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LIMITS OF POSITIVE FLAT BIVARIATE MOMENT MATRICES

LAWRENCE A. FIALKOW

ABSTRACT. The bivariate moment problem for a sequence 3 = 8(6) of degree
6 remains unsolved, but we prove that if the associated 10 x 10 moment matrix
M3(B) satisfies M3 > 0 and rank M3 < 6, then 8 admits a sequence of approzi-
mate representing measures, and ,6’(5) has a representing measure. More gener-
ally, let F,; denote the closure of the positive flat moment matrices of degree 2d
in n variables. Each matrix in F4 admits computable approximate representing
measures, and in 2013, Jiawang Nie and the author began to study concrete
conditions for membership in this class. Let 8 = (24 = {ﬁ’i}iGZi,li\<2d7
Bo > 0, denote a real n-dimensional sequence of degree 2d. If the correspond-
ing moment matrix My = My(B) is the limit of a sequence of positive flat
moment matrices {Mc(lk)}7 ie., M(gk) > 0 and rank M(gk) = rank Méli)p then
i) My > 0, ii) rank Mg < pg_1 = dim Rlz1,...,%n]q—1, and iii) g24—1)
admits a representing measure. We extend our earlier results by proving, con-
versely, that for n = 2, if M, satisfies certain positivity and rank conditions
related to i)-iii), then My is the limit of positive flat moment matrices.

1. INTRODUCTION

Let 8 = g0m) = {ﬂi}ieZQ,li\gm denote a real n-dimensional sequence of degree
m, By > 0, and let K C R" be a closed set. The Truncated K-Moment Prob-
lem (TKMP) concerns conditions for the existence of a positive Borel measure p,
supported in K, such that

(1.1) 6 = / wdp (il <m)
(where i = (i1,...,in) € Z%, |i| = i1+ -+ +ip, * = (21,...,2,) € R", and
xt = z}'---xin). B as above is a truncated moment sequence, and we refer to

1 as a K-representing measure for 5. In the case K = R"™, we refer to TKMP
as the Truncated Moment Problem (TMP) and to u as a representing measure.
Although several abstract criteria for the existence of representing measures are
known [CF9], [CET] (cf. Theorems [I.2 and [[.4] below), the only concrete condition
available is flatness of the moment data, i.e., the moment matrix M, associated to
B4 satisfies My = 0 (positive semidefinite) and rank My = rank My_; [CET] (cf.
Theorem [[4]). With the aid of this condition, TKMP has been solved concretely
for K a planar curve of degree 1 or 2 [CEF3], [CFH], [CF6], [CFS], and for y = 23
[F]. In particular, for n = 2, TMP has been solved concretely for degree 2 (d = 1)
and degree 4 (d = 2) [CF3|, [CEF5|. Nevertheless, the degree 6 problem (d = 3)
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remains largely unsolved, and similarly for (") with m > 5. In view of this
difficulty, our focus here is on membership of M, in F,, the closure of the positive
flat moment matrices. For if M4(3) belongs to F4, then the moment problem for
[ is “almost” solved in two respects: first, there exists a sequence of approximate
representing measures for 8 and, second, as described by Theorem (cf. [CF9)),
B(24=1) has a representing measure. Moreover, as we discuss below, the existence of
approximate representing measures provides a criterion for finite convergence in the
polynomial optimization program of J.-B. Lasserre [Las]. Our main result, Theorem
[0 provides a sufficient condition for membership in F,;. The main application of
Theorem is the following simple criterion for approximation by positive flat
moment matrices in the degree 6 problem.

Theorem 1.1. Let n = 2 and let B = B = {Bi;}i j>0.+j<6- The associated
10 x 10 moment matriv M3z = M3(B) belongs to Fz if and only if M3z = 0 and
p = rank Ms < 6. In this case, given 7, p < 7 < 6, M3 is in the closure of the
rank-T positive flat moment matrices, and there exists a sequence of (computable) T-

atomic positive measures {{i} such that f;; = klim /xiyj dug (1,5 > 0,1+ <6).
—00
Moreover, 3) has a representing measure.

Let R[z]m = Rlz1, .-, Tolm = {p € Rlz1,...,2,] : deg p < m}. We associate

to B the Riesz functional Lg : Rlx],, — R defined by Lg( Z a;x’) = Zaiﬁi. If
li|<m

0 has a K-representing measure p, then Lg is K -positive, i.e., p € R[z],,, p|K >
0 = Lg(p) > 0; indeed, in this case, Lg(p) = pr dp > 0. For K = R", we
say that Lg is positive. In the classical Full Multidimensional K-Moment Problem
for B = B(*), the Riesz-Haviland Theorem [R], [H] states that 8 admits a K-
representing measure if and only if Lg is K-positive. Such is not the case in TKMP.
The proof of Tchakaloff’s Theorem [T] shows that if K is compact, then K-positivity
of Lg does imply that § has a (finitely atomic) K-representing measure. However,
for K noncompact, this implication fails; for example, with n =1, K =R, m = 4,
the sequence 1, 1, 1, 1, 2 has a positive functional but no representing measure
(cf. Example [[H)). The following result of [CE9] illustrates the role of K-positivity
in TKMP.

Theorem 1.2 ([CF9, Theorem 1.2]). 8 = B3 (or B = B4 admits a K-
representing measure if and only if B can be extended to a sequence B = 242 for
which LE is K -positive.

(The result in [CF9] is stated only for $(? but it is clear from the proof that it
applies as well to 3(24+1)))

K-positivity also solves TKMP in the sense of approximation. Let M, ,,, denote
the set of all real n-dimensional sequences of degree m, viewed as a subset of
R" (endowed with the Euclidean norm), where n := dim Rlz],, (= ("7")). Let
Rum(K) :={8 € Mpym : 5 has a K-representing measure}, and let Py, (K) 1=
{8 € Mym: Lgis K-positive}. Note that Ry, m(K) C Ppm(K) C My, is an
inclusion of convex cones, with M,, ,,, and P,, ., (K) closed; it will become clear in
the sequel that in general R, ,,(K) is not closed.

Theorem 1.3 ([ENI, Theorem 2.2]). Pp i (K) = Rpm(K). If Lo is K-positive,
then there exists a sequence of positive Borel measures {ur}, each supported in
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K, having finite moments up to degree m, such that for each i, |i| < m, B; =

lim [ x'duy.
k—oc0

In view of the preceding two results, it would be desirable to have a concrete
test for K-positivity, but at present there is no such test that is applicable to a
general multisequence. Similarly, in the Full K-Moment Problem, concrete condi-
tions for K-positivity are known only in certain cases, e.g., in Hamburger’s solution
for K =R (cf. [A], [KN]) and in K. Schmiidgen’s solution for K a basic compact
semialgebraic set [S2]. Remarkably, in the compact case treated by Tchakaloff [S2],
there is no known concrete test for K-positivity in TKMP, even in the case when K
is a basic compact semialgebraic set. In [FN2] we began to study conditions for S
to be a limit of “flat” multisequences (as defined below), in which case positivity of
Lg is obvious. Moreover, if the flat approximants 3 (] are known, then correspond-
ing approximate representing measures p*) for 8 can be explicitly computed (cf.
Example [3). In [FN2] we obtained concrete necessary and sufficient conditions
for flat approximation when n =1, d > 1 and when n = d = 2 (cf. Theorem [[.f] be-
low). In the present note, we extend the results of [FN2] to the bivariate truncated
moment problem, i.e., n = 2, d > 1. The conditions that we present in Theorem
apply in certain cases in which the truncated moment problem is still unsolved,
including certain cases of the bivariate degree 6 problem, so we can at least test for
approximate representing measures in these cases; Theorem [[T] provides one such
test.

To describe our results in detail, we require some additional terminology. Fol-
lowing [CE7], we associate to 8 = 5% the moment matriz My(S). For p € R[z]4,
p = Z a;z’, let p = (a;) denote the vector of coefficients of p with respect to

li|<d
the basis for R[z]4 consisting of the monomials in degree-lexicographic order. Let
pa = dim Rlz]g. Then the moment matrix My = My(B) is the pg x pg matrix
defined by

(Ma(B)p, @) = Ls(pg) (p,q € Rzla).

As noted above, if 5 has a representing measure, then Lg is positive. Further, if L
is positive, then My(3) is positive semidefinite (My(3) = 0), since (My(8)p,p) =
Ls(p?) > 0 (p € R[z]4). In general, the preceding implication cannot be reversed,
but there is one situation where positivity of M4(8) is equivalent to positivity of
Ls. Recall that p € R[z]aq is nonnegative or positive semidefinite (psd) if p|R™ >

0, and p is a sum of squares (SOS) if there exist p1,...,pr € R[z]q such that
k

p= Z p?. Now, if every nonnegative polynomial p in R[z]4 is SOS |, then positive
j=1
semidefiniteness of My(/) implies positivity of Lg, since, for p nonnegative, Lg(p) =

k
Lg(Zp?) = Z(MAB)@-,@} > 0. A well-known theorem of Hilbert (cf. [Rez])
j=1

shows that each psd polynomial is SOS if and only if n =1, d > 1; n = d = 2;
orn > 1, d = 1. In each of these cases, checking that Lg is positive reduces
to simply verifying that My(8) is positive semidefinite. Now, for n = 2, d = 3,
there exists M3(8) = 0 (positive definite) for which Lg is not positive [CE3], [S1];
more generally, [FN2, Proposition 1.6] shows that except in the cases of Hilbert’s
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theorem, positive semidefiniteness of a moment matrix does not imply positivity of
its Riesz functional.

In the sequel we seek to identify cases of Riesz functional positivity that are
beyond the scope of Hilbert’s theorem and are not due to the existence of repre-
senting measures. The first such examples appear in [EE] for certain bivariate Mj
with rank M3 = 9. In the present note we focus on positivity arising from approx-
imation by positive flat moment matrices. The following result of [CE7] illustrates
the central role of positive flat moment matrices in TMP.

Theorem 1.4 ([CE7)). Let 8 = pPY. If My(B) = 0 is flat, i.e., rank My =
rank Mg_1, then 8 admits a unique representing measure which is rank My(B)-
atomic. More generally, B has a representing measure if and only if 5 can be
extended to a sequence B = SRR (for some k, 0 < k < pag — rank My(B) +1)

for which My, (B) is positive semidefinite and flat.

The result in [CET] is stated in terms of finitely atomic representing measures, but
in [BT] Bayer and Teichmann proved that the existence of a representing measure
implies the existence of a finitely atomic representing measure. Theorem [[.4]is the
basis for a concrete solution to TKMP when K is the real line R [CF1], a planar
line or curve of degree 2 [CF3|, [CE5], [CF6], [CES], or the planar curve y = a3
[E]. Theorem [[4] also leads to an algorithmic solution to TMP for the class of
recursively determinate moment matrices [CF10] and is used by Helton and Nie
[HN] in a numerical solution to TKMP based on semidefinite programming (see
also [EN3]).

Let Fy := {Ma(B) : Ma(B) = 0, rank My(5) = rank My_1(B)}, the set of
positive flat moment matrices with data of degree 2d. For M4(8) € F4, we refer to
3 as a flat multisequence. Now if My(3) belongs to Fy, the closure of Fy in any of
the (equivalent) norms on the pg X pg matrices, then, by Theorems[[3and[[4] Lg is

positive. Moreover, if My(8) = klim Mék), where each M ék) is positive semidefinite
— 00

and flat, then a unique representing measure for M ék) can be explicitly computed
using [CET] (see Section 2), and this serves as an approximate representing measure
for My. Although a concrete characterization of positivity for Lz seems unlikely,
in view of the ease of detecting flatness (by simply checking the positivity and rank
conditions), we are motivated to seek a concrete characterization of membership in
Fa (cf. Question 1.7 below). To illustrate membership in F,, consider the example
mentioned just before Theorem

Example 1.5. We have n = 1 and
1 1 1
M=MPBY) =111
1 1 2

M is positive semidefinite, but not recursively generated, so 8 has no measure (see
Section 2). However, with

1

Lo+ k2 + /RS — 2kT — &3

1+1 1+e | (= 3 ),

1
Mék):: 1
1+1 1+e 2
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we see that Mék) is positive and flat, with rank Mz(k) = rank Ml(k) = 2, and
clearly klim MQ(k) = M, so My(B) € F» and Lg is positive. (Of course, since
— 00

n = 1 in this example, positivity of Lg also follows from M > 0 via sums of
squares.) Let v = \/k3(k? — 2k — 1) and let ¢ = \/k2(3k + 2k2 + k3 — 47). Then

(as described in Section 2) the unique representing measure for Mz(k)7 which serves

as an approximate representing measure for M, is given by ,u(k) = agk)(Sw(k) +
1
k k k k
aé )‘ngk% where xg) = #(7—@!}) — 1, Ié) = ﬁ(’y+d)) — 400, ag) =
%W — 1, aé’“) = #w — 0. The fact that {xék)} diverges reflects the

fact that 8 has no representing measure.
Now suppose n > 1 and My(8) = kl;r& Md(ﬁ[k]), where each ¥ is a sequence
of degree 2d with My(S*]) positive and flat. It follows that
(1.2) My(B) = 0,
and lower semicontinuity of rank ([Her, Proposition 1.12(i)]) implies that
rank My(f) < liminf rank My(8™) = liminf rank My (8™) < pa—1,

whence
(1.3) rank Mq(8) < pg—1.

Forn=1,d > 1orn =d = 2, the main result of [FN2], which follows, characterizes
membership in Fy in terms of (TZ) and (L3)).

Theorem 1.6 ([EN2]). Let n =1,d > 1 orn =d = 2. My = My(B) belongs to

Fq if and only if My = 0 and rank My < pg_1. In this case, there exist moment

matrices Mc(lk) = My(B™) (k > 1) such that klim Mc(lk) = My and for each k,
—00

rank Mék) = rank Mgi)l = rank My.

Note also that for n > 1, d = 1, (L2) and (3] imply that M;(5) is flat (with
rank 1), so Theorem holds in all the cases of Hilbert’s theorem; these results
motivate the following question.

Question 1.7. Let n,d > 1. If Ma(B) = 0 and rank My < pg—1, does My(53)
belong to F4?

Note that in each case in which Question [[7 has an affirmative answer, (2]
and (3] provide a simple test for the existence of a representing measure for
B24=1) (via Theorem 1.2). Theorem [[I] provides a positive answer to Question
[T for n = 2, d = 3; this is perhaps surprising, because several moment theorems
which hold within the framework of Hilbert’s theorem, e.g., the solution to TMP
for n = d = 2 [CF5], break down in the bivariate degree 6 case (cf. [E]). To further
address membership in Fy, observe the necessay condition arising from Theorem
that positivity of Lg, including membership of My(3) in Fy, entails

(1.4) pRi=l) ¢ Rn2d-1-

Of course, ([4) is equivalent to TMP for "~V and is therefore difficult to check
in general. Nevertheless, the results of this paper provide some positive evidence
concerning the following weaker version of Question [[.7]
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Question 1.8. Let n,d > 1. If My = 0, rank My < pg_1, and S?=1 has a
representing measure, is My a limit of positive flat moment matrices?

Let My = My(8) denote a bivariate moment matrix of degree 2d, and consider
the block matrix decomposition

_( Mg1 Bg \.

w= (5 &)
thus My_1 and By together contain the data in ﬂ(zdfl), and Cy is a Hankel matrix
comprised of the data of degree 2d. As we discuss in Section 2, My is positive
semidefinite if and only if i) My_; > 0, ii) there exists a matrix W such that
By = Mg W, and iii) Cy = C” = C% := WTMy;_ W, ie., A* = Cy — C% = 0.
Let pg = dim Rlz,ylq (= W), which coincides with the size of My; thus,
r=rank My_1 < pg—1. Now suppose 3(2¢=1) has a k-atomic representing measure

w; then My[u] is of the form

Mq_1 Bg
M, = .
alu] < Bi  Caly] >
Let A = Afu] := Cq — Cqlu], s = rank Alul, p[p] :== s + &, and

0 0
we(80)
‘We now state our main result.

Theorem 1.9. Let n = 2, d > 1. Suppose that My(B) = 0 and that B¢
has a k-atomic representing measure p. If A = Afu] = 0 and plu] < pg—1, then
Mgy € F4. Moreover, if plu] < 7 < pg_1, then there exists a sequence of positive

flat moment matrices, {Mék)}g‘;l, such that My(B) = klim Ma(lk) and, for each k,
—00

rank Mék) = rank Méﬁ)l =T.

We note two basic cases where Theorem [[L9] applies. For My = 0, let

. ( Mg—1 By )

BT ¢°
and
0 O
MAb = ( O Ab ) 5
so that
(1.5) Mg = M’ + Mys.

Let r = rank My_; and s* = rank A’. Then p =rank My = r+s” and rank M° =
r. For the cases covered by Theorem [[8, we showed in [FN2] that C” is always
Hankel; thus, Theorem can be derived from the following result.

Corollary 1.10. The conclusions of Theorem hold if Mg = 0, p = rank My <
pd—1, and C° is Hankel.

Proof. Suppose My = 0 and rank My < pg_i. If C” is a Hankel matrix, then
M is a flat moment matrix extension of My _; using the data in By. Theorem
[[4 thus shows that M” has a unique representing measure p, which is r-atomic
(r = rank Mg_1). Thus, the hypotheses of Theorem hold with k =7, A = A,

s=35", p[u] =r+s=p < pg_1; note from iii) above that A > 0 since My = 0. O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



LIMITS OF POSITIVE FLAT BIVARIATE MOMENT MATRICES 2671

In Example 211 (L2) and (L3) hold, but C” is not Hankel; however, we show in
Section 4 that this example falls within the scope of the next result.

Corollary 1.11. The conclusions of Theorem [L9 hold if My has a k-atomic
representing measure p with k£ < pg_1; n particular, this applies if My = 0,
rank My < pg—1, and My admits a flat extension Mgi1.

Proof. For u satisfying the hypothesis, Alu] = 0, s = 0, plu] = & < pg—1, S0
Theorem [[.9] applies. In the flat extension case, Theorem [[.4] implies the existence
of u with k = card supp p =rank My < pg_1. (]

If we ignore the calculations of ranks in the proof of Theorem [L9, we arrive at
the following criterion for positivity of Lg.

Proposition 1.12. If My(B) = 0 and 32V has a finitely atomic representing
measure (t such that Alu] = 0, then Lg is positive.

Section 2 concerns positive moment matrices, including a geometric character-
iztion of flatness (Theorem 2.7) that we require in the sequel. Section 3 concerns
determining sequences, which provide a tool for relating the rank of a moment ma-
trix to the geometry of the support of a representing measure. Using Proposition
B and particular determining sequences that we describe in Section 3, we prove
Theorem [I.9 and Proposition in Section 4. The proof of Theorem [LL1] is a
synthesis of these and other results and appears in Section 5. Theorem 1.1 also
yields a new solution to the singular quartic moment problem (Proposition 5.13).
The proofs of Theorem [I.1] and of several examples that we present below depend
in part on calculations using the computer algebra system in Mathematica; in the
sequel we refer to these as symbolic calculations.

We conclude this section by noting an application of Theorem [[L9to polynomial
optimization on R?. For p € R[x,y], the Optimization Problem entails estimating
(1.6) Pe = (LZI){Rzp(%y)-

We recall the moment relazations for (L6]) introduced by J.-B. Lasserre [Las|. For
t > 1, we define the t-th Lasserre relaxation by

(1.7) pei=inf{Ly,(p): y =y, yoo =1, My(y) = 0}.

It is not difficult to check that p; < p, and that for ¢’ > ¢, py > py; thus, {p:}
is convergent, and p™°" = tlggo pt < ps. For fixed ¢, the infimum in (LH) is not
necessarily attained. Assuming that the infimum s attained, at some optimal
sequence Yy, = ygt), we seek criteria which imply that L, (p) = p., so that we
have finite convergence of {ps} to p. at stage s = ¢t. A basic result of [Las] shows
that this is the case if M;(y,) is flat, and this concrete condition is used as the
stopping criterion in the optimization program in [HeLa]. In [FN2, Theorem 1.5]
we showed that convergence at stage ¢t occurs, more generally, if L,, is positive.
Thus, Corollary [LT0 provides a broader concrete condition for finite convergence
than flatness, namely, rank M;(y.) < p;_1 and C?(y.) Hankel.

2. POSITIVE MOMENT MATRICES

In this section we present some results concerning positive moment matrices that
will be used in the sequel. We begin, more generally, with a real symmetric block
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2672 LAWRENCE A. FIALKOW

matrix of the form

(2.1) M:(E‘T g)

It is well known that M is positive semidefinite if and only if A = 0, B = AW for
some matrix W, and C = WTAW (= BTW) (cf. [CF1]). In this case, let A =
C — WTAW denote the Schur complement, so that rank M = rank A + rank A.
We have rank M = rank A, and we say that M is a flat extension of A if and
only if C = WTAW. Flat extensions are uniquely determined by A and B, for if
there are matrices W and V such that AW = B = AV, then WTAW — VT AV =
WTAV —VTAV = (AW — AV)TV = 0. Given A = 0 and B = AW as above, if
we set C” = WTAW and

(2.2) M = < ;T é}b >

then clearly M” is a positive, flat extension of A.
Let us denote the positive n-variable moment matrix My = My(3) by

(2.3) Ma(B) = < Mdég(ﬂ ) 23 >

with By = My_;W. In this setting, we sometimes denote C* by CZ. Following
[CF2|, [CET], we say that My is flat if rank My = rank My_,, ie., Cq = CZ.
Theorem [[.4] implies that in this case My has a unique representing measure which
is (rank Mg)-atomic. For My » 0, a rank-preserving extension Mgy is said to be
a flat extension; in this case, Myy1 = 0 and Mgy is itself flat. In the sequel, if p is
a positive Borel measure with convergent moments 8 = 3%, we sometimes denote
M4(B) by Mg[p]; moreover, for a moment matrix My(S), we sometimes refer to a
representing measure for § as a representing measure for My(5).

Let n = 2 and suppose My(8) = 0, so that By = My_1(8)W for some matrix
W (as above). Since n = 2, Cy is a Hankel matrix; i.e., Cy is constant on cross-
diagonals. We note that in general C* = W' My_;W need not be Hankel. We
illustrate this in the following example of [FN2], which we will analyze further in
Section 4.

Example 2.1. Consider the positive moment matrix Ms3(/3) defined by

1001010000
01000071010
001000UO0T1TQO0 2
1001010000
00 00T1O0U0TG0TO00

Ms®) =119 90102000 0
01000071010
00 1000O0T1TQO0 2
01000071020
002000020 4
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Then B3y = MsW, where

00 1 0
1 0 1 0
01 0 2
W'_OOOO’
00 0 O
00 0 O
101 0 00 0 O
01 0 2 0 0 0 O
b — T _ —
so C" = W MW 101 0 and A = C3 — C 00 1 0
0 2 0 4 0 0 0 O

In [FN2] we used ad hoc methods to show that M3 € Fs. In Section 4 we will
establish membership in F3 based on Corollary 1.11. O

In the sequel we denote the successive columns of My(3) by X* (|i| < d) in degree-
lexicographic order. Let p € R[z]4, p = Y a;z'. We define a corresponding element
of Col My(f3), the column space of M4(3), by p(X) := > a; X* (= Mgp). Thus,
each column dependence relation in My(5) can be expressed as p(X) = 0 for some
p € Rlz]q, p Z 0. Following [CE2|, [CET], we say that My(p) is recursively generated
if p,q,pq € Rz]q, p(X) = 0 = (pg)(X) = 0. Positivity and recursiveness are
necessary conditions for 8 to have a representing measure [CEF7], and for n = 1
these conditions are also sufficient [CEF1] (cf. Theorem [2Z3]). In the sequel, to
construct examples, we will employ the following result without further reference.

Theorem 2.2 (Structure Theorem [CF2], [CET]). If My(3) is positive semidefinite,
then the following properties hold:

i) My_1(B) is recursively generated.

it) If p € Pg—1 and p(X) =0 in Col My_1, then p(X) =0 in Col Mjy.

1) If p € Py satisfies p(X) = 0 in Col My and q € Py satisfies deg pq < d, then
(pq)(X) =0in Col ( Ma_1(y) Ba ). Further, if My is flat, then (pq)(X) =0 in
Col Md.

For n = 1, we will denote a truncated moment sequence of degree 2d by y(?% =
{Y0,---,y24}. Then My(y) is a Hankel matrix, which we henceforth denote by
Hy = Hq(y) = (Yatb)o<a,p<d- In this case, Theorem may be expressed as
follows.

Theorem 2.3 ([CF1]). Suppose Hy = Hy(y) is a positive Hankel matriz, yo > 0. If
Hy = 0 (positive definite), then Hg admits infinitely many distinct flat extensions
and corresponding (d + 1)-atomic representing measures. If Hy is singular, let
ri=min{s : 1 < s <d: H,is singular}. Let v = (Yp,...,y2r—1)" and let
c=(coy..-rcr 1)t = M;_llv. Then (a) yj = coYj—r+--+cr_1yj—1 (r < j < 2d-1)
and (b) y2da > coYod—r + -+ + Cr_1Y2d—1-

Further, the following are equivalent: i)y has a representing measure; i) equality
holds in (b) (above); iii) Hy is recursively generated; iv) rank Hy = r; v) Hq is a flat
extension of Hy_1. There is strict inequality in (b) (above) <= rank Hy =r + 1.

Recall the variety associated with 8 and My(3), defined by
v=vE) = (] Z0)

peR[z]q, p(X)=0
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where Z(p) := {z € R" : p(z) = 0}. We will repeatedly use the following result.

Proposition 2.4 ([CF2], [CF7, Prop. 2.10, Cor. 2.12]). If 8 has a representing
measure u, then supp p C V(B). Furthermore,

i) rank My < card supp p < card V(8);

ii) for p € Rlz]q, p(X) = 0 in Col My (equivalently, Map = 0) <= p|supp p = 0.

The next result shows how the variety can be used to construct the unique
representing measure corresponding to a flat extension.

Theorem 2.5 ([CE7, Theorem 1.2]). Suppose My > 0 admits a flat extension
My1(B), i.e., rank Mgy (8) = rank My. Then card V(B) = p = rank My, say
V(E) ={w,...,w,}. Let X",..., X" denote a basis for the column space of My,
define pj(x) = % € R[z]q, and let w = (Bi,,...,Bi,). Then the Vandermonde
matriz V = (p;j(wg))1<jk<p is invertible, and we define a = (o, ..., ) by o’ =
V=twT. The unique representing measure for 5 is given by

P
(2.4) W= Zaiéwi.
i=1

We now consider the moment matrix determined by a finitely atomic measure.
For w = (z1,...,2,) € R, let ¢ = Clw] = (1, z1, 29,..., x¢, 29 2o, ...,

rp_12d7l 2d). In the sequel, d{wy denotes the atomic measure with support
{w}, whose moment sequence 8 = B3 satisfies §; = x2' ---2in (i = (i1,...,in),

|i| < 2d). As noted in [Lau], My[6;,y] = Ma(B) = ¢T¢, so rank Mgldg,y] = 1. It
t

follows from subadditivity of rank that if x4 is a t-atomic measure, p = Z Qi0fw,)
i=1
with each a; > 0, then
t t
(2.5) rank Mglu] = rank ZaiMd[é{wi}] < Zmnk‘ a;Mg[dg,,3] =t
i=1 i=1

In Theorem 27 we present a geometric criterion for flatness that we will use
in the proof of Theorem [[L9 We begin with a lower estimate for rank My which
complements the upper estimate in Proposition 2.4 i). Given P = {p1,...,p:} C
R[z]4 and points w = {w;}i_; C R™, let V = V[P;w] denote the Vandermonde-type
matrix
pi(wi) - pe(wr)
(26) I

pi(wy) - pt(wt)

Proposition 2.6. If w = {wy,...,w:} C V(B), P = {p1,...,0:} C Rlz]q, and
V = VI[P;w] is invertible, then rank My(8) > t. If My has a t-atomic represent-
ing measure i, supp p = w = {wy,...,w¢}, then rank My = t < there exist
polynomials P = {p1,...,p:} C R[z]q such that V[P;w] is invertible.

Proof. Let v := pgy; since V is invertible, P is independent, so we may extend P
v
to a basis {p;}_, for Rlz]s. Suppose p = Zcipi € Rz]q and p € ker My; then

=1
pIV(B) =0, so p(w;) =0 (1 <j <t).
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We first consider the case when ¢ < v. Setting

pi(wi) - p(wi) pepa(wi) o p(wn)
V=l - =(v 7))
pi(we) - pi(w)  pepr(we) oo po(w)
and ¢ = (cq,...,c,) T, we have
(2.7) Ve=0.

Now V is invertible, so multiplying (2.7) by V! on the left, we obtain Kc¢ = 0,
with K of the form ( I; D ), where I; denotes the ¢ x t identity matrix and

D = V71‘7 is of the form Dtx(uft) = (dij)lgigt,lgjgv—t- We thus see that

(2.8) ci+dincp1+ -+ dip_icy, =0 (1 <0 < t).
Now,
p = (=dijceyr — - —dip—tCo)pr + -+ (=dpicepr — - — dpy—tCy) Dy
FCi41Pt41 + - A CoDy
= crpi(=diipr — - — deape + pe1) + cepo(—diopr — - - - — di oD + Do)
+o At eo(—drp—ipr — - — di—iDt + Do)

The preceding calculation shows that ker My is spanned by the v — t vectors 7);
(1<j<wv-—t), where

(2.9) nj = —dijp1 — - — de jpt + Pty -
Thus, dim ker My < v —t, and it follows that rank My = pgq — dim ker Mg >
pa—(v—1t)=t. R

In the case when t = v, we set V = V and conclude from (Z7T) that ¢ = 0,
whence ker My = {0}. Thus, rank My = pg =v =1t.

Next, suppose u is a representing measure, supp p = w = {w;}i_;. From
Proposition 2.4, w C V(B3) and rank M, < t. If there exists P = {p;}}_; C Rlz]q
such that V[P;w] is invertible, then the above argument implies that rank My = t.
Conversely, suppose rank My = t, and let B = {X% ..., X%} denote a basis

t
for Col My. Let P = {a% ‘_1 C R[z]s. Suppose p := chxij, p # 0, and
j=1

V[P;w]p = 0, ie., plsupp p = 0. Since p is a representing measure for My,
Proposition 2.4 ii) implies p(X) = 0 in Col My, contradicting the independence of
B; thus V[P;w] is invertible. O

Theorem 2.7. My = 0 is flat if and only if there exist a t-atomic representing
measure p for My, supp p = w = {wy,...,w;} C R™, and polynomials P =
{p1,...,pt} CRlz]qg—1, such that V[P;w] is invertible.

Proof. The “only if” direction follows immediately from Theorem applied to
the flat extension My of My_1. For the converse, it follows from Proposition
(applied to My_1), and from (23, that ¢t = rank My_1 < rank Mg <t, so My is
flat. O

We conclude this section with a change of variables result for n = 2 that we
will use in Section 5 to simplify certain moment matrices. An analogous change of
variables for the truncated complex moment problem appears in [CF5, Proposition
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1.7], but here we require a stronger version. Consider the degree-one map T : R?
R? defined by T (x,y) = (7,9) = (a + ax + vy,b + éx + \y), where aX —v§ # 0
(which insures that 7 is a bijection). Given 8 = 5(2d let Lg denote its Riesz
functional. We define a multisequence [3 = 5(2d by [3” = Lg(x ‘) (i,5 > 0,
i+ j <2d). Let My = Md(ﬂ) denote the moment matrix for 3 and let L denote
its Riesz functional. For p € Rz, yleq, p(x,y) = Y a;x'y’, we have L 5(p) =
Ls(p(7,9)) = Lg(X_ aij(a+ az + vy)'(b + sz + \y)?). Let Py denote the space
of polynomial vectors of degree at most d, i.e., Py = {p : p € Rz,y]q}, and
define a matrix J = Jg : Py — Pg by Jp := m (p € R[z,y]q); for example,
Jz =J(0,1,0,0,..,00" = (a,,7,0,...,0)T.

Proposition 2.8. i) Md =JTMyJ;

i) J 1is invertible;

iii) My = 0 <= My = 0;

i) rank Md = rank M,.

v) The formula p = 1o T is a one-to-one correspondence between representing
measures for 8 and E, which preserves measure class and cardinality of support;
moreover, T (supp ) = supp [i.

vi) My (= 0) admits a flat extension if and only if Mg (= 0) admits a flat
extension.

vit) For p € Rz, yla, define q(z,y) :==poT~ YZ,9) € R[Z,9)a. Then in Col My,

X, Y) = JTp(X,Y). In particular, p(X,Y) = 0 if and only if ¢(X,Y) = 0,
and V(B) TV(B)); further, M, is recursively generated if and only if My is
recursively generated.

viii) ]/\Zd € Fyq if and only if My € Fy.

iz) Let T satisfy 1 < 17 < pg_1 and let Fgqr. = {Mg € Fq:rank My =71}. Then
Md € Far if and only if My € Fo .

z) For My = 0, Mg = JTMZJ = (]\Zi)b; in particular, C’g is Hankel in Mfl if
and only if the C” block of (Md)" is Hankel.

Proof. The proofs of i)-vi) are direct analogues of those of the corresponding parts
of [CF5], Proposition 1.7], so we omit the details. For Vii) we have ¢(X,Y) = Mg =
Mapo T4 = JTMy((JpoT-1) = J"Ma(poT-1oT) = J"Myp = J"p(X,Y).
Since J is invertible, it follows that ¢(X,Y) = 0 < p(X, Y) = 0; the other
conclusions follow similarly. For viii), first note that, relative to B, for 1 < k <d,
we also have the subsequence B(%) and its moment matrix M, (a submatrix of
My). For p € R[z,yla, deg p(z,y) = deg p(Z,7), so J maps P, onto itself and
the map J; associated to B(Qk) satisfies J, = J|P. Each Ji is invertible, and
Mk = Jk My J,. In particular, rank Md 1 = rank My_1. It now follows from
iii) and iv) that My is positive and flat if My is positive and flat. The converse

follows by symmetry (using the transform 7 ~—1). For ix), suppose My = hm M, [k]

where each M C[l ], corresponding to B[k] (a sequence of degree 2d), is posmve and
flat, with rank M[ V= 7. Then My = JTM,J = hm JTM[ 17, and iii)-iv) and

viii) imply that each JTM([i 17 s positive and flat, Wlth rank JTMC[IMJ = 7. Thus
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Mg e For = Md € Faq,-, and the converse follows by symmetry (again using the
transform 71).
For x), since My = 0, there is a matrix W such that

Mgy Mg W

My = ( WMo o ) L Cy = C=WT My_ W,

and
M- Mg_q Mg W
WTM;_1 WTM;_ W |-
Denoting
_ Ji-1 K
J = Jd — ( 0 L ) 5
we have

BT (4
where My_y = JT My 1J4 1 and By = My W, with W = J;*, (K+WL). Thus

— My, B
M b _ j 1 Nd
( d) ( Bg Cg )

Md = JTMdJ: ( Md71 @d > ,

with C% = WP My W = (KT +LTWT)(J ;)T (JF  My_1Ja 1) (K+WL) =
(K +WL)TMy_1(K + WL). A block matrix calculation now shows that the last
expression coincides with the C-block of JTM5.J, so (Md)" coincides with M), =
JTM(ZJ. Now, if C’Z is Hankel in Mfl, then Mg is a moment matrix, and therefore

so also is M’. Thus (Md)b (= M}) is a moment matrix, whence its C% block is
Hankel. The converse follows by symmetry. ([l

3. DETERMINING SEQUENCES FOR BIVARIATE POLYNOMIALS

In this section we examine certain determining sequences for bivariate polynomi-
als that will be used in proving Theorem[[.9 By a determining sequence for R|x, y4
we mean a sequence of distinct points I' = {(xg, yk)} 52, C R? with the following
property: for p € Rlx,y|q, if there exists k, € N such that p(zg, yx) = 0 for every
k > kp, then p = 0. In particular, I' is determining if each nonzero polynomial in
Rz, y]q has at most a finite number of zeros in T

The following result will prove useful in relating the geometry of the support of
a representing measure to the rank of a moment matrix.

Proposition 3.1. Suppose P = {p1(z,y),...,p:(x,y)} is a set of independent
polynomials in Rz, ylq. If w) = {ng)}fil is a determining sequence for R[x,ylq
(1 < j <t), then given k > 0, there exist integers ki,...,kx > k such that
V[P; w,(:l), . ,w,(:t)] 1s invertible.

Note that we are not assuming that the determining sequences in Proposition [3.]
are distinct; however, in the proof of Theorem in Section 4, the sequences will
be distinct. Furthermore, the integers ki, ..., k: need not be distinct, but clearly
the points w,(gll), ey w,(ft) are necessarily distinct. We also note that although we
have formulated Proposition Bl only for 2 variables, the concept of determining

sequence and the proof that we present below are valid as well for n variables.
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Proof of Proposition Bl The proof is by induction on ¢ > 1. Since pi(z,y) Z 0
and w is a determining sequence, there exists k; > k such that pl(wlgll)) =
#ng) (w1) # 0, so the result holds for ¢ = 1. Assume by induction that the

result holds up to t — 1. Since P;_1 {p1,...,pt—1} is independent, there ex-

ist ki,...,ki—1 > k such that V;_; V[Pt_l;w,(cll),...,w,(cij)] is invertible. Let
V(x,y) be defined by
1 1 1
pi(wy)) pea(wy))  p(wy)
(1) V()= - L S
pi(wp ) pea () pu(wi D)
pi(zy) o pealmy) peE,y)

and set p(z,y) := det V(z,y) (€ Rlz]q). Expanding det V(z,y) with respect to the
bottom row, we have

p(z,y) = Dip1(2,y) — Dapa(z,y) + -+ + (=1)" "' Dipy(z, ),

where each D; is a minor of p(z,y) and D; = det V;_1 (# 0, by induction). Since
{p1,...,p:} is independent in R[z,yls and D; # 0, then p(z,y) Z 0 in Rz, y]q.

Now, since {wlgt)}i:1 is a determining sequence, there exists k; > k such that

plw()) # 0, whence V[P;wi, ..., w"] is invertible. O

We require a determining sequence for R[z, y]4 that is compatible with a moment
matrix construction in the proof of Theorem [[L9] and to this end we will focus on
the sequence I' = {(k + £, ak)}2,, where m € N satisfies m > d and a € R is
nonzero.

Proposition 3.2. T is a determining sequence for R[z,ylq. If p € Rlz,ylq and
p Z 0, then p has at most md + d zeros of the form (k + kL"” ak), where k € N.

Let p € R[z, y]q, p(z,y) = Z aijxiyj. For a« 20 and m € N, m > d, let
1,j>0,i+j<d
q((im)(x) :=p(z + -, az), and define Q&m) € Rlz|md+a by

(3.2) Q((i )(3:) =z dql(i )(x) = gmd Z a;;(x+ x—m) (az)’.
4,§20,i+5<d

It follows from (B:2)) that to prove Proposition[B:2 it suffices to show that Q((im) (x) #

0; i.e., Q&m) has some nonzero coefficient. The coefficients of Q&m) as a polyno-
mial in R[z],,44+4 are not the coefficients a;; of p(x,y), but, rather, certain linear
combinations of the a;;. To show that at least one such coefficient is nonzero,
we require some auxiliary results. In the sequel we say that a power monomial
z¥ appearing in Q&m) is affiliated with coefficient a;; of p(z,y) if the formal ex-
pansion of (32) into a sum of monomials contains one or more terms of the
form vya;;x*, say yra;;2% (1 < r < s) for some s > 1, where v, = aJd, is a
nonzero absolute constant (i.e., independent of all a,,); we sometimes write this
as 2% ~ a;;. It is clear from ([B.2) that for fixed i, 7, k, Sy Yraijz® is a term
of the form I’aijxk, where I' = a7 and B is some binomial coefficient. For

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



LIMITS OF POSITIVE FLAT BIVARIATE MOMENT MATRICES 2679

our purposes, it is necessary to identify exactly which monomial powers z* ap-
pear in Q&m) and with which coefficients of p(z,y) each monomial power is affili-
ated. For example, if p(x,y) = ago + a107 + a1y + azr? + a1 xy + agay?, then

ém) () = agox®™ + a1oz®™ L + a10z™ + agrax®™ T 4 ax0x®™ 2 4 2a9022mH +
a0 + a1102?™2 + ar10x™ + agea®x?™ 12, so the sequences of coefficients with
which each power monomial of ng) is affiliated are as follows:

0 m 2l s ang, aon; @

2%~ ag; 2™~ arg; @ 2mt2 o,

~ g0, a11; T2~ ago; @
a20,a11, ao2-

To identify the powers and affiliations in ng), consider the index set for the
monomials in p(z,y), Z2 := {(i,j)|i,5 > 0, i +j < d}, and for m > d, let S, 4 =
{rm+s:r,meZ, 0<r <d, 0<s<r}. The requirement m > d is necessary to
insure that S,, 4 contains % distinct elements. It is now easy to check that
the map ¢ = ¢q : Z2 — Sy a, defined by ¢(i,j) = (d —i)m+ j is a bijection, with
inverse ¢ : Sy,.q — Z2 given by ¢ (rm+s) = (d—r,s). (Indeed, if (4, 5) € Z2, then
r=d—iand s =jsatisfy 0 <r <dand s=j <d—1=r,so ¢ is well-defined,
and similarly for ¢.) Note also that

(33) (bd—l(la.]) +m:¢d(l7])
1 . ,
Now let r4(x) = Z a;;(z+ x—m)’(ax)J (which we can interpret as q((;fi (2)
§,>0,i+j<d—1
) o 1 . .
relative to Z a;jz'y’), and set sq(zr) = Z a;j(z + I—m)’(ax)j, &)
4,§>0,i+j<d—1 1,j20,i+j=d
that qém) (z) = rq(z) + sq(x). Thus, ng) (z) = 2™ (24D y(2)) + 2™ 4s4(2), or
(3.4) (@) = 2™ QU™, (@) + 2™ s4().

Lemma 3.3. Let d > 1, m > d. For (i,j) € Z3, the power monomials x* in

Ql(im) that are affiliated with coefficient a;; of p(z,y) are x®(0d) | bl tm+l
p(0)+i(m+1)

Proof. The proof is by induction on d > 1. For d =1, m > 1, ng)(;v) = agoz™ +
a10z™ ! + a102° + agrax™* . The unique power affiliated with agg is 2™, and
#(0,0) = m, i = 0. The powers affiliated with a1¢ are 2° and ™!, and ¢(1,0) = 0,
i = 1. The unique power affiliated with ag; is 2™, and ¢(0,1) =m + 1, i = 0.

Assume the result is true up to d — 1 and consider Q((jm). For 7,5 > 0 with
i+ 7 < d—1, it follows by induction that the powers affiliated with a;; in Q;”j)l are
precisely ¢d-1(07) | géa—1(@i)tm+l -0 gpéa1(@i)+ilmtD) - Thys ([34) implies that
the powers affiliated with a;; in Q((im) are precisely x®d-1(00)+m = gpéa—1(ij)+2m+1
ooy wfa1 ()M and (33) implies that these powers coincide with z®4(h7)
pPalid)+m+l da(ig)ki(mt1).

Now consider the case i,j5 > 0, i + j = d. It follows from (34 that the pow-

ers affiliated with a;; in ng) are those affiliated with a;; in the formal expan-

sion of #™%s4(x), i.e., those powers which appear in the complete expansion of

™ (z + w%n)’(ax)dﬂ. The monomial powers in this expansion are z™ziz??,

gyt lgmmgd=i gmdgi=2p=2mapd—i gmdg=imgd—i which simplify to x

gmd—mtd=1" gmd=2m+d=2" = = gmd-mitd=i  and this sequence coincides with

pO(id—i)+i(m+1) 6(i,d—i)+(i—1)(m+1) b(i,d—1i) 0
, Y e .

md-+d
;
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Corollary 3.4. For (i,j) € Zi, the powers affiliated with a;; in Q((im) are x?(7)
gL+ 805+

Proof. For 0 < a <1, ¢(i,j)+a(m+1) = (d—i)m+j+am+a = (d—i+a)m+j+a =
(d—(i—a))m+j+a= ¢(i—a,j+a). The result now follows from LemmaB3 O

Note that every power of z in the expansion of the right hand side of ([B2)) is
affiliated with some a;;. The preceding result shows that each such power of x is of
the form z?("7") for some (i’,5') € Z2, and it also shows that every such power is
affiliated with at least one coefficient in inm), namely, a;/ ;. Since ¢ : Z2 — Spa

is a bijection, it also follows that the powers in Q((im) can be expressed as z"™t*

with0<r<d,0<s<r.

Proof of Proposition 3.2l It suffices to show that QEIm) has at most md + m dis-
tinct real roots. Suppose to the contrary that ng) has more than md + d roots.
Since deg Q&m) < md + d, then Q&m) = 0 in R[z], and we will show that this
implies p(z,y) = 0 in R[x, y], contradicting the hypothesis. We may list the powers
corresponding to Sy, 4 by increasing degree as

(35) .’[0 xm xm+1 x?m x2m+1, x2m+2 dm xderl’.

dm-+d
; ) ; ) yeees L T .

ey

We will prove by induction on the position, 7, of a power in this list (1 < 7 <
W) that for the 7-th power ™% (0 <r <d, 0 < s <r), every coefficient
a;j of p(z,y) with which 2"™"* is affiliated satisfies a;; = 0.

Note from Corollary B4l that if 2° is affiliated with coefficient a;; of p(z,y), then
0=¢(—p,j+p) forsome p,0 < p<i. NowO=(d—-(i—p)m+j+p=
(d—i+p)m+j+p, and thus p =0, d =i, j = 0. Conversely, ¢(d,0) = 0, so 2° is
affiliated only with agq,; since Q((im) = 0, it follows that aqo = 0.

Now assume by induction that for the first 7 — 1 powers in (33]), each coefficient
a;; with which any of these powers is affiliated satisfies a;; = 0. Let 2"™*5 denote
the 7-th power (for some r, s with 0 <7 <d, 0 < s <r). Now rm+s = ¢(i,j) for a
unique (i, j) € Z3, and Corollary 3.4 shows that z"™"¢ is affiliated with a;;. Next,
suppose z"™"¢ is also affiliated with some other coefficient a; j/, (¢,7) # (i',7).
Now ¢(i',j') = r'm + s’ for some ', s" with 0 < ¢’ < d, 0 < s’ <7’/. Lemma 3.3
shows that 293 comes first in the sequence of powers affiliated with ay j/, and
since this sequence is ordered by strictly increasing degree of the powers, we have
r'm + s’ < rm + s. By induction, since 2"+ g a lower power than x"™™7T5, it
follows that a; j; = 0. Thus, whether or not 2™™"# is affiliated only with a;;, we
can now represent the total coefficient of "™ in Q((im) as ya;; for some nonzero

absolute constant . Since Ql(im) = 0, it now follows that a;; = 0, so every coefficient
with which "™7"¢ is affiliated equals 0. By induction, we conclude that for every
power "¢ (0 <7 < d, 0 < s <r), each coefficient with which z""# is affiliated
equals 0. Since, given a;;, x?(") is affiliated with a;; (Corollary B4)), it follows that
each a;; = 0. Since p(x,y) # 0 by hypothesis, this contradiction implies that Q&m)
has at most md + d real roots, which completes the proof. O

The following example shows that if m < d, then we may have p(z,y) Z 0, but
Ezm) =0. Let d =2, m =1, and for @ # 0 and aj; # 0, set apg = —aas,
age = —%, a1 = a1 = azo = 0. Then p(z,y) = —ayi (o — zy + 2y?) # 0, but

a !
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qél)(x) = p(z + 2,az) = —an (o — (az® + @) + L(a®2?)) = 0. Thus le)(:c)
1
rg,” () = 0.
We continue this section by identifying another determining sequence that we
will use in proving Theorem

Proposition 3.5. Let m € N, m > d. If p € Rlz,ylq and p £ 0, then p has at
most md + d zeros of the form (74 ,k), where k € N.

Proof. For p(z,y) = Z ai;z'y’, let r((im) (z) := p(5, x), and define Rl(im) €
§,j>0,i+j<d
R[x]md+a by
(3.6) R((im)(x) =z dr((im)(:c) = g™ Z aij(x_m) x’.
§,j>0,i+j<d

We will prove that

d i
(3.7) R = Ry(x) = Z Z ad_i)jxim"‘j.

i=0 j=0

If p has more than md + m zeros of the form (,k), then R has more than
md + m roots, so R = 0 in R[z]. Since m > d, the powers ™7 (0 < i < d,
0 < j < 4) are distinct; moreover, each coefficient of p is of the form a4—;; for
some 4, j with 0 < i <d, 0 <j <i. It thus follows from (B.7)) that each coefficient
of p equals 0, so p = 0, a contradiction. It remains to establish (B.7). Write
p(z,y) = u(z,y) + v(z,y), where u(x,y) = Z aijz’'y’ and v(z,y) =
1,j>0,i4j<d—1
Z a;jz'y’. Then Ry(z) = a™mz(=Vmy(L z) + 2™dy(2L, z), and thus
4,>0,i+j=d

(3.8) Ra(z) = 2™ Ra_1 (2) + xm%(xim, 2).

Now B7)) follows from ([B.8) by a straightforward induction on d > 1; we omit the
details. 0

We conclude this section by describing a determining sequence, corresponding
to a prescribed point (zg, o) € R?, that we will use in Section 5. For 7, s € N, with
s>0and r > (d—1)s, consider the sequence A := {(zo + 7, Yo + 7= ) o1 -

Proposition 3.6. A is a determining sequence for Rlx,ylq. If p € Rlz,yla and
p # 0, then p has at most (r + s)d zeros of the form (xo + %,yo + k%), where
k e N.

The hypothesis s > 0 is necessary: for d = 1, if a, b, ¢ € R are nonzero, with b = —c,

if a + bxo + cyo = 0, and if we take r = 1 and s = 0, then p(z,y) := a + bz + cy

vanishes on A. We will use notation similar to that in the proof of Proposition

For p € Rz, yla, pla,y) = D> aiz'y’, let g(x) = p(zo + &, 40 + 7), and
1,5 20,1+j<d

define Qq € R[x](r+s)d by

1 .. 1 .
(39)  Qae) = al™ V(@) =2 T aylao+ ) o+ )
i,j>0,i4+5<d
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It follows readily that

d
1. 1 ;

_ ,.rts (r+s)d . ) i d—i

(3.10) Qa=12""7Q4-1+z ;:0 ai,d—i(To + _JJT) (yo + —xr+s) :

Lemma 3.7. The powers that appear in Qq are £ 7% with 0 < i < j < d, and
(3.11) "5 s i ivad—jib (a,0>0, a+b <),

Moreover, the complete expansion of BI0) includes the term a;—; q—;jz*" 7% (cor-
responding to a = b =0 in BII).

We have already seen that s > 0 is necessary for Proposition In order for
the exponents ir + js (0 < i < j < d) to be distinct, it is necessary and sufficient
that » > (d — 1)s, which is the requirement in the definition of A.

Proof of Lemma BT The proof is by induction on d > 1. For d = 1, p(x,y) =
ago + a0 + apty, so Ql(fb) = a00IT+S + a10I01‘T+S +a101‘S + aOlonT+s +aopq. Thus
20 is affiliated only with ag; (in agreement with i = j = 0, a = b = 0 in 3.11))), and
x* is affiliated only with ajg (in agreement with i =0, j =1, a = b = 0). For 2" 1%,
we have i = j = 1, and this power is affiliated with agp (a = b = 0), ag1 (a = 0,
b=1), and a9 (a = 1, b = 0). By inspection, we also see that in Q(z) we have
the required terms ag12°, a10z®, and agoz™+*.

Now assume the result holds for d — 1. Thus, in Qg4_1, for 0 < i < j <d—1,
the power z?"17% is affiliated precisely with the coefficients (j_ita,(d—1)—j+b, Where
a,b >0, a+ b < i; moreover, the expansion of [BI0) (with d — 1 taking the place
of d) contains the term a;_; (q_1)—;z 7. It follows from [BI0) that in Qg the
power z(HtDr+G+s js also affiliated with these coefficients. Setting i’ := i + 1,
j'i=j+1,in Qg for 1 <i’ < j/ <d, the power 2% ™4'¢ is affiliated with

ajr—ityad—jrb (a,0>0, a+b< i —1);
moreover, the expansion of (BI0) for Q4 contains the terms

_x(i+1)r+(j+1)s i'r+j's
j .

Aj—i(d=1)—
To complete the proof of BII) (but with ¢ and j in [BII) replaced by ¢’ and j’),
it is necessary to show that i) for the case i = 0, 0 < j' < d, 27'* ~ aji 4_; and

=i d—j' X

Qg contains the term ajf,d,j/xj/s; and ii) 2i'T1's i affiliated with Ajr—i' fa,d—j'+b
when 0 <# <j <danda+b=71.
1

z"

1
xr—&-s

d
Note that in (3I0), the expansion of z(")4 Z @i q—i(zo +
i=0

) (yo + )4

is of the form

d i . d—i .
r+s ? u,,—r(i—u d—i v, —(r+s)(d—i—v
(3.12)  a(F )d;ai,d—i(; <u>xox ( ))(Z( ) >y0$ (rs)(d—i=v)).

u= v=0
Upon further expansion, this shows that
(3.13) g+ t)s g, 4 (0<i<d, 0<u<i, 0<v<d—i).

To show i), given 0 < j' < d, in [BI3) we let i = j’, u = v = 0 and see that x**
is affiliated with a; 4—;. Further, with u = v = 0, it is clear from ([BI2) that Qq
contains the term a; 4;x%*. For ii), we have 1 < i’ < j' < d, a+ b =i, and we
seek to show that z¢7+i's ~s Qj'—i'a,d—j +b- et 1= 7' —bso that 0 < i < d and
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ajr—irtad—ji+b = @G 43 Let u=4d" —b (0 <u<d)andv:=>b(0<v <d- 7).
It now follows from (BI3) that ¥ "+7's = g(utv)r+(+Ds g | - which proves ii)
and completes the induction. (Il

Proof of Proposition B.Gl If p(z,y) has more than (r + s)d zeros in A, then Qg has
more than (r + s)d distinct real roots, so Qg = 0. Under this assumption, we will
prove that each coefficient of p(x,y) equals 0, in contradiction to p Z 0. From
Lemma 3.7, with i = 0,0 < j < d, a = b = 0, we see that in Qg, 27¢ is affiliated
solely with a;4—j, s0 a;4—; =0 (0 < j < d). Let us assume by induction that for
some i, 1 < i <d, we have a,, =0 for u,v >0,d > u+v >d—i+1. We will show
that each coefficient of degree d — 7 equals 0. Lemma [3.7] implies that for i < 7 < d,
the coefficient of " *7% in Qg is of the form

Qi —i,d—j + Q1005 —i4+1,d—j T Q01Gj—i,d—j+1 + -+ Q0G5 d—j + - -+ QXG5 —i,d—j+i
for certain absolute constants o, with agg = 1. Except for a;_; q—;, each coefficient
of p(z,y) that appears in the preceding expression has degree at least d — i + 1, so
by induction each such coefficient equals 0. It follows that the coefficient of z*"*7¢
in Qg reduces to appa;—; q—;, whence aj_; q—; = 0. Thus, each coefficient of p of
degree d — i equals 0; the result now follows by induction. O

4. LIMITS OF POSITIVE FLAT MOMENT MATRICES

In this section we prove Theorem Throughout this section My = My(8) (as
n (2.3)) denotes a bivariate moment matrix of degree 2d. Now suppose $(24=1) has
a k-atomic representing measure u, so that My[u] is of the form

M, B
Maly) :=< BT Culu )

Let A = Alp] := Cq — Cy4lp], s = rank Alul, plu] = s + &, and

0 0
MA::<OA>.

We now re-state Theorem for ease of reference.

Theorem 4.1. Let n =2, d > 1. Suppose that My(3) = 0 and that 5241 has a
Kk-atomic representing measure . If A = Au] = 0 and plp] < pa_1, then My € Fy.
Moreover, if plp] < 7 < pg—1, then there exists a sequence of positive flat moment
matrices, {Mék)}, such that Mg(B) = lem Ma(lk) and for each k, rank Ma(lk) =

rank Mc(lli)l =T.

K
Proof. Denote i as i = Z o0y, , where the points w; are distinct and each «; > 0.
i=1
If plu] < pa—1 and p[u] < 7 < pg_1, choose additional points wy[,)41,. .., W, SO
that all of the 7 — s points are distinct. (If 7 = p[u], omit all reference to these
additional points in the sequel.) Let R, S € N, with S > 0 and R > (d—1)S. With
w; = (z5,y;) (1 <j<kand k+s+1 < j <7), we apply Proposition B0l to define
the determining sequences w9 = {w,(g)}g"zl (I1<j<kandk+s+1<j<7),
where w,(j) = (z; + I%R,yj + _le+5)'
Next, note that A is a Hankel matrix, say A = (u;4;)o<i,j<d. We first consider
the case when A is a moment matrix, i.e., ug > 0. If A = 0 (positive definite),
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then s = d + 1 and A has an s-atomic representing measure v by Theorem [2.3]
(cf. [CET]). Otherwise, A is positive and singular, i.e., s < d, so [FN2, Theorem
3.1] implies that there is a sequence, {Hy(y!¥1)}, of positive Hankel matrices such
that A = kli_)ngo Hy(y™) and rank Hy(y™) = rank Hy_(y¥) = s. It follows from

Theorem [[4 that Hy(y®) admits an s-atomic representing measure v;. Thus,
for the remainder of the proof of this case, replacing A by Hd(y[k]) and Cy by

Cylp] + Hy(y!) if necessary, we may assume that rank A = s and that A admits
K+s
an s-atomic representing measure v = Z a;i01q,y (where each a; > 0 and the
i=k+1
«y; are distinct). Further, for the purposes of approximation, in the sequel we may
assume that a; #0 (k+1 <i < k+s). For if a (unique) «, satisfies a;» = 0, then
consider the measures v() (I > 1) obtained from v by replacing a;s = 0 by o = %

(with [ large enough so that the a; remain distinct). Clearly, A = llim Hy[vW],
bde el

and we claim that rank Hg[v)] = s for all sufficiently large I. Since v() is s-

atomic, then (2.5) implies that rank Hy[v®)] < s. The reverse inequality follows

from lower semicontinuity of rank (cf. Section 1), since A = lhm Hy[v?] and
—00

rank A = s. In the sequel, by replacing A by Hy[vW] (for sufficiently large 1),

we may thus assume that rank A = s and that A has an s-atomic measure v (as

above) in which the «; are distinct and nonzero. Now, for k +1 < j < Kk + s,

choose an integer m; > d — 1. Applying Proposition 3.2 with d replaced by d — 1,

we define the determining sequences w'?) = {w,(ej)},;“;l (k+1<j<k+s), where
wi = (k + ey, ask).

Let v = pg—1 and t = 7. Let p1(z,y),...,ps(z,y) denote the basis for Rlz, y]q—1
consisting of all of the monomials, and let P := {p1,...,p:}. We next apply Propo-
sition B to P and the determining sequences w®) (1 < j < t). It follows that given
k > 0, there exist ki,...,k > k such that V = V[P, w,(cl), . (t)] (as defined in

Section 2) is invertible; in particular, the points w; = w( 7 (1 <j <t) are distinct.
We define three atomic measures that will be used in constructing the flat ap-
proximants to My. Let

K
k) ._
W =3 a6, = Zaﬁ(m et )
Jj=1

Jj=1
K+s a rts
k) . J =
W= 3T, = > o 6{(k:+ ey asks)}
j=r+1 I Jj=r+1
O
(k) ._ =6, =
o = Z kéwj = Z k‘ (ac] kR’yJ kR+S)
j=r+s+1 g=rtstl

Now let w® := pu#) 4 ) 4 5(F) and set
M = Malw®) = Ma[p®)] + Ma[p®] + My[o®).
Straightforward calculations show that hm My[p®) = My[ul, klim My[p®] =
— 00
Ma, and lim Mylo®] = 0. Thus, lim M"“) My[p] + Ma = My(B).
—00
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To complete the proof of this case, it remains to show that M c(zk) is flat. Since

w®) is a representing measure for M G(lk)

, Supp w(k) = {wlv s 7wt}ﬂ PC R[xay]dflv
and V[P;wy,...,w,] is invertible, the conclusion that Ma(lk) is flat follows directly
from Theorem 271 This completes the proof when ug > 0.

We next consider the case when uy = 0. In this case, it follows from Theorem
23lthat u; =0 (0 < j <2d—1) and v := ugq > 0. If y =0, then A =0 and s = 0;
in this case, we may proceed as above except that we skip the step involving A and
v*) and, in particular, we do not define the sequences w() (k+1<j<kKk+s).
Assuming that v > 0, we have s = 1, and for fixed m > d—1, we use Proposition 3.5
to define the determining sequence w1 = {w,(f—kl)}zo:l, where w(m_l) (g, k).
We next apply Proposition Bl exactly as before to produce the points wy, ..., w;
with an invertible Vandermonde V. We define x*) and ¢*) as before, but we now
define

® .- T s
14 = @)y
kJZd waj
where j = K+ 1. The proof now continues exactly as in the case ug > 0, beginning
with the definition of w®) := p*) 4 p(*) 4 5*), O

We illustrate Theorem (.1} and particularly Corollary 1.11, with a continuation
of Example 2.1

Example 4.2. In Example 2] we have M3 = 0 and rank M3 = 6, with column
relations X2 = 1, X? = X, X?Y =Y, and Y3 = 2Y. It is straightforward
to check that by propagating these column relations forward, i.e., by defining
X4 := X2 X3 = XY, X?Y?2 :=Y? XY3:=2XY, Y* := 2Y2 we construct
a positive flat moment matrix extension My. Thus 8 has a 6 atomic represent-
ing measure g which may be explicitly computed as described in Section 2 (cf.
[CET]). The support of yu is the variety of My, which consists of the common so-
lutions to #2 = 1 and y* = 2y, namely (z1,41) = (=1,0), (22,%2) = (=1, —V2),
(x37y3) = (_1’\/5)’ ('T47y4) (1 0) (1‘5,y5) = (17_\/5)7 ($67y6) (1 \/_) Note
that B = {1,X,Y, XY, Y2 XY?} is a basis for the column space of M3 and define
corresponding polynomials py(z,y) := 1, pa(z,y) = , ps(z,y) := y, pa(z,y) = 2y,
ps(z,y) = 92, ps(z,y) = xy®. The Vandermonde V = (p;(z;,y;))1<ij<¢ is in-
vertible. Let v be the vector of moments corresponding to the p;, ie., v =

(ﬁOOaﬁlOaﬁOh61176027612)T = (17070707170)T‘ We ComPUte a = (041704270[3,044,
6

as,o6)T =V =(3,4 L 211 DT Then p := Zalé(xl y:) is a representing

=1
measure for Ms.

We now use the method of Theorem E.T] to approximate Ms with positive flat
moment matrices. Using Proposition B@lwith d = 3, r = 3, s = 1 (r and s here have

the same meaning as in Proposition B.6]), we perturb the support of p as follows.

Fork>0,1<j<6, letxm*xjjt(j )3 andy,(c)*y]—k(]k) We now define

wk) = (k) _Zaj (J) (J)

Since Alu] = 0, we set v®) = 0, and since p[u] = 6 = pa, we set ) = 0. With
M(k) Ms[p™®)], it is clear that hm M(k) Ms. We performed a numerical test
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using Mathematica, where all calculations are performed exactly in Q[v/2]. In par-
ticular, calculations of the ranks of the approximants are exact because there are no
roundoff errors in the matrices. Let S¥! denote the moment sequence correspond-

. k k
ing to Mé ) and let A = a,bz%l,gfbgﬁ [Bap — Bl[lb]|. We found Ay =~ 0.4, As ~ 0.09,

Ag ~ 005, A4 ~ 002, A5 ~ 00]., AlO ~ 0002, AQO ~ 00002, A50 ~ 1075.
Perhaps surprisingly, every M?Ek) that we tested was flat, even for £ = 1, where
the error is large. Note also that in implementing Proposition [3.1] for each k > 0
we used k; = jk (1 < j < 6). Experiments with each k; = k did not yield flat

approximants M. ?Ek).

We next illustrate Theorem B 1] particularly Corollary 1.10, in a case where C?
is Hankel. In such a case, let u denote the unique, (rank My_;)-atomic measure
associated with M® = My[u], let A = Alu] = A®, and let k = r = rank My_;.
In any example of this type, we may apply the method of Theorem 1] directly or
we may apply a slightly different and simpler approach that we next describe. In
this approach, we do not define the determining sequences w®, ..., w( and we
replace u®) with p. Further, if r + s < 7, we choose a; (r+s+1<j5<t)so
that aq,...,a; are distinct and nonzero. For m > d — 1, we use Proposition 3.2
to define determining sequences w9 = {(k + 2=, a;k)}3, (r+s+1 < j < t).
Given k > 1, we then apply Proposition Bl to p,11,...,p; and the sequences

w1 w® to produce points wyi1,. .., w; (dependent on k) leading to an
invertible (1 — r) x (7 — r) Vandermonde V. As before, we use wy41,...,Wr4s to
define v®) and wy44q1,...,w; to define o). Setting w®) = p + v + o) the

proof then proceeds along the lines of the proof of Theorem I} we omit the details.

Example 4.3. To define

Ms B
Mi=0(5%) = (37 of ),

we begin with

101 1 0 2 0 2 0 5
01 0 0 2 0 2 0 5 0
10 2 2 0 5 0 5 0 14
10 2 2 0 5 0 5 0 14
M| 020 0 5 0 5 0 14 0
537120 5 5 0 14 0 14 0 42
02 0 0 5 0 5 0 14 0
2 0 5 5 0 14 0 14 0 42
05 0 0 14 0 14 0 42 0
5 0 14 14 0 42 0 42 0 132

Ms3 is positive semidefinite, with rank M3 = 7, and column dependence relations
X?=Y, X3 = XY, and X2Y = Y2 From Theorem 2.2 a positive M, requires
that in ( Ms; By ) we have X* = X2V, X3Y = XY?, X?Y2 =Y3, so By must
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be of the form

2 0 5 0 14
0 5 0 14 0
5 0 14 0 42
5 0 14 0 42
0 14 0 42 0

Ba=1 14 0 42 o0 132

0 14 0 42 0
14 0 42 0 132
0 42 0 132 2
42 0 132 z gy

A calculation shows that there exists W satisfying By = M3W and

14 0 42 0 132

0 14 0 132 z
c’=1 42 0 132 T y

0 132 =z 224428 x(y — 416)

132 x y  w(y—416) 179464 + 2? — 844y + y?

In the sequel, to satisfy the requirement that C” be Hankel, we set y = 22 + 428.
We next define Cy by

5 0 43 0 133
0 43 0 133 T
Ci=| 43 0 133 T x? + 429 (e >0),
0 133 x x? + 429 x(z? +12)
133 = 22+429 z(2®2+12) 2%+ 1322+ 1417 + ¢
so that
1010 1
0101 o0
A=C,—C"=|1 01 0 1
0101 0
1 01 0 1+e

Since A > 0, then M, = 0. However, since X* # X2Y in the column space, M, is
not recursively generated and thus has no representing measure. Since My > 0, we
have rank My = rank Ms+rank A. Thus, rank My = 9if e = 0 and rank M4 = 10
if € > 0, so in either case M, satisfies the hypotheses of Theorem [T and we will
illustrate how to approximate M, with positive flat moment matrices.

We begin with the case when ¢ = 0 and rank My = 9, and we let p denote the
unique (7-atomic) representing measure for M b (which can be explicitly computed
from [CFT]; cf. Section 2). We first choose 7 =9, i.e., we will approximate M, by
flat moment matrices Mik) with rank Mik) = 9. Since € = 0, A has the unique
representing measure v := %5{1} + %5{_1}. Following the proof of Theorem 4.1l and
the modified approach sketched above (in particular, applying Propositions B.Iland
B2), we choose m = 3, and for k > 1, weset k1 = ko =k, a1 = ay = %, and a; =1,
ag = —1. Now we define
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Let w®) := 41" and set Mik) = My[w™]. Clearly, klim Mik) = M°+Mp = My,
)

and a symbolic calculation shows that rank Mik) = rank M?Ek) =9

We next choose 7 = 10. Note that for £ > 1, Propositions [B.1] and guarantee
the existence of ki, k3, k3 > k corresponding to an invertible Vandermonde, but
there is no explicit formula for the k; values. In this case, if we choose k1 = ko =
ks = k, then we find rank Mék) =9, so Mik) (which has rank 10) is not flat.
Instead, we define v(*) as above, except that we now try k; = k and ky = 2k.
Further, following the method discussed above, we try k3 = 3k, a3 = 2, and we
6k)}- oetting w® =+ v® 4 o*) and Mik) =

define o) := gisd((aus iy,

My[w®)], we see that hm M(k) M’ + M +0 = My, and a symbolic calculation

shows that rank M( ) = rank M(k) =10.

We next con51der the case When e > 0, i.e., rank A = 3. In this case, A
is not recursively generated and so has no representing measure. Nevertheless,
[EN2] implies that A may be approximated by rank 3 positive flat Hankel matrices.
Indeed, for k > 0, if we define

1 1 €
Ve = 50y + 50— + 500k

then klim Hyvk] = A, and rank Hylvg] = rank Hs[vg] = 3. We may therefore
—00

assume that A = A®) := Hy[1,], and we proceed as outlined above, with r = 7
and p =7 = p3 = 10. LetOél:1,a2:—1,a3:k,anda1:a2:%,agz]:—8.
For fixed j > k, we choose k1 = j, ko = 2j, ks = 3j (based on Proposition Bl and
experimentation), and define

VT g ek} T gpE ket gk} T8 E ket ok}
We now set w®) := p + v*) and Mik) = My[w®)]. Clearly, klim Mik) = M° +
—00
klim Mawy = M + Ma = My, and a symbolic calculation shows that rank Mik) =
—00

rank Mék) = 10.
To conclude the example we re-define Cy as

14 0 42 0 132
0 42 0 132 T

C,=1 42 0 132 x x? + 428 (e >0),
0 132 T w2 + 428 z(z? +12)

132z 22+428 z(2?2+12) 2%+ 1322+ 1416 + ¢

so that the Hankel matrix A is no longer a moment matrix, i.e., A; =0 (0<j < 7)
and Ag =€ > 0. We have r =7, p = 8, and we choose 7 = 9. Using Propositions
B and (with k; = k and ko = 2k in Proposition B1)), let v(*) := 5{ )}

oK)} Setting W = g+ v® 4 k) and M( ) = My[w (k)],

and ¢(®) .= k:105{ L,

we see that khm Mik) =M 4+ Mr+0= My, and a symbolic calculation shows
—00
that rank Mik) = rank M?Ek) =9.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



LIMITS OF POSITIVE FLAT BIVARIATE MOMENT MATRICES 2689

We conclude this section with a proof of Proposition
Proof of Proposition [L12l The proof consists of repeating the proof of Theorem
A1 up to the point where we define w® := ) + p*) 4 5(F) et
M = Malw®] = My[5®] + Malp™®] + Ma[o™®],

and show that klim Mc(lk) = Mg[p] + Ma = My(3). This shows that My is in the
— 00

closure of moment matrices with measures, so Lg is positive. Since we are not
interested in the ranks of the approximating moment matrices, it is also possible
to re-work the proof in a simpler way, without using determining sequences. (I

5. FLAT APPROXIMATION IN THE DEGREE 6 MOMENT PROBLEM
Our main application is Theorem [T} which is included in the following result.

Theorem 5.1. My = M;3(©) belongs to Fs if and only if Mz = 0 and p =
rank Ms < 6. In this case, given 7, p < 1 < 6, M3 is in the closure of the rank-t
positive flat moment matrices, and there exists a sequence of (computable) T-atomic

positive measures {p} such that B;; = klim /xiyj dug (4,7 > 0, i4+j5 < 6).
—00

Further, either Mg is a moment matrixz or M3 admits a flat extension My, whence

BO) has a representing measure.

Mg Bg
BT ¢y

recall from Section 2 two basic properties that we will use repeatedly. It follows

from [CF2| Proposition 3.9] that if My = 0, then

(5.1) p € R[z]4—1, p(X)=01in Col Myg_1 = p(X) =0 in Col Mj.

Let My = ) denote a positive semidefinite moment matrix. We

Further, Theorem [2.2]iii) implies that ( Mg—1 By ) is recursively generated, i.e.,
(5.2)
p,q,pq €R[x]4, p(X)=0 in Col ( My_1 By ):>(pq)(X):O in Col ( My_1 By ) .

If My > 0, then Ran By C Ran My_1, so there exists W such that By = My_{W.
Let O := BTW = WT M,_;W; note that C% = C;W7T and that C/, is independent

of W satisfying By = My_W. Let M, := < Ma—1 Ba

BT chl ) . The following property

is useful in computing M g:
(5.3)  peR[z]g, p(X)=0inCol ( My_y By )= p(X)=0in Col Mj.

As discussed in Section 2, rank M’ = rank My_,. Thus, if C’Z is Hankel, then MZ
is a flat moment matrix extension of My_1 (using the data in By) and thus has a
representing measure (cf. Theorem [[.4)). Note that in the case when d = 3, since
C’g = (¢ij)1<i,j<a 1s real symmetric, Cg is Hankel if and only if c37 = ca9, c41 = €32,
and Cq2 = C33.

We begin the proof of Theorem [B.1] with a series of preliminary results based on
the value of r = rank Ms.

Proposition 5.2. If M3 > 0, rank M3 < 6 and r = rank M,y < 3, then Cg 18
Hankel.
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Proof. Suppose r=1. Then in Col M3, X =al, Y =p1 (for certain scalars «, [3), so
(52) and (53) imply that in Col M3, X°Y7=a’f71. Then for i +j=4k + =3 with
1<i,01<3,0< 74,k <2 (XY, XFYl) = oithpitl = (Xi-lyJi+l xhk+lyl=1) oo
C% is Hankel.

Next, let r = 2. If rank M; = 1, then by recursiveness in My, it follows that
rank M, = 1, a contradiction. Thus rank M1 = rank My = 2, so M is flat. Thus
M, has a unique flat extension M3 Since M3 is recursively generated, it follows
readily from (5.2]) that Bs = Bg Now (B.3) implies that M3 Mg, SO 03 = Cg,,
whence C} is Hankel.

Now suppose r = 3. As above, if rank M; = 1, then by recursiveness of My,
rank Ms = 1, a contradiction. Further, if rank M; = 3, then Ms is flat, so we may
proceed exactly as in the 7 = 2 case (above) to conclude that C% is Hankel. We
may thus assume that rank M; = 2, and we first consider the case when {1, X}
is a column basis, with Y = al + X for some «, 8 € R. By recursiveness in Ms,
XY =aX+BX?and Y2 = aY + BXY, so {1, X, X?} is a basis for Col M,. From
(2), in Col Bs we have

(5.4) X?%Y = aX? 4+ X3,
(5.5) XY? = aXY + BX?Y,
(5.6) Y3 =aY? 4+ BXY?2

These relations and the value of 859 completely determine the other moments of
degree 5; thus from (B.4), 841 = B0+ BBs0, Ba2 = afa1 + BPa1, B2z = afaz + BB32;

from (B.3), f1a = @Bz + Bf23; and from (B.G), Bos = aBos + BB1a. With these
values, a calculation shows that there exists W such that B3 = MW, and a

further calculation shows that C’|7 WTM,W is Hankel. In the remaining case, a
basis is {1, Y}, and the proof is entirely analogous. (Il

We next analyze cases of Theorem [B.1] with » =4 or » = 5. Since M3 = 0, then
M is recursively generated, so in these cases we must have {1, X, Y} independent
in Col My. Thus, in Col Ms there is a dependence relation of the form p(X,Y) = 0,
with deg p(x,y) = 2. Given a degree-one map T, let Mg denote the moment matrix
corresponding to My under T (cf. Proposition 2.8), and let ¢(Z,9) = po T 1(Z,7)
€ R[z,y]q; clearly ¢(Z,y) = 0 if and only if p(z,y) = 0. It is well known that
corresponding to p(z, y) there is a degree-one map T such that the variety ¢(Z,y) =
0 is one of the following: wW=0,zy=1yg=a% 22+ =1,22=1,22 =0,
2 =-1,7224+792 =0, 22+ y> = —1 (cf. [SH, p. 405]). We note that column
dependence relations corresponding to any of the last four cases cannot occur in
M2 if M2 =0 and rank M2 > 4. To see this, we may scale B so that ,800 =1, and

we denote M2 as

1 a b ¢ d e
a c¢c d f g h
~ b d e g h k

5.7 Moy =
(5.7) 2 c f g p g w
d g h q w s
e h kK w s t
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If X2 =0,thenc=f =9g=p=q=w = 0; since ¢c = 0, positivitxvofﬁg
implies a = d = h = 0, and, similarly, w = 0 implies s = 0. Thus, rank My < 3,
a contradiction. Similarly, if X24+Y2= 0, then ¢ + e = 0 and p +w = 0 imply
c=e=p=w =0, and it follows as above (via positivity) that rank My < 2. If
X2 = —1, then ¢ = —1, which violates positivity in Mg; similarly, if X2+Y2= -1,
then ¢ + e = —1, which is impossible. Motivated by the preceding discussion, in
the following sequence of results we assume that M, admits a column dependence
relation corresponding to one of the following varieties: zy = 0, 2y = 1, 22 = y,
22 =1, or 22 +y?> = 1. In each case we will show that under the hypotheses of
Theorem 5.l M3 satisfies the following property:

(5.8) C% is Hankel or Ms admits a flat extension M.

In view of Theorem [[.4] and Corollaries [LI0 and [[LTT] it is clear that (58] implies
the conclusions of Theorem B including the existence of a representing measure
for B,

In the sequel, to simplify certain symbolic calculations, we always scale 3 so that
Boo = 1 (without loss of generality). If B is a collection of columns of My which
forms a basis of the column space of My, we will denote by [My]s the compression
of My to the rows and columns indexed by the elements of B. Thus, if My = 0,
then [My]s > 0.

Proposition 5.3. Suppose M3 = 0, with p < 6 and v = 4. If My has a column
relation XY =0, then C’g is Hankel.

Proof. As noted above, {1, X,Y} is independent. Suppose first that Col Ms has
the basis B = {1, X,Y, X?}. Writing Y2 = c11+ X +c3Y + 4 X?,in ( My Bs )
we have X2Y =0,0=XY? =1 X + X%+ 4 X3 and Y2 = ¢;Y + ¢3Y 2. Further,
My is of the form

1 a b ¢ 0 d
a ¢ 0 e 0 O
| 5 0 d 00 f
(5.9) Mz = c e 0 g 0 0|’
0 000 0O
d 0 f 0 0 h
with
1 a b c
0
J=als=| 5 o 40 | =0
c e 0 ¢

(C1026304)T:J71(d0f0)T,h:(dofo)(01CQC3C4)T.

From the above column relations, B3 must be of the form

e 0 0 f
g 0 0 O
0 0 0 h
(5.10) Bs=| " 0 0 o
0 0 0 O
0 0 0 wu
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for certain ¢t and u. Since X2 in Bz belongs to Ran M, it follows that X3 =
dil+deX +d3Y + dy X2, with (dy do d3 dy ) = J (e, g, 0, t)T. In particular,
v := (X3 Y?) =0, and a symbolic calculation shows that

(bf — d?)(e3 — 2ceg + ag® + (c® — ac)t)

’Y:(d, 07 f)o)(dld2d3d4)T:

det(J)
Further, since Y3 = ¢;Y + ¢3Y?, it follows that uw = ¢1 f + csh. Now let

do 0 0 0

d 0 0 0

. dg 0 0 C1

W= dge 0 0 O

0 0 0 O

0 0 0 ¢

Then M2W = Bg, and in Cg = WTM2 = (Cij)1§i7j§4, we have C31 = 0= C29 and
cis = 0 = c35. Thus C3 is Hankel if and only if c43 = 0 (= ¢32). A symbolic
calculation shows that

FFZ.C;) (w= —bde* + (¢ — 2ace + ) f + (bed + a®f — cf)g),

and since v = 0, then ¢4y = 0. Thus C’g is Hankel, which completes the proof in
this case.

Suppose next that XY = 0 and that B = {1, X, Y, Y?} is a basis for Col M;. In
view of the previous case, we may assume that X2 € (1, X,Y). Thus, X2 = ¢;1 +
caX +c3Y, with (¢1 ca c3) = My (ce0)T. In particular, g = (ce 0 )(cy ¢z c3 )7
and 0 = (X2Y?) = (d 0 f )( c1 c2 c3 )T (which entails ¢® — ae)(d® — bf) = 0).
Denoting M, and Bs as in (5.9) and (5I0), ¢t in X? is uniquely determined via
recursiveness in ( My Bs ) by

(5.11) X3 =1 X 4 X2,

C41 =

i.e., t =cie+ cag.

Let K = [Ma]s (= 0). Since Mz = 0, Y3 in Bj is in Ran M,, so Y3 =
kll +I€2X+k3Y+k4Y2, where ( kl kg kg k4 ) = Kﬁl( f, 07 h, u )T. This relation
and (5.I0) imply that 0 = (Y3, X2) = kjc + kae = A. A symbolic calculation now
shows that

(ae — ) (f3 — 2dfh + bh? + (d* — bf)u)

)\ =
det(K)
Setting
0 0 0 Kk
C1 0 0 kg
_ 0 0 0 ks
W= c2c 0 0 O ’
0 0 0 O
0 0 0 kg
we have MyW = Bj, and a further symbolic calculation shows that
* 0 0 C14
b T | 0 0 0
G=BW=14 090 o |’
0 0 0 =«
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with
—Xacd + b*e — de)
= Y3 X3 =k k =
e = Y5 X0 = hie + kg det(K)
Since A = 0, it follows that C} is Hankel, whence the result follows. O

Proposition 5.4. Suppose Mz = 0, with p < 6 and r = 4. If My has a column
relation XY = 1, then C% is Hankel.

Proof. Since XY = 1, we may denote M as

1 a b ¢ 1 d

a ¢c 1 e a b

_ b1 d a b f

(5.12) My = c e a g c 1
1 a b ¢ 1 d

d b f 1 d h

Since r = 4, {1, X,Y} is independent, and we first consider the case when B =
{1,X,Y, X?} is a column basis. Let

1 a b ¢
T R
c e a g
and set (¢; ca c3eq )T :=J71(db f1)T. Then
(5.13) h=(dbfl1)(ciecaezes)

and Y2 = ¢11 + o X + c3Y + ¢4 X2, By recursiveness, in Col ( My Bs ) we have
XY =X, XY?=Y,Y3=c1Y + XY 4+ c3Y? + ¢4 X?Y. Now Bj is of the form

b

&

Il
QO+ o
S D = O Q
- R
S~ T U

for some t = f59 and u = Pos. Setting ( ki ko k3 ks )T == T egct)T, the
condition X3 € Ran My, i.e., X3 = ki1 + ko X + k3Y + k4 X2, is equivalent to the
condition that X\ := kid + kab+ ks f + k41 — a satisfies A = 0. Setting

k&t 0 0 O

kz 1 0 Cy

o kg 0 1 C1
W=k oo o |

0 0 0 co

0 0 0 e

we have MyW = Bs, so that C% = BIW. Denoting C% = (c;;)1<i j<4, a symbolic
calculation shows that c3; = a9, c40 = ¢33, and ¢33 = 1. Thus, C’g is Hankel if and
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only if c41 = ki f + kad + ksh + kb satisfies c41 = 1 (= ¢32). Now, using (5.13)), a
symbolic calculation shows that

"
Ca1— 1= my
where < is a polynomial in the moments of M. Since, from above, A = 0, we have
cq1 = 1, whence C’g is Hankel.

In the remaining case with XY = 1, we may assume that M5 has the column
basis B = {1, X,Y,Y?}. In view of the previous case, we may also assume that
X2 =c11+ X +c3Y, where (¢ ca c3 )T = Mfl( cea )T, so, in particular, we
have

(5.14) cic+cse+cza=g, cid+cob+cesf = 1.

In ( My Bs ), by recursiveness, we have X3 = 1 X + X%+ ¢31, X2V = X,
XY? =Y. Further, since Y € Ran My, in Col ( My B3 ) we have

(5.15) V3 = ki1 4+ ko X + k3Y + ks Y2,
where (ki ko k3 kg )T =LY fdhu)T for

1 a b d
_ ]l a ¢c 1 b
L= [MQ]B - b 1 d f (>' 0)
d b f h
In particular, (5.I5]) entails
(5.16) b= (Y3 X?) = kic+ kaoe + kza + kq.
Define W by
cs 0 0 K
C1 1 0 Ifg
| 0 0 1 ks
W= cc 0 0 O ’
0 0 0 O
0 0 0 Ky

so that MW = Bs. A symbolic calculation shows that C’g = WTMW =
(Cij)lgi,jggl is Hankel if and only ifl =cy = <X3,Y3> = c1d + b + C3f and
€41 = C14; the former condition follows from (5.14)) and the latter from the fact that
Cg is real symmetric, so the proof is complete. O

Proposition 5.5. Suppose M3z = 0, with p < 6 and r = 4. If My has a column
relation Y = X2, then C% is Hankel.

Proof. Since r = 4 and M is recursively generated, then {1, X, Y} is independent,
and we first consider the case when {1, X,Y,Y?} is a column basis for M,. Thus,
there is a column relation of the form XY = ¢11 + ¢ X + ¢sY + ¢4Y2. The corre-
sponding curve zy = ¢ + cox + c3y + cay® has no z? term, so its discriminant is
positive, and it thus represents a (possibly degenerate) hyperbola. Thus, by apply-
ing an appropriate degree-one map and Proposition 228 iii), iv), vii), M> may be
transformed into a rank-4 positive MQ with a column relation of the form X 175 0
or XY = 1. It thus follows from Propositions .3 and 54l that the C block of (M)
is Hankel, whence Proposition X8 x) implies that C% is Hankel.
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We may now assume that {1, X, Y, XY} is a column basis, with a column relation
of the form Y2 = k11 + ks X + k3Y + k4 XY. Denoting My as My with d = 2,
we see that My is recursively determinate in the sense of [CF10]; i.e., there is a
degree-reducing relation X" = p(X,Y) (n = 2, deg p = 1 < n) and a degree-
preserving relation Y™ = ¢(X,Y) (m = 2, deg ¢ = 2 = m). Since My is positive,
recursively generated, and recursively determinate with n+m —2 =d, it follows
from [CFlO Corollary 2.4] that My admits a unique flat extension M3 In this
extenswn Bg is completely determined from M2 by recursiveness, i.e., X X3 = XY Y,
X2y = Y2 XV2 = (zq)(X,Y), Y3 = (yq)(X,Y). Since My = M, and ( M3 Bs)
is recurs1vely generated, the same column relatlons as just above determine Bjs so
that By = Bg It now follows immediately from (5.3) that 03 = Cg, and since Cg
is Hankel, the result follows. |

Proposition 5.6. Suppose Mz = 0, with p < 6 and r = 4. If My has a column
relation X2 = 1, then Cg is Hankel.

Proof. The proof is essentially the same as that of the preceding result. If {1, X,
Y,Y?2} is a column basis for My, then there is a hyperbola relation XY = ¢;1 +
o X +c3Y +¢4Y?, so it follows as in the proof of Proposition [5.5] that Cg is Hankel.
In the remaining case, {1, X,Y, XY} is a column basis, and it follows exactly as in
the proof of Proposition .5 that M3 is a moment matrix, whence C} is Hankel. [

Proposition 5.7. Suppose M3 = 0, with p < 6 and r = 4. If My has a column
relation X2 +Y?2 =1, then C’g is Hankel.

Proof. As in the previous proof, {1, X,Y} is independent. We consider first the
case when {1, X,Y, X?} is a column basis for My. It follows that XY is a linear
combination of the basis columns, but since this relation has no Y? term, the
relation represents a hyperbola, so the result follows from the hyperbola cases above
(exactly as in the proof of Proposition 5.5 via Proposition 2.8 x)). In the remaining
case, {1, X, Y} is independent and {1, X,Y, X2} is dependent, so there is a degree-
reducing column relation of the form X 2 = ¢11 4+ 3 X + ¢3Y. Since we also have
the degree-preserving relation Y2 = 1 — X2, M, is recursively determinate, and the
proof proceeds exactly as in the conclusion of the proof of Proposition O

We next present cases where r = 5. Since there is nothing to prove in Theo-
rem [B.1] if M3 is flat, and (B.8) clearly holds as well in this case, we may assume
rank M3z = 6 in these cases.

Proposition 5.8. Suppose M3 = 0, with p = 6 and v = 5. If My has a column
relation XY = 0, then Ms satisfies ([L.8).

Proof. We have My as in (59), and ( M Bs ) is recursively generated, so Bs is
as in (BI0). Since X?Y = XY? = 0 in Bz, (5.3) implies that the same column
relations hold in C%, so C3 has the form

(5.17) C5 =

5N OO =
o O oo
o o oo
S O O 1
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We may suppose 7 # 0, for otherwise Cg is Hankel and the result follows. A
symbolic calculation shows that 7 = 7,70 where

11 = (€3 = 2ceg + ag® + (¢* — ae)t), 7 = (f> — 2dfh + bh* + (d* — bf)u).

Let J = [Ma]g, where B denotes the column basis {1, X, Y, X2, Y2}. Now J > 0,
so k= [X3J X537, where [X?] = (e g 0t 0 ); note that since 7 # 0 and C5 > 0,
then k > 0. Consider A := C3 — Cg and write A = (Aj;)1<i j<a-

We claim that Aj; # 0. Let us denote Cg as (Cij)1<i,j<4, 50 that c31 = co2 =
c13 = 0. Since C3 (= C% + A) is Hankel, it follows that Az; = Agy = Ayz. If
A1 = 0, then, since A > 0, it follows that As; = Az; = Ay = 0, whence Agy = 0.
Positivity of A now implies Ags = Ays = 0. Since C3 = C’g + A is Hankel, it follows
that Ase = 7, which contradicts 7 # 0.

Now M3 = 0 and rank M3 = 6, so

(5.18) A >0, rank A =1.

Since C} + A = C3 and C3 is Hankel, (5.17) and (5I8) imply that for p= Ay > 0
and certain scalars ¢ and ¢, A has the form

P ap ¢*p e
aw ¢Pp ¢Pp qe
P*p ¢p qe  gPe

€ ge  q¢*¢ k

, €+ ¢°p.

Since rank A =1, XY? = ¢°X? in Col A, whence ¢*p = ge. Now, if ¢ # 0, then
€ = ¢°p, a contradiction. Thus ¢ = 0, so the Hankel matrix C3 is of the form

v 00 0
000 0
=100 0 o0
00 0 w

We now have X2Y = XY? = 0 in M3, and we next construct a flat extension M.
Since ( M3 By ) must be recursively generated in any flat extension My, in By we
must define X3Y = X?Y?2 = XY?3 = 0. From this structure, it follows that in By,
X* must be of the form X4 = (gt0v002000)7 (for some x), and Y4 must have
the form Y4 = (h0u 00w 000y )T (for some y). Since p > 0, M3 has a column
basis {1, X,Y, X2, Y2 X3}. Let J denote the compression of M3z to these rows and
columns, and let X4 = (gt0wv0x)T. For each z, let w, = J=1X*. For M, to be
a positive extension of Ms it is necessary that X4 € Ran Ms, and this is equivalent
to the condition that ¢ = (Y3, w,) = (X4, ¥3) = 0, where Y3 = ( f 0 h 0 u 0)7.
A symbolic calculation shows that

= 79(Q — 1)
det(J)
(where @ is some polynomial in the moments of Msz). Since 71 # 0, it follows
that there exists a unique z (= <) such that X* € Ran Ms. Further, setting

T1
Y4=(h0ouow0)T and w, = J Y4 if we define y := (Y w,), then the
resulting Y satisfies Y4 € Ran Ms, as required for positivity of My. With these
values for the moments of By, we now compute C; = (c¢;j)1<i <5 via (5.3). Since
X3Y = X?Y? = XY? =0 in C}, it is easy to see that C is Hankel if and only if
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¢51 = 0. A symbolic calculation of c¢5; using (5.3]) shows that ¢51 = ¢, and by our
choice of x, 1 = 0, so the existence of a flat extension M} is established. O

Proposition 5.9. Suppose M3 = 0, with p = 6 and r = 5. If My has a column
relation XY = 1, then Ms satisfies (B8).

Proof. The proof is very similar to that of the previous result, so we omit many of
the details. Symbolic calculation shows that either C’g is Hankel, in which case the
result follows, or C% is not Hankel because 7 = (C3)41 — 1 # 0. In the latter case we
proceed to construct a flat extension My as follows. In ( My B3z ) we have X2Y = X
and XY? =Y. As in the previous proof, by examining the structures of Cg and A
in detail, we see that X?Y = XY?2 =01in A, whence X?Y = X and XY? =Y hold
in M3. In My we must then have X3Y = X2, X?Y2 =1, XY3=Y?in ( M3 By )
(due to recursiveness), so in By it remains to define © = f79 and y = fBo7. A
symbolic calculation shows that there exists # such that X* € Ran M3 if and only
if an equation of the form @ — 7x = 0 has a solution (for a particular polynomial
expression @) in the moments of Mj3). Since 7 # 0, there is a unique solution z.
Next, Bo7 can be defined so that Y4 € Ran My exactly as in the proof of the
preceding result. Now (5.3)) implies that in Col C} we have XY = X2, X2Y? =1,
and XY?3 = Y?, so C} is Hankel if and only if (C%)s; = 1. A symbolic calculation
now shows that (C3)5; — 1 = (Q — 7) R (for some well-defined rational expression
R in the moment data). Since @ — 72 = 0, a flat extension M, is established, so
the result follows. O

Proposition 5.10. Suppose M3 = 0, with p =6 and r = 5. If My has a column
relation Y = X2, then M3 satisfies (5.5)).

Proof. By recursiveness, we have X? = XY and X2Y = Y? in ( My B3 ), and
so, by (5.3), these relations also hold in Cg. Thus, X2 and X?Y in C’g are Hankel
with respect to each other, and it follows that C% = (c;;)1<; j<4 is Hankel if and
only if ¢4o = ¢33, in which case we are done. Assuming this is not the case, we
will establish a flat extension My. Consider A := C3 — Cg, rank A =1, and note
that the leftmost two columns of A must be Hankel with respect to each other. If
p= A1 #0, then from the form of C3 and C3, it follows that A is of the form

p 00 0
00 0 0
A=l o0 6 w |90
0 0 w s
or
pooap qu qip
N T O R 0.
qu qap 5 qu #q°p, ¢ F

v q'p @ ¢°p
In the former case, rank A > 2, a contradiction. In the latter case, since p # 0 and

rank A =1, then Col 3 = ¢°Col 1, which implies § = ¢*p, a contradiction. Thus,
p = 0, so the positivity of A and the Hankel property of its leftmost two columns
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imply that

A= , 0>0, 6s = w?.

oo oo
oo oo
E oo O
»w & © O

It follows that in C3 = C} + A, we have X% = XY and X2Y = Y?2. Thus M; is
positive and recursively generated. Since § > 0, it follows that a column basis for
M3 is given by {1, X, Y, XY,Y? XY?}. We thus have a column relation of the form
Y3 = k14 ko X + kY + kg XY + ksY? + kg XY 2. Denoting Mz as My with d = 3,
we see that My is recursively determinate, i.e., X” = p(X,Y) (n =2, deg p = 1)
and Y™ = ¢(X,Y) (m = 3, deg ¢ = 3). Since M, is positive, recursively generated,
and recursively determinate with n +m — 2 = d, it follows from [CF10, Corollary
2.4] that M3 admits a unique flat extension My, whence the result follows. O

Proposition 5.11. Suppose M3 = 0, with p =6 and r = 5. If My has a column
relation X? = 1, then M3 satisfies (5.5)).

Proof. The proof is essentially the same as that of the preceding result; replacing
X? =Y by X2 =1 has no effect on the argument there that either Cg is Hankel or
Mj is recursively determinate with n4+m — 2 = d (in the sense of [CF10, Corollary
2.4]), whence M3 admits a flat extension Mjy. O

Proposition 5.12. Suppose M3 = 0, with p =6 and r = 5. If My has a column
relation X2 +Y?2 =1, then Ms admits a flat extension My.

Proof. Since {1, X, Y} is independent in Col M3, it follows from [CE5, Proposition
1.12] that Mj3(8) corresponds to a complex moment matrix Ms(y) with columns
1, 7,7 independent and ZZ = 1 in the column space. [CF5, Theorem 1.1] now
1mphes that M3(7) has a flat extension My. Under the inverse correspondence of
[CF5, Proposition 1.12], My corresponds to a real moment matrix M4 that is a flat
extension of Ms3. O

We are now prepared to prove Theorem 5.1.

Proof of Theorem 5.1. The “only if” direction is clear from the discussion in Section
1. For the converse, let r = rank Ms. If r = 6, then M3 is flat, so there is nothing
to prove. For 1 < r < 3, the result follows from Proposition 5.2 and Corollary
[[IO Suppose 4 < r < 5. As noted earlier, in these cases recursiveness in Mo
implies that {1, X,Y} is independent in Col Ms. Since My is singular, there is a
column dependence relation of the form AX?4+BXY +CY?+DX+EY +F1 =0,
with A2 + B2 + C? # 0. Let p(z,y) = Ax?> + Baxy + Cy?> + Dz + Ey + F and
consider the planar variety p(z,y) = 0. As discussed earlier in this section (following
Proposition [(.2), there is a degree-one map 7 (T (z,y) = (%,9)), such that the
variety corresponding to ¢(7,7) := (po T 1)(Z,9) is one of the following: Zy = 0,
2y =1,5=2%7°=1,72+%% = 1. Applying T to M3 via Proposition 2.8 it
follows from Proposition 28 iii), iv), vii) that the resulting moment matrix M3 is
positive, with rank M3 = rank Ms, {1 X Y} mdependent in Col Mg, and with
one of the followmg column dependence relations: XY = 0, XY = 1 Y = X 2
X2 = 1, X2+ Y2 =1. It now follows from Propositions 5.3-5.12 that M3 satlsﬁes
E3). Pr0p051t10n 2.8 vi) and x) thus imply that Mj5 satisfies (B.8]), so the proof is
completed by applications of Corollaries [[L.10 and 111 O
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The bivariate singular quartic problem was solved in [CEF5] (with one exception
that we note below). We conclude with a new formulation based on Theorem .11

Proposition 5.13. Forn = 2, let = Y and suppose My(B) is singular. The
following are equivalent:

i) B admits a representing measure;

ii) My is positive and recursively generated, and rank My < card V(B);

iii) My admits a positive extension Mz = M3(5) satisfying rank Mz < 6.
The equivalence of i) and ii) is proved in [CF5|, except that [CE5] neglects to

treat the case when Ms has a column relation equivalent to X2 = 1 under a degree-
one map; we treat the X2 = 1 case now.

Lemma 5.14. Suppose X2 = 1 in Col My. Then B = B has a representing
measure if and only if Mo is positive, recursively generated, and satisfies rank My <

card V().

Proof. The necessity of the conditions is clear. For the converse, if M; is singular,
the existence of a flat extension follows from [CE3| and from the equivalence of the
real and complex truncated moment problems [CE7]. We may thus assume that
M; » 0, and we consider next the case when {1, X,Y, XY} is a basis for Col M.
Then Y2 = ¢(X,Y) for some q € R[z,y]2, and since also X? = 1, it follows that
M is recursively determinate with n4+m — 2 = d (in the sense of [CF10, Corollary
2.4]), so [CF10] implies the existence of a flat extension M3. If {1, X,Y,Y?} is a
column basis, then there is a hyperbola relation XY = al 4+ bX + cY 4+ dY?2, so it
follows from [CES§| that either Ms has a flat extension M3 or My admits a positive,
recursively generated extension of rank 5, which in turn has a flat extension Mjy.
In the remaining case, we have a column basis B = {1, X,Y, XY, Y?}, and we

will construct a flat extension M3z(3). Since X? = 1, we may denote My by

1 a b 1 ¢ d

a 1 ¢ a b f

| b e d b f g

(5.19) Mz = 1 a b1 ¢ d

c b f ¢ d p

d f g d p q

In Col ( M B3 ) we must have X® = X and X?Y =Y, so Bj has the form

a b f g
1 ¢ d p
_ c d p q
(5.20) Bi=| oy 5
b f g w
f g w s

for certain w, s. Let J = [Ms]p. Since J = 0, it is clear that By = MyW for some
W. Let C5 = WTM,W. Since X = X and X?Y =Y in Col ( BY C} ), then
Ch = (¢ij)1<ij<a is Hankel if and only if c4o = c33. A symbolic calculation shows
that 7 = c42 — ¢33 is of the form 7 = FL2;, where 71 and 75 are polynomials in
the moments of M. Further, 7y can be expressed as 7, = o + pw, where o and
p are also polynomials in the moments of Ms. Let K denote the compression of

M5 to rows and columns indexed by 1, X, Y, XY. Then K > 0, and a symbolic
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calculation shows that Det K = pp’ for some moment polynomial p’ . Thus, p #0,
and it follows that there is a unique w = w such that 71 = 0. Sgtting B14 = w, then
7 = 0 and C% is Hankel, so the existence of a flat extension Msz(f3) is established. [

Proof of Proposition [L.13l. We first show that ii) implies iii). If ii) holds and M; is
singular, then [CEF3|] and the equivalence of the real and complex truncated moment
problems [CE7] together imply that Ms has a flat extension, so iii) follows in this
case. We now assume that M; > 0, so that M, has a degree 2 column dependence
relation. Note from Proposition 2.8 that all of the properties in i)-iii) (i.e., posi-
tivity, rank, variety, existence of measureness, recursiveness, existence of positive
extensions with prescribed rank) are invariant under degree-one maps. From Propo-
sition 2.8 and the discussion following Proposition £.2] we may thus assume that
M> has a column dependence corresponding to one of the five varieties considered
in the proof of Theorem [51l In each of these cases, except for 22 = 1, the results
of [CEF5] show that when ii) holds, then either Ms admits a flat extension Mz or
Ms has a positive extension M3 with rank M3z < 1+ rank My < 6, and M3 admits
a flat extension M,. The proof of Lemma 5.14 establishes the same conclusions in
the case when 22 = 1. Thus, ii) implies iii). If iii) holds, then Theorem 1] implies
that Lz is positive, so i) follows from Theorem Since i) always implies ii) (cf.
Section 2), the proof is complete. O
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ADDED IN PROOF

A very general and concrete sufficient condition for positivity of Lg was recently
discovered by Grigoriy Blekherman [Bl]. Blekherman’s results imply that if n > 1,
d > 3, and rank M, < 3d — 3, then Lg is positive. They also imply that Theorem
1.1 cannot be extended to moment problems of higher degree.
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