). The result now follows
from Theorem 4.1. O

Remark 4.5. As we noted in the Introduction, Proposition 4.4 also follows from
[St1, Theorem 5.4]. In the case when {1, Z, Z, Z2?} is independent and D = 0,
K is a circle, and Proposition 4.4 is equivalent to the solution of the classical full
trigonometric moment problem (cf. [Akh] [CFT]).

The preceding results show that each polynomial of the form A+ Bz + Cz +
D2?% + Ez% satisfies (Ac). We next identify a class of type (Ac) polynomials of
arbitarily large degree; the following result proves Proposition 1.5.

Proposition 4.6. If p(z,2) = z* — q(z, 2), with deg q < k, then p is of type (Ac).

Proof. Suppose M (o0) > 0 and p(Z, Z) = 0 in Chy(eo)- For n > 2k, M(n) is
positive and recursively generated (Proposition 4.2), and p(Z,Z) = 0 in Chs(p)-
Since k < [n/2], it follows from Theorem 1.15 that (*>™ has a representing measure
supported in Z(p). The result now follows from Theorem 4.1. O

Remark 4.7. The referee has kindly pointed out that Proposition 4.6 also follows
directly from [SS1, Theorem 4] (since p(z,Zz) has a dominating coefficient), or,
indirectly, from [Cas, Theorem 6]. The referee further notes that [SS1, Remark 2]
implies that Z(p) is bounded; indeed, in [CF8] we showed that card Z(p) < k?.
Since Z(p) is compact, Proposition 4.6 can also be deduced from Schmiidgen’s
solution to the K-moment problem for compact semi-algebraic sets [Sch].

As we noted earlier, Stochel’s convergence theorem applies to moment prob-
lems in any number of real or complex variables. We conclude by using the conver-
gence theorem to re-prove two classical theorems concerning the one-dimensional
real full moment problem. For a real sequence 3™ : By, ..., Ban, let H(n) denote
the Hankel matrix (Bi4;)o<i,j<n; With columns labelled 1, ¢,...,t", H(n) is the
analogue of M (n) appropriate for truncated moment problems on R.. Similarly, to
a full sequence 3(>), we associate H (co). We also consider L(n) = (Bitj+1)o<ij<n
and L(00).
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Proposition 4.8. (Stieltjes (cf. [Akh])) B(>) has a representing measure supported
in [0, 400) if and only if H = H(oo) >0 and L = L(oo) > 0.

Proof. Necessity of the conditions is straightforward: for a representing mea-
sure p supported in [0,+00), and for f € C[t], (Hf, f) = [|f|? du(t) > 0 and
(Lf, f) = [t|f(t)|* du(t) > 0. For sufficiency, the hypothesis implies that for each
n, H(n) > 0 and L(n) > 0. In particular, [Smu] implies that L(n — 1) > 0 and
(Bnt1s---5B20)t € Ran L(n —1) (cf. the remarks following (2.4)). [CF1, Theorem
5.3] now implies that there exists a representing measure pu,, for 8 (27) gupported in
[0, +00), so the result follows from the analogue of Theorem 4.1 for the R moment
problem. OJ

Proposition 4.9. (Hamburger (cf. [Akh])) 3\ has a representing measure sup-
ported in R if and only if H = H(c0) > 0.

Proof. As in the previous result, necessity is clear. For sufficiency, since H > 0,
Proposition 4.2 (or, more precisely, its analogue for Hankel matrices) implies that
for each n, H(n) is positive and recursively generated. [CF1, Theorem 3.9] thus
implies that (") admits a representing measure supported in R, so the result
follows from the R analogue of Theorem 4.1. O

Remark 4.10. For the case when H > 0, a similar proof of Hamburger’s Theo-
rem is sketched in [Lan], although apparently without a proof of the convergence
argument that Stochel has recently formalized in [St2].
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