
D Gxdolw| Surri ri Wfkdndor�*v Wkhruhp-_

Udo H1 Fxuwr

Wkh Xqlyhuvlw| ri Lrzd

H0pdlo= fxuwrCpdwk1xlrzd1hgx

dqg

Odzuhqfh D1 Ildonrzh

Vwdwh Xqlyhuvlw| ri Qhz \run/ Qhz Sdow}

H0pdlo= �donrzoCqhzsdow}1hgx

Wfkdndor� *v Wkhruhp hvwdeolvkhv wkh h{lvwhqfh ri d txdgudwxuh uxoh ri suh0
vfulehg ghjuhh uhodwlyh wr d srvlwlyh/ frpsdfwo| vxssruwhg phdvxuh wkdw lv
devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvjxh phdvxuh rq U_1 Vxevhtxhqw
h{whqvlrqv zhuh rewdlqhg e| P|vryvnlnk dqg e| Sxwlqdu1 Zh surylgh qhz
surriv dqg sduwldo h{whqvlrqv ri wkhvh uhvxowv/ edvhg rq gxdolw| whfkqltxhv xwl0
ol}hg e| Vwrfkho1 Zh dovr rewdlq qhz xqltxhqhvv fulwhuld lq wkh Wuxqfdwhg
Frpsoh{ Prphqw Sureohp1

Nh| Zrugv= txdgudwxuhv/ wuxqfdwhg prphqw sureohpv/ Wfkdndor�*v wkhruhp/

gxdolw|

41 LQWURGXFWLRQ

Wfkdndor�*v Wkhruhp ^58/ Wkìruëph LL` hvwdeolvkhv wkh h{lvwhqfh ri d

txdgudwxuh uxoh ri suhvfulehg ghjuhh uhodwlyh wr d srvlwlyh/ frpsdfwo| vxs0

sruwhg phdvxuh wkdw lv devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvjxh

phdvxuh rq U
g
1 Dq h{whqvlrq wr wkh fdvh zkhq wkh vxssruw lv xqerxqghg

zdv vxevhtxhqwo| rewdlqhg e| P|vryvnlnk ^48`/ dqg lq ^4:`/ P1 Sxwlqdu jhq0

hudol}hg wkhvh uhvxowv wr duelwudu| srvlwlyh Eruho phdvxuhv1 Lq wkh suhvhqw

qrwh zh surylgh qhz surriv/ dqg sduwldo h{whqvlrqv/ ri Sxwlqdu*v uhvxowv/

- 4<<4 Pdwkhpdwlfv Vxemhfw Fodvvl�fdwlrq1 Sulpdu| 7:D8:/ 79D53/ 98G65/ 77D93>
Vhfrqgdu| 7:Q73/ 79E55

_ Uhvhdufk sduwldoo| vxssruwhg e| QVI judqwv1
hDovr sduwldoo| vxssruwhg e| wkh Vwdwh Xqlyhuvlw| ri Qhz \run dw Qhz Sdow} Uhvhdufk

dqg Fuhdwlyh Surmhfwv Dzdug Surjudp1

4
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edvhg rq gxdolw| whfkqltxhv xwlol}hg e| M1 Vwrfkho ^55` lq d uhfhqw vwxg|

ri pxowlyduldeoh prphqw sureohpv1 Zh dovr rewdlq vrph qhz xqltxhqhvv

fulwhuld lq wkh Wuxqfdwhg Frpsoh{ Prphqw Sureohp +fi1 ^8`/ ^9`/ ^:`,1

Iru w � +w4> = = = > wg, 5 U
g
/ dqg iru d pxowl0lqgh{ l � +l4> = = = > lg, 5 ]

g
./

ohw wl @ w
l4
4 � � � w

lg
g dqg mlm @ l4 . � � � . lg1 Ohw Up>g^w` � Up^w4> = = = > wg`

ghqrwh wkh vsdfh ri uhdo sro|qrpldov ri wrwdo ghjuhh dw prvw p lq w4> = = = > wg/

dqg ohw Qp>g =@ glpUp>g^w`1 Dv d qrwdwlrqdo frqyhqlhqfh/ wr lqglfdwh wkdw

hdfk ixqfwlrq lq Up>g^w` lv +devroxwho|, lqwhjudeoh zlwk uhvshfw wr d srvlwlyh

Eruho phdvxuh � rq U
g
/ zh zulwh Up>g^w` � O4+�,> qrwh wkdw lq wklv fdvh/

wkh fdqrqlfdo pds iurp Up>g^w` lqwr O
4+�, qhhg qrw eh rqh0wr0rqh1 Iru d

phdvxuh � zlwk forvhg vxssruw N � U
g
dqg vdwlvi|lqj Up>g^w` � O4+�,/ d

txdgudwxuh uxoh ri suhflvlrq +ru ghjuhh, p dqg vl}h Q +? 4, frqvlvwv ri

qrghv {4> = = = > {Q lq N dqg srvlwlyh zhljkwv �4> = = = > �Q vxfk wkdw

]
s+w, g�+w, @

Q[
n@4

�ns+{n, +s 5 Up>g^w`,= +414,

Sxwlqdu*v �uvw jhqhudol}dwlrq ri Wfkdndor�*v Wkhruhp frqfhuqv wkh fdvh

ri frpsdfw vxssruw1

C�jNij6 ���� ^4:/ Wkhruhp 4` Ohw � eh d srvlwlyh/ �qlwh Eruho phdvxuh

zlwk frpsdfw vxssruw lq U
g
1 Jlyhq p A 3/ wkhuh h{lvwv d txdgudwxuh uxoh

iru � ri ghjuhh p zlwk vl}h � Qp>g1

-j6Bi" ��4� Iru d srvlwlyh Eruho phdvxuh � rq U
g
kdylqj frqyhujhqw

prphqwv xs wr dw ohdvw ghjuhh q/ ohw Qq>g>� =@ glp ismvxss � = s 5 Uq>g^w`j1
Zh vkrz lq Vhfwlrq 6 wkdw wkh hvwlpdwh Qp>g lq Wkhruhp 414 fdq eh uh�qhg

wr Qp>g>� +fi1 Wkhruhp 618,1

Iru wkh fdvh ri xqerxqghg vxssruw/ Sxwlqdu*v txdgudwxuh uhvxow dvvxphv

d vrphzkdw gl�huhqw irup1

C�jNij6 ��� ^4:/ Wkhruhp 5` Ohw � eh d srvlwlyh Eruho phdvxuh vxs0

sruwhg lq U
g
/ dqg vxssrvh wkdw � kdv frqyhujhqw prphqwv xs wr dw ohdvw

ghjuhh 5p/ l1h1/ U5p>g^w` � O4+�,1 Wkhq wkhuh h{lvwv d txdgudwxuh uxoh iru

� ri ghjuhh 5p� 4 zlwk vl}h � Q5p>g1

Lq ^4:/ Fruroodu| 4`/ Sxwlqdu dovr rewdlqhg dq dqdorjxh ri Wkhruhp 416

ydolg lq dq| ghjuhh +hyhq ru rgg,/ surylghg vxss� lv frqwdlqhg lq d surshu

forvhg frqyh{ frqh ri U
g
1 Lq rxu pdlq uhvxow/ zklfk iroorzv/ zh duh deoh wr

uhpryh wkh odwwhu frqvwudlqw rq vxss�/ vr dv wr wuhdw wkh �hyhq� dqg �rgg�

fdvhv wrjhwkhu/ zlwk dq lpsuryhg hvwlpdwh iru wkh vl}h ri d txdgudwxuh uxoh1
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C�jNij6 ��g� +Jhqhudol}hg Wfkdndor� Wkhruhp/ uhdo fdvh, Ohw � eh d

srvlwlyh Eruho phdvxuh rq U
g
kdylqj frqyhujhqw prphqwv xs wr dw ohdvw

ghjuhh q1 Wkhq wkhuh h{lvwv d txdgudwxuh uxoh iru � ri ghjuhh q�4 zlwk vl}h

� 4 .Qq�4>g>�1

-j6Bi" ��F� Iru d txdgudwxuh uxoh ri ghjuhh q � 4/ wkh vl}h hvwlpdwh

4 . Qq�4>g>� ri Wkhruhp 417 frpsduhv idyrudeo| zlwk wkh hvwlpdwh Qq>g

ri Wkhruhp 416 dqg ^4:/ Fruroodu| 4`1 Iru wkh fdvh ri frpsdfw vxssruw/

Wfkdndor�*v vl}h hvwlpdwh Qq�4>g +iru d uxoh ri ghjuhh q � 4, lv nqrzq wr

eh vkdus ^58/ ss1 4640466`1 Lw lv wkxv sodxvleoh wkdw 4 .Qq�4>g>� lv vkdus

lq wkh qrq0frpsdfw fdvh/ wkrxjk zh gr qrw kdyh dq h{dpsoh frq�uplqj

wklv1 Ri frxuvh/ iru fhuwdlq vhwv dqg phdvxuhv wkhuh h{lvw Jdxvvldq0w|sh

txdgudwxuh uxohv iru zklfk wkh vl}h lv pxfk vpdoohu wkdq wkdw jxdudqwhhg

e| wkh deryh hvwlpdwhv ^47`/ ^4;`/ ^53`/ ^54`/ ^57`/ ^5:`1 Lq sduwlfxodu/ iru

g @ 4/ dq| srvlwlyh Eruho phdvxuh rq U/ ^d> e`/ ru ^3>.4,/ kdylqj prphqwv

xs wr ghjuhh q/ dgplwv d Jdxvvldq0w|sh txdgudwxuh uxoh ri ghjuhh q zlwk vl}h

� ^q
5
` . 4 ^44`1

Dv zh qh{w ghvfuleh/ Wkhruhpv 414/ 416 dqg 417 duh forvho| uhodwhg wr wkh

iroorzlqj Wuxqfdwhg Pxowlyduldeoh Prphqw Sureohp +WPPS, ^8/ Fkdswhu

:`1 Iru d uhdo pxowlvhtxhqfh � � �+p, @ i�ljl5]g.> mlm�p/ WPPS vhhnv wr

fkdudfwhul}h wkh h{lvwhqfh ri d srvlwlyh Eruho phdvxuh � vxssruwhg lq U
g

vxfk wkdw

�l @

]
wl g�+w, +mlm �p,> +415,

d phdvxuh � dv lq +415, lv vdlg wr eh d uhsuhvhqwlqj phdvxuh iru �1 Wkh

N0prphqw sureohp ixuwkhu uhtxluhv vxss� � N/ zkhuh N lv d suhvfulehg

forvhg vxevhw ri U
g
1 Wkh iroorzlqj edvlf txhvwlrq uhpdlqv rshq1

#�jt|�NA ��U� Li � � �+p,
kdv d uhsuhvhqwlqj phdvxuh/ grhv � dg0

plw d �qlwho| dwrplf uhsuhvhqwlqj phdvxuh +l1h1/ d phdvxuh ri wkh irupSQ

n@4 �n�{n / zkhuh 4 � Q ? 4/ hdfk �n A 3/ dqg �{n lv wkh srlqw pdvv

dw {n 5 Ug,B Pruh jhqhudoo|/ li � kdv d uhsuhvhqwlqj phdvxuh vxssruwhg lq

N/ grhv � kdyh d �qlwho| dwrplf uhsuhvhqwlqj phdvxuh vxssruwhg lq NB

Ohw � eh d uhsuhvhqwlqj phdvxuh iru � � �+p,
dqg ohw N =@ vxss�1

Wkh h{lvwhqfh ri d �qlwho| dwrplf uhsuhvhqwlqj phdvxuh lq wkh N0prphqw

sureohp iru � lv htxlydohqw wr wkh h{lvwhqfh ri d txdgudwxuh uxoh iru �

ri ghjuhh p1 Iru g @ 4 dqg N @ U/ ^d> e`/ ru ^3>4,/ ^44` lpsolhv wkdw
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Txhvwlrq 419 kdv dq d!updwlyh dqvzhu uhodwlyh wr uhsuhvhqwlqj phdvxuhv

lq wkh N0prphqw sureohp1 Iru g � 4/ Wkhruhp 414 vkrzv wkdw li � kdv

d uhsuhvhqwlqj phdvxuh vxssruwhg lq d frpsdfw vhw N/ wkhq � dgplwv d

�qlwho| dwrplf uhsuhvhqwlqj phdvxuh vxssruwhg lq N1 Wkhruhp 417 lpsolhv

wkdw li � � �+p,
kdv d uhsuhvhqwlqj phdvxuh � vdwlvi|lqj Up.4>g^w` � O4+�,

dqg vxss� � N +forvhg,/ wkhq � dgplwv d �qlwho| dwrplf uhsuhvhqwlqj

phdvxuh vxssruwhg lq N1

Wkh surri ri Wkhruhp 416 lq ^4:` uhvwv rq frqyh{lw| dujxphqwv vlplodu wr

wkrvh lq ^58`/ dqg dovr rq vrph udwkhu vxewoh frqyhujhqfh dujxphqwv1 Rxu

surri ri Wkhruhp 417 lv edvhg rq d gl�huhqw dssurdfk1 Jlyhq d pxowlvh0

txhqfh � � �+p,
dqg d suhvfulehg forvhg vhw N � U

g
/ ohw PN+�, ghqrwh

wkh vhw ri uhsuhvhqwlqj phdvxuhv iru � vxssruwhg lq N1 Lq Sursrvlwlrq 516/

zh vkrz wkdw dq| h{wuhph srlqw ri PN+�, lv �qlwho| dwrplf1 Wklv uhvxow

lv edvhg rq d whfkqltxh ri M1S1 Jdedugr ^46`/ zkr dwwulexwhv wkh xqghu0

o|lqj lghd wr Qdlpdun +fi1 ^4`,1 Sursrvlwlrq 516 |lhogv vrph lqvljkw lqwr

Txhvwlrq 419> lq sduwlfxodu/ li wkhuh lv d xqltxh uhsuhvhqwlqj phdvxuh iru

�/ lw lv �qlwho| dwrplf1 Ohw � eh d phdvxuh vdwlvi|lqj wkh k|srwkhvlv ri

Wkhruhp 417/ l1h1/ Uq>g^w` � O4+�,1 Lq Vhfwlrq 6 zh hpsor| gxdolw| uhvxowv

ri Vwrfkho ^55` wr vkrz wkdw d fhuwdlq frqyh{ vhw ri uhsuhvhqwlqj phdvxuhv

iru �+q�4,^�` dgplwv dq h{wuhph srlqw/ zklfk wkhq dfwv dv d txdgudwxuh

uxoh iru � ri ghjuhh q� 41

Lq Vhfwlrq 7 zh suhvhqw vrph xqltxhqhvv uhvxowv lq wkh iroorzlqj Wuxq0

fdwhg Frpsoh{ Prphqw Sureohp +WFPS, ^8`1 Ohw � � �+5q, = �33> �34> �43>

�35> �44> �53> = = = > �3>5q> = = = > �5q>3 ghqrwh d vhtxhqfh ri frpsoh{ qxpehuv1

WFPS hqwdlov fkdudfwhul}lqj wkh h{lvwhqfh ri d srvlwlyh Eruho phdvxuh �

rq F vxfk wkdw

�lm @

]
�}l}m g�+}, +3 � l. m � 5q,=

Zh hqfrgh wkh gdwd � lq d prphqw pdwul{ P+q,+�, ^8/ Fkdswhu 5`/ zkrvh

vxffhvvlyh froxpqv duh odehohg 4>]> �]> = = = >]q> = = = > �]q
1 Li � kdv d uhs0

uhvhqwlqj phdvxuh/ wkhq P+q,+�, lv srvlwlyh vhplgh�qlwh dqg uhfxuvlyho|

jhqhudwhg +fi1 ^8/ +615, dqg Uhpdun 6148+ll,`,> pruhryhu/ li � lv d uhsuh0

vhqwlqj phdvxuh iru �/ wkhq fdug vxss� � udqnP+q, ^8/ Fruroodu| 61:`1

Lq ^8/ Fkdswhu 8`/ iru wkh fdvh ri  dw gdwd/ zkhuh P+q, � 3 dqg udqn

P+q, @ udqnP+q�4,/ zh hvwdeolvkhg wkh h{lvwhqfh ri +dqg h{solflwo| frq0

vwuxfwhg, d xqltxh �qlwho| dwrplf uhsuhvhqwlqj phdvxuh1 Lq Sursrvlwlrq 714

zh vkrz wkdw wklv phdvxuh +zlwk udqnP+q, dwrpv, lv dfwxdoo| wkh xqltxh

uhsuhvhqwlqj phdvxuh iru �1

Zh vd| wkdw P+q,+�, dgplwv dq dqdo|wlf uhodwlrq li wkhuh h{lvw n � q

dqg vfdoduv dlm 5 F +3 � l. m ? n, vxfk wkdw lq wkh froxpq vsdfh ri P+q,
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wkhuh lv d ghshqghqfh uhodwlrq

]n @
[

3�l.m?n

dlm �]
l]m = +416,

Lq ^9/ Wkhruhp 614` zh suryhg wkdw li P+q, lv srvlwlyh dqg uhfxuvlyho|

jhqhudwhg/ dqg li P+q, dgplwv dq dqdo|wlf uhodwlrq zlwk n �
�
q
5

�
.4/ wkhq

� dgplwv d xqltxh �qlwho| dwrplf uhsuhvhqwlqj phdvxuh +zlwk udqnP+q,

dwrpv,> e| frqwudvw/ iru n A
�
q
5

�
. 4/ wkhuh qhhg qrw eh dq| uhsuhvhqwlqj

phdvxuh ^:/ H{dpsoh 5147`/ ru wkhuh pd| eh d �qlwho| dwrplf uhsuhvhqwlqj

phdvxuh/ exw qrqh zlwk dv ihz dv udqnP+q, dwrpv ^45/ Wkhruhp 614`1 Lq

Sursrvlwlrq 715 zh suryh wkdw li � kdv d uhsuhvhqwlqj phdvxuh dqg P+q,+�,

dgplwv dq dqdo|wlf uhodwlrq +dv lq +416,, iru vrph n � q/ wkhq � kdv d

xqltxh uhsuhvhqwlqj phdvxuh/ zklfk lv �qlwho| dwrplf/ zlwk dw prvw n5

dwrpv1 Wklv uhvxow ghshqgv rq wkh idfw wkdw d sro|qrpldo ri wkh irup

}n � t+}> �}, +ghj t ? n, kdv dw prvw n5 urrwv +Sursrvlwlrq 717,1

51 H[WUHPH SRLQWV DQG ILQLWHO\ DWRPLF

UHSUHVHQWLQJ PHDVXUHV

Iru } � +}4> = = = > }g, 5 Fg dqg m � +m4> = = = > mg, 5 ]g./ ohw }m @ }
m4
4 � � � }

mg
g

dqg ohw mmm @ m4 . � � � . mg1 Ohw Fp>g^}> �}` ghqrwh wkh frpsoh{ sro|qrpldov

s+}> �}, ri wrwdo ghjuhh dw prvw p1 Iru d forvhg vhw N � F
g
/ Fp>g^}> �}` mN

ghqrwhv wkh yhfwru vsdfh ri uhvwulfwlrqv wr N ri sro|qrpldov lq Fp>g^}> �}`1

Jlyhq d frpsoh{ vhtxhqfh � � �+p, @ i�lmjl>m5]g.> mlm.mmm�p/ dqg d forvhg

vhw N � F
g
/ wkh Pxowlyduldeoh Wuxqfdwhg Frpsoh{ N0Prphqw Sureohp

hqwdlov fkdudfwhul}lqj wkh h{lvwhqfh ri d srvlwlyh Eruho phdvxuh �/ vxssruwhg

lq N/ vxfk wkdw

�lm @

]
�}l}m g�> mlm. mmm �p

+zkhuh �}l @ �}l44 � � � �}lgg ,1 Wkh Pxowlyduldeoh Ixoo Frpsoh{ N0Prphqw Sure0

ohp lq F
g
frqfhuqv wkh dqdorjrxv sureohp/ iru d vhtxhqfh �+4, �

i�l>mjl>m5]g
.
/ zklfk suhvfulehv prphqwv ri doo rughuv1 Wkh Ixoo dqg Wuxq0

fdwhg Frpsoh{ N0Prphqw Sureohpv rq F
g
duh htxlydohqw/ uhvshfwlyho|/ wr

fruuhvsrqglqj prphqw sureohpv rq U
5g

+fi1 ^8/ Fkdswhuv 9 dqg :`/ ^;/ Vhf0

wlrq 8`/ ^<` dqg ^56/ Dsshqgl{`,1 Wkh iroorzlqj uhvxow ri M1 Vwrfkho surylghv

wkh frqqhfwlrq ehwzhhq wkh Ixoo dqg Wuxqfdwhg Pxowlyduldeoh Frpsoh{ N0

Prphqw Sureohpv1

C�jNij6 4��� ^55/ Wkhruhp 7` �+4,
kdv d uhsuhvhqwlqj phdvxuh vxs0

sruwhg lq d forvhg vhw N � F
g
li dqg rqo| li/ iru hdfk p A 3/ �+p,

dgplwv

d uhsuhvhqwlqj phdvxuh vxssruwhg lq N1
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Dvvxph wkdw � � �+p,
dgplwv d uhsuhvhqwlqj phdvxuh vxssruwhg lq d

forvhg vhw N � Fg1 Frqvlghu wkh frqyh{ vhw

PN+�, @ i� = � lv d uhsuhvhqwlqj phdvxuh iru � dqg vxss � � Nj=

Lw lv qrw nqrzq zkhwkhu PN+�, dozd|v kdv dq h{wuhph srlqw1 Wkh surri

ri wkh iroorzlqj uhvxow lv prwlydwhg e| dq dujxphqw lq ^46/ Sursrvlwlrq 518

dqg Fruroodu| 519`1 Iru � 5 PN+�,/ ohw Fp>g^}> �}`+�, ghqrwh wkh lpdjh ri

Fp>g^}> �}` lq O
4+�, xqghu wkh fdqrqlfdo surmhfwlrq1

�iNVNt�|�NA 4�4� Li PN+�, kdv dq h{wuhph srlqw �/ wkhq � lv �qlwho|

dwrplf/ zlwk fdug vxss � � glpFp>g^}> �}`+�, +� glpFp>g^}> �}` mN,1

Surri1 Vlqfh � lv d uhsuhvhqwlqj phdvxuh iru �+p,
/ zh pd| frqvlghu

O =@ Fp>g^}> �}`+�, � O4+�,/ dqg zh fodlp wkdw O lv ghqvh lq O4+�,1

Vlqfh � lv �qlwh/ lw iroorzv wkdw O4+�,� @ O4+�, ^6/ Wkhruhp LLL1819`>

wkxv/ li O lv qrw ghqvh/ wkhuh h{lvwv i 5 O4+�,/ i 9@ 3/ vxfk wkdw

]
si g� @ 3 +s 5 O,= +51514,

Vlqfh � � 3 dqg O lv vhoi0dgmrlqw/ zh pd| uhsodfh i e|
4

5ni. �in
4

+i. �i,/ dqg

zh pd| wkxv dvvxph wkdw i lv uhdo/ zlwk nin
4
� 4

5
1 Wkxv �4 =@ +4 . i,�

dqg �5 =@ +4 � i,� duh srvlwlyh/ dqg +51514, lpsolhv wkdw wkh| ehorqj wr

PN+�,1 Vlqfh � @ 4
5
�4 .

4
5
�5/ zh kdyh d frqwudglfwlrq wr wkh k|srwkhvlv

wkdw � lv dq h{wuhph srlqw ri PN+�,1

Qrz O lv ghqvh lq O4+�,/ dqg vlqfh O lv �qlwh glphqvlrqdo/ zh kdyh

O @ O4+�,/ zkhqfh u =@ glpO @ glpO4+�, @ glpO4+�,� @ glpO4+�,1

Vxssrvh vxss � frqwdlqv glvwlqfw srlqwv }4> = = = > }u.4/ dqg ohw iGlju.4
l@4 gh0

qrwh pxwxdoo| glvmrlqw forvhg glvnv ri srvlwlyh udgll vxfk wkdw }l 5 Gl

+4 � l � u . 4,1 Wkhq i"Gl
ju.4
l@4 lv olqhduo| lqghshqghqw lq O4+�,> wklv

frqwudglfwlrq lpsolhv

fdug vxss � � u @ glpFp>g^}> �}`+�,

� glpFp>g^}> �}` mvxss �� glpFp>g^}> �}` mN =

Wkh dqdorjxh ri Sursrvlwlrq 515 iru d uhdo pxowlvhtxhqfh �+p,
dqg d

forvhg vxevhw N � U
g
fdq eh suryhg e| d vwudljkwiruzdug prgl�fdwlrq ri

wkh suhfhglqj dujxphqw> zh rplw wkh ghwdlov1
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�iNVNt�|�NA 4�� LiPN+�
+p,, kdv dq h{wuhph srlqw �/ wkhq � lv �qlwho|

dwrplf/ zlwk fdug vxss � � glpUp>g^w`+�, +� glpUp>g^w` mN,1
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Wkh pdlq uhvxow ri wklv vhfwlrq lv wkh iroorzlqj frpsoh{ yhuvlrq ri wkh

jhqhudol}hg Wfkdndor� wkhruhp> zh wuhdw wkh frpsoh{ fdvh �uvw prvwo| dv

d frqyhqlhqfh/ vlqfh wkh wrrov zh uhtxluh iurp ^55` duh irupxodwhg lq whupv

ri wkh frpsoh{ prphqw sureohp1

Iru d srvlwlyh Eruho phdvxuh � rq F
g
kdylqj frqyhujhqw prphqwv xs wr

dw ohdvw ghjuhh q/ uhfdoo wkdw Fq>g^}> �}`+�, ghqrwhv wkh lpdjh ri Fq>g^}> �}` lq

O4+�, xqghu wkh fdqrqlfdo surmhfwlrq/ dqg ohw Qq>g+�, =@ glpFq>g^}> �}`+�,

dqg Qq>g>� =@ glpFq>g^}> �}` mvxss �1

C�jNij6 ��� +Jhqhudol}hg Wfkdndor� Wkhruhp/ frpsoh{ fdvh,1 Ohw �

eh d srvlwlyh Eruho phdvxuh rq F
g
kdylqj frqyhujhqw prphqwv xs wr dw ohdvw

ghjuhh q/ dqg ohw N =@ vxss�1 Wkhq/ iru vrph Q � 4 . Qq�4>g>�/ wkhuh

h{lvw qrghv }4> = = = > }Q 5 N/ dqg srvlwlyh zhljkwv �4> = = = > �Q / vxfk wkdw

]
N

s+}> �}, g�+}, @

Q[
n@4

�ns+}n> �}n, +s 5 Fq�4>g^}> �}`,=

Wr suryh Wkhruhp 614/ zh �uvw lqwurgxfh vrph suholplqdu| uhvxowv dqg

qrwdwlrq frqfhuqlqj gxdolw|1 Ohw [ eh d orfdoo| frpsdfw Kdxvgru� vsdfh1

D frqwlqxrxv ixqfwlrq i = [ $ F ydqlvkhv dw lq�qlw| li/ iru hdfk � A 3/

wkhuh lv d frpsdfw vhw F� � [ vxfk wkdw [ q F� � i{ 5 [ = mi+{,m ? �j1
Ohw F3+[, ghqrwh wkh Edqdfk vsdfh ri doo ixqfwlrqv rq [ zklfk ydqlvk dw

lq�qlw|/ htxlsshg zlwk wkh qrup nin
4

=@ vxs{5[ mi+{,m1 Wkh vsdfh Ff+[,

ri frqwlqxrxv ixqfwlrqv zlwk frpsdfw vxssruw lv qrup ghqvh lq F3+[, ^6/

LLL14/ H{huflvh 46`> zkhq [ lv frpsdfw/ F3+[, @ Ff+[, @ F+[,/ zkhuh

F+[, ghqrwhv wkh vsdfh ri frqwlqxrxv frpsoh{0ydoxhg ixqfwlrqv rq [1 Wkh

Ulhv} Uhsuhvhqwdwlrq Wkhruhp ^6/ F14;` vwdwhv wkdw F3+[,�/ wkh gxdo vsdfh

ri F3+[,/ lv lvrphwulfdoo| lvrprusklf wr P+[,/ wkh vsdfh ri �qlwh uhjxodu

frpsoh{ Eruho phdvxuhv rq [ +htxlsshg zlwk wkh qrup n�n =@ m�+[,m,>
xqghu wklv gxdolw|/ fruuhvsrqglqj wr � 5 P+[, lv wkh ixqfwlrqdo a� rq

F3+[, gh�qhg e| a�+i, =@
U
i g�1

Zh qrz irfxv rq wkh fdvh zkhuh � lv d srvlwlyh Eruho phdvxuh rq F
g

zlwk frqyhujhqw prphqwv xs wr +dw ohdvw, rughu q/ l1h1/ Fq>g^}> �}` � O4+�,1

Ohw N =@ vxss�> zlwkrxw orvv ri jhqhudolw|/ lq wkh vhtxho zh qrupdol}h �

vr wkdw �+N, @ 41 Vlqfh wkh prqrpldov �}l}m +mlm. mmm � q, duh devroxwho|
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lqwhjudeoh/ zh pd| frqvlghu wkh fruuhvsrqglqj prphqwv ri �/

�lm =@

]
N

�}l}m g�+},> mlm. mmm � q=

Ohw �3+}, =@ n}nq +zkhuh/ dv xvxdo/ n}n =@ +m}4m5 . � � � . m}gm5,4@5,1 Ohw

� =@
U
N
�3+}, g�+},1 Li q lv hyhq/ vd| q @ 5p/ wkhq n}nq @ +�}4}4 . === .

�}g}g,
p 5 Fq>g^}> �}`/ vr � ? .41 Iru wkh fdvh zkhq q lv rgg/ wr vhh wkdw

� ? .4 qrwh wkdw e| wkh htxlydohqfh ri doo qrupv rq F
g
/ wkhuh h{lvwv d

frqvwdqw P A 3 vxfk wkdw iru hyhu| } 5 Fg/ n}n �P+m}4m.===.m}gm,1 WkhqU
N
n}nq g�+}, � Pq

U
N
+m}4m . === . m}gm,q g�+},/ dqg wkh odwwhu lqwhjudo lv

frqyhujhqw/ vlqfh iru hyhu| pxowl0lqgh{ l zlwk mlm @ q/ }l +@ }
l4
4 � === � }

lg
g , lv

devroxwho| lqwhjudeoh1

Ohw � � �+q,^�` =@ i�l>mj3�mlm.mmm�q/ dqg vhw Y +�>q, =@ i� 5P+N, =

� � 3> �lm @
U
N
�}l}m g�+},> mlm. mmm � q� 4>

U
N
n}nq g�+}, � �j= Revhuyh

wkdw Y +�>q, lv frqyh{/ dqg lv qrqhpsw| vlqfh � 5 Y +�>q,1 Iru � 5 Y +�>q,/

n�n @ �+N, @ �33 @ 4/ vr Y +�>q, hpehgv dv d vxevhw ri E4+F3+N,�,/ wkh

forvhg xqlw edoo ri F3+N,�> uhfdoo wkdw E4+F3+N,�, lv zhdn0� frpsdfw dqg

phwul}deoh ^6/ Wkhruhpv Y1614 dqg Y1814`1

�iNVNt�|�NA �4� Y +�>q, lv zhdn0� forvhg lq E4+F3+N,�,1

Wr suryh Sursrvlwlrq 615 zh uho| rq wkh iroorzlqj whfkqlfdo uhvxow ri

Vwrfkho1

�iNVNt�|�NA �� +^55/ Sursrvlwlrq 4`, Ohw I eh d qrqhpsw| forvhg

vxevhw ri F
g
dqg ohw � eh d qrq0qhjdwlyh frqwlqxrxv ixqfwlrq rq I 1 Dvvxph

wkdw i�zjz5 lv d qhw ri �qlwh srvlwlyh Eruho phdvxuhv rq I dqg � lv d

�qlwh srvlwlyh Eruho phdvxuh rq I vxfk wkdw

+l,olpz5

U
I
i g�z @

U
I
i g� +i 5 Ff+I ,,/ dqg

+ll,vxsz5
U
I
�g�z ? .41

Wkhq
U
I
�g� � vxsz5

U
I
�g�z/ dqg

U
I
i�g� @ olpz5

U
i�g�z +i 5

F3+I ,,1 Pruhryhu/ li wkh vhw i} 5 I = �+}, � uj lv frpsdfw iru vrph

u A 3/ wkhq
U
I
i g� @ olpz5

U
I
i g�z iru hyhu| i = I $ F vxfk wkdw

i
4.�

5 F3+I ,1

+Wkh hvwlpdwh rq
U
I
� g� lv qrw sduw ri wkh vwdwhphqw ri ^55/ Sursrvlwlrq

4`/ exw lv hvwdeolvkhg lq wkh surri1,

Surri1 ri Sursrvlwlrq 6151 Vlqfh E4+F3+N,�, lv zhdn0� phwul}deoh/ wr

hvwdeolvk wkdw Y +�>q, lv zhdn0� forvhg/ lw vx!fhv wr vkrz wkdw lw lv forvhg
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xqghu olplwv ri vhtxhqfhv1 Ohw i�nj4n@4 � Y +�>q, dqg vxssrvh i�nj lv zhdn0
� frqyhujhqw wr � 5 E4+F3+N,�,/ l1h1/ �+i, @ olpn$4

U
i g�n +i 5 F3+N,,1

Fohduo|/ � � 3/ vlqfh hdfk �n � 31 Wkxv/ e| wkh Ulhv} Uhsuhvhqwdwlrq

Wkhruhp/ wkhuh h{lvwv d �qlwh/ srvlwlyh/ uhjxodu Eruho phdvxuh �/ vxss � �
N/ vxfk wkdw � @ a�1

Zh fodlp wkdw � 5 Y +�>q,1 Ohw � @ �3/ l1h1/ �+}, =@ n}nq +} 5 N,1 Vlqfh

�n 5 Y +�>q,/ wkhq
U
N
�+}, g�n+}, � � +�

U
N
�+}, g�,/ zkhqfh Sursrvlwlrq

616 lpsolhv
U
N
�+}, g� � �1 Wr frpsohwh wkh surri/ zh zloo vkrz wkdw iru

mlm. mmm � q� 4/ ilm+}> �}, =@ �}l}m vdwlv�hv

]
N

ilm g�+}, @ �lm = +614,

Iru hdfk n/
U
N
ilm g�n+}, @ �lm > Sursrvlwlrq 616 lpsolhv wkdw wr hvwdeolvk

+614, lw vx!fhv wr yhuli| wkdw
ilm
4.�

5 F3+N, +mlm. mmm � q � 4,1 Ohw O A 4

dqg vxssrvh n}n5 A O5
/ l1h1/ } lv lq wkh frpsohphqw ri wkh frpsdfw vhw

i} 5 Fg = n}n � Oj1 Fkrrvh l+},> 4 � l+}, � g/ vxfk wkdw
��}l+},�� � m}lm >

4 � l � g +l+}, ghshqgv rq },1 Wkhq

��}l+},��5 � n}n5

g
A

O5

g
>

vr

4��}l+},�� ?
s
g

O
=

Qrz

milm m
4 . �

@
m}4ml4.m4 � � � m}gmlg.mg

4 .
�
m}4m5 . � � �. m}gm5

�q@5 �
��}l+},��mlm.mmm��}l+},��q

@
4��}l+},��q�mlm�mmm

?
gq

O
�$ 3 +O �$ .4,=

Wkxv
ilm
4.�

5 F3+N, dqg wkh surri lv frpsohwh1

Zh qh{w uhtxluh d yduldqw ri Sursrvlwlrq 5151

wj66B �g� Li � lv dq h{wuhph srlqw ri Y +�>q,/ wkhq � lv �qlwho| dwrplf/

zlwk fdug vxss � � 4 . glpFq�4>g^}> �}`+�,1

Surri1 Vlqfh � lv d uhsuhvhqwlqj phdvxuh iru i�lmjmlm.mmm�q�4/ dqgU
n}nq g� ? .4/ zh pd| frqvlghu wkh vxevsdfh ri O4+�, gh�qhg e|
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P =@ i^s` . �^�3` = s 5 Fq�4>g^}> �}`/ � 5 Fj1 Zh fodlp wkdw P lv ghqvh

lq O4+�,1 Vlqfh �3 � 3/ P lv vhoi0dgmrlqw> wkxv/ li P lv qrw ghqvh/ lw iro0

orzv dv lq wkh surri ri Sursrvlwlrq 515 wkdw wkhuh h{lvwv i = vxss � $ U/

nin
4
� 4

5
/ vxfk wkdw

U
si g� @ 3 iru hyhu| s 5 P1 Ohw �4 =@ +4 . i,�

dqg �5 =@ +4 � i,�> iru l @ 4>5> �l � 3/ �l lv d uhsuhvhqwlqj phdvxuh iru

i�lmjmlm.mmm�q�4/ dqg
]
n}nq g�l @

]
n}nq g� 	

]
n}nq i g� @

]
n}nq g� � �=

Wkxv �l 5 Y +�>q, +l @ 4> 5,/ dqg vlqfh � @ 4
5
�4 .

4
5
�5/ zh kdyh d frq0

wudglfwlrq wr wkh k|srwkhvlv wkdw � lv dq h{wuhph srlqw1 Wkh uhvw ri wkh

surri lv lghqwlfdo wr wkdw ri Sursrvlwlrq 515> lq sduwlfxodu/ vlqfhP lv �qlwh

glphqvlrqdo/

fdug vxss � � glpO4+�, @ glpO4+�, @ glpP� 4 . glpFq�4>g^}> �}`+�,=

Surri1 ri Wkhruhp 6141 Vlqfh � 5 Y +�>q,/ Sursrvlwlrq 615 lpsolhv wkdw

Y +�>q, lv d qrqhpsw| zhdn0� frpsdfw frqyh{ vxevhw riE4+F3+N,�, +zkhuh

N =@ vxss�,1 Lw iroorzv iurp wkh Nuhlq0Ploopdq Wkhruhp wkdw Y +�>q,

kdv dq h{wuhph srlqw/ dqg Ohppd 617 lpsolhv wkdw dq| vxfk h{wuhph srlqw

� fruuhvsrqgv wr d txdgudwxuh uxoh iru � ri ghjuhh q�4 zlwk vl}h dw prvw 4.

Qq�4>g+�, � 4 .Qq�4>g>� � 4 .Qq�4>g>�1

Zh qh{w wxuq wr wkh frpsoh{ yhuvlrq ri Wkhruhp 4141

C�jNij6 �F� Vxssrvh � lv d srvlwlyh �qlwh Eruho phdvxuh rq F
g
zlwk

frpsdfw vxssruw N1 Jlyhq p A 3/ wkhuh h{lvw Q � glp+Fp>g^}> �}` mN,/
qrghv }4> = = = > }Q lq N/ dqg srvlwlyh zhljkwv �4> = = = > �Q vxfk wkdw

]
N

s+}> �}, g�+}, @

Q[
l@4

�ls+}l> �}l, +s 5 Fp>g^}> �}`,=

Surri1 Vlqfh F3+N, @ F+N,/ lw lv vwudljkwiruzdug wr prgli| wkh surri ri

Sursrvlwlrq 615 wr frqfoxgh wkdw PN+�
+p,^�`, lv zhdn0� forvhg lq

E4+F3+N,�,1 Wkxv PN+�
+p,^�`, kdv dq h{wuhph srlqw �/ dqg Sursrvl0

wlrq 515 lpsolhv fdug vxss � � glpFp>g^}> �}` mvxss �� glpFp>g^}> �}` mN 1
Surri1 ri Wkhruhpv 414/ 416 dqg 4171 Wkh surriv ri Wkhruhpv 614 dqg

618 ghshqg rq gxdolw| uhvxowv iru O4+�,� dqg F3+N,�/ zkhuh � lv d srvlwlyh

Eruho phdvxuh rq F
g
dqg N lv d forvhg vxevhw ri F

g
1 Wkhvh gxdolw| uhvxowv/
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lqfoxglqj wkrvh ri Vwrfkho +h1j1/ Sursrvlwlrq 616,/ dgplw h{dfw dqdorjxhv iru

wkh uhdo fdvh/ zkhuh F
g
lv uhsodfhg e| U

g
1 Wkxv zh pd| irupdoo| uhshdw

wkh surri ri Wkhruhp 614 wr rewdlq Wkhruhp 417 +dqg Wkhruhp 416,/ dqg

vlploduo| iru Wkhruhp 618 dqg Wkhruhp 4141 +Iru wkh fdvh zkhq g @ 5s/ do0

whuqdwh surriv fdq eh edvhg rq wkh htxlydohqfh ri prphqw sureohpv rq U
5s

zlwk wkrvh rq F
s
1,

Lpsolflw lq ^58/ ss1 45:045<` lv d uhsuhvhqwdwlrq wkhruhp iru dq| srvlwlyh

olqhdu ixqfwlrqdo rq Up^w` mN +N � U
g
frpsdfw,1 Zh qh{w irupxodwh wklv

uhvxow iru wkh frpsoh{ fdvh dqg jlyh d qhz surri/ edvhg qrw rq frqyh{lw|

exw rq F�0dojheud lghdv1

�iNVNt�|�NA �U� +fi1 ^58/ Wkìruëph LL`, Ohw p A 3 dqg ohw N eh d

frpsdfw vxevhw ri F
g
1 Li � = Fp>g^}> �}` mN$ F lv d srvlwlyh olqhdu ixqf0

wlrqdo/ wkhq wkhuh h{lvw Q � glpFp>g^}> �}` mN / qrghv }4> = = = > }Q lq N/

dqg srvlwlyh zhljkwv �4> = = = > �Q / vxfk wkdw �+s, @
Sq

l@4 �ls+}l> �}l, +s 5
Fp>g^}> �}` mN,1

Surri1 Fp>g^}> �}` lv dq rshudwru v|vwhp lq F+N, +fi1 ^49/ Fkdswhu 5` dqg

^7/ Fkdswhu 8/ Gh�qlwlrq 6614`,/ vr � fdq eh h{whqghg wr d srvlwlyh olqhdu

ixqfwlrqdo �� rq F+N, + ^49/ H{huflvh 5143` ru ^7/ Fkdswhu 8/ Sursrvlwlrq

6615+f,`1 E| wkh Ulhv} Uhsuhvhqwdwlrq Wkhruhp/ wkhuh lv d srvlwlyh Eruho

phdvxuh �/ vxss� � N/ vxfk wkdw ��+i, @
U
N
i g� +i 5 F+N,,1 Wkh uhvxow

qrz iroorzv e| dsso|lqj Wkhruhp 618 wr �1

71 XQLTXH UHSUHVHQWLQJ PHDVXUHV LQ WFPS

Frqfhuqlqj wkh dqdorjxh ri Txhvwlrq 419 iru wkh wuxqfdwhg frpsoh{ pr0

phqw sureohp/ frqvlghu wkh iroorzlqj srvvleoh surshuwlhv ri � � �+5q,=

+S4, � kdv d xqltxh uhsuhvhqwlqj phdvxuh>

+S5, P+�, =@ i� = � lv d uhsuhvhqwlqj phdvxuh iru �j lv zhdn0� forvhg lq

E4+F3+F,
�,>

+S6, � dgplwv d �qlwho| dwrplf uhsuhvhqwlqj phdvxuh1

Uhvxowv ri wkh suhfhglqj vhfwlrqv vkrz wkdw +S4, , +S5, , +S6,1 Lq wkh

vhtxho zh hvwdeolvk +S4, lq wzr edvlf fdvhv ri WFPS1

Uhfdoo wkdw � lv  dw liP+q, �P+q,+�, � 3 dqg udqnP+q, @ udqnP+q�
4,1 Lq ^8/ Fruroodu| 8147` zh suryhg wkdw li � lv  dw/ wkhq � dgplwv d xqltxh

uhsuhvhqwlqj phdvxuh kdylqj prphqwv ri doo rughuv +dqg wklv phdvxuh lv

udqnP+q,0dwrplf,1

�iNVNt�|�NA g��� Li �+5q, lv  dw/ wkhq wkhuh h{lvwv d xqltxh uhsuhvhqwlqj

phdvxuh/ zklfk lv udqnP+q,0dwrplf1
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Surri1 Ohw � eh d uhsuhvhqwlqj phdvxuh iru �+5q,1 Vlqfh ^8/ Fruroodu|

8147` lpsolhv wkdw � kdv d xqltxh uhsuhvhqwlqj phdvxuh kdylqj prphqwv ri

doo rughuv/ lw vx!fhv wr hvwdeolvk wkdw � kdv prphqwv ri doo rughuv1 Zh �uvw

frqvlghu prphqwv ri rughu 5q . 41 Vxssrvh l> m � 3 dqg l . m @ q> vlqfh

P+q, � 3 dqg udqnP+q, @ udqnP+q � 4,/ wkhuh h{lvwv slm 5 Fq�4^}> �}`

vxfk wkdw �]l]m @ slm+]> �], 5 FP+q, +wkh froxpq vsdfh ri P+q,,1 Vlqfh �

lv d uhsuhvhqwlqj phdvxuh/ �}l}m @ slm+}> �}, rq vxss� ^8/ Sursrvlwlrq 614`1

Wkxv/ iru n> o � 3/ n. o @ q.4/ �}l.n}m.o @ +�}n}oslm, +}> �}, rq vxss�/ dqg

vlqfh ghj �}n}oslm � 5q/ wkhq
U
�}l.n}m.o g� lv frqyhujhqw1 E| frqvlghulqj

doo lqglfhv l/ m/ n/ o zlwk l . m @ q dqg n . o @ q .4/ lw iroorzv wkdw � kdv

frqyhujhqw prphqwv xs wr ghjuhh 5q.41

Zh qh{w frqvlghu ghjuhh 5q . 51 Wkhuh h{lvwv s3>q 5 Fq�4^}> �}` vxfk

wkdw ]q @ s3>q+]> �],/ zkhqfh }
q @ s3>q+}> �}, rq vxss�1 Wkxv m}m5q.5

@

+m}m5 ms3>qm5,+}> �}, rq vxss�> qrz ghj m}s3>qm5 � 5q/ vr
U
m}m5q.5

g� ? .41

Wkxv/ iru doo +l> m, vxfk wkdw l.m @ 5q.5/
U
�}l}m g� lv devroxwho| frqyhujhqw/

khqfh frqyhujhqw1

Vlqfh � kdv frqyhujhqw prphqwv xs wr ghjuhh 5q . 5/ zh pd| frqvlghu

P+q.4,^�`1 Vlqfh � lv d uhsuhvhqwlqj phdvxuh iru P+q.4,^�`/ lw iroorzv

wkdw P+q . 4,^�` lv srvlwlyh dqg uhfxuvlyho| jhqhudwhg1 Iru l . m @ q/

zh kdyh �]l]m @ slm+]> �], lq FP+q,/ dqg vlqfh P+q . 4,^�` � 3/ lw iro0

orzv wkdw �]l]m @ slm+]> �], lq FP+q.4,^�` ^43/ Sursrvlwlrq 517 +H{whq0

vlrq Sulqflsoh,`1 E| uhfxuvlyhqhvv/ zh kdyh �]l]m.4 @ +}slm,+]> �], dqg

�]l.4]m @ +�}slm,+]> �], lq FP+q.4,^�`1 Vlqfh ghj }slm � q dqg ghj �}slm � q/

lw iroorzv wkdw iru n . o @ q . 4/ �]n]o 5

�]l]m

�
3�l.m�q

lq FP+q.4,^�`/

zkhqfh udqnP+q.4,^�` @ udqnP+q,^�`1

Wkxv/ �5+q.4,^�` lv  dw1 Wkh suhfhglqj dujxphqw pd| eh uhshdwhg wr sur0

gxfh vxffhvvlyh  dw h{whqvlrqvP+q.4,^�`/P+q.5,^�`> = = = > wkxv � kdv frq0

yhujhqw prphqwv ri doo rughuv1

�iNVNt�|�NA g�4� Li �+5q, kdv d uhsuhvhqwlqj phdvxuh dqg li P+q,+�,

dgplwv dq dqdo|wlf uhodwlrq dv lq +416, iru vrph n � q/ wkhq � kdv d xqltxh

uhsuhvhqwlqj phdvxuh/ zklfk lv �qlwho| dwrplf zlwk dw prvw n5 dwrpv1

-j6Bi" g�� ^45/ Wkhruhp 614` looxvwudwhv wkh fdvh ri � � �+9, vxfk

wkdw P+6,+�, kdv dq dqdo|wlf uhodwlrq zlwk n @ q @ 6/ dqg vxfk wkdw wkh

xqltxh uhsuhvhqwlqj phdvxuh lv <0dwrplf1

Zh uhtxluh wkh iroorzlqj suholplqdu| uhvxow/ zklfk lv ri lqghshqghqw lq0

whuhvw1
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�iNVNt�|�NA g�g� D sro|qrpldo ri wkh irup s+}> �}, � }n�t+}> �},/ zkhuh
t 5 Fn�4^}> �}`/ kdv dw prvw n

5
urrwv1

Surri1 Wkh uhvxow lv reylrxv iru n @ 4/ vr zh dvvxph n � 51 Ohw ]+s,
ghqrwh wkh }hur vhw ri s dqg dvvxph wkdw ]+s, � � � i}4> = = = > }pj/ zkhuh
p =@ n5 . 4 dqg wkh }lv duh glvwlqfw1 Ohw � eh d srvlwlyh phdvxuh zlwk

vxss� @ �/ ohw q =@ 5n�5/ dqg irup P+q,^�`1 Fohduo| � lv d uhsuhvhqwlqj

phdvxuh iruP+q,^�`/ dqg vlqfh ghj s � q dqg vxss� � ]+s,/ zh pxvw kdyh
s+]> �], @ 3 lq FP+q,^�` +^8/ Sursrvlwlrq 614`,1 Lw iroorzv wkdw ]n @ t+]> �],/

zlwk n @ q
5
. 4 @

�
q
5

�
. 4 dqg ghj t ? n1 E| ^9/ Wkhruhp 614`/ P+q,^�`

dgplwv d xqltxh srvlwlyh/ uhfxuvlyho| jhqhudwhg h{whqvlrqP �P+4,/ dqg

P lv d  dw h{whqvlrq1 VlqfhP+4,^�` lv srvlwlyh dqg uhfxuvlyho| jhqhudwhg/

zh kdyh P+4,^�` @P/ dqg ^8/ Sursrvlwlrq 719` lpsolhv wkdw

p @ fdug vxss� @ udqnP+4,^�` @ udqnP @ udqnP+q,^�`=

Revhuyh qrz wkdw wkh vl}h riP+q,^�` lv
+q.4,+q.5,

5
@ n+5n�4,1 Wkh froxpq

uhodwlrq ]n @ t+]> �], +dqg wkh frqmxjdwh uhodwlrq �]n @ �t+]> �],, sursdjdwh

uhfxuvlyho| +dqg glvmrlqwo|, lq FP+q,^�` wr jhqhudwh 5+4 .5. � � �. n� 4, @

n+n�4, froxpqv hdfk ri zklfk lv d olqhdu frpelqdwlrq ri froxpqv ri vwulfwo|

orzhu ghjuhh1 +Wkhvh n+n � 4, froxpqv duh ]n
/ �]n

/ ]n.4
/ �]]n

/ 111/ �]n]/
�]n.4

/111/ ]q
/ 111/ �]q�n]n

/ �]n]q�n
/ 111/ �]q

1, Wkxv/

p @ udqnP+q,^�` � n+5n � 4,� n+n � 4, @ n5 ?p>

d frqwudglfwlrq1 Zh frqfoxgh wkdw fdug]+s, � n51

-j6Bi" g�F� Wkh iroorzlqj h{dpsohv vkrz wkdw wkh hvwlpdwh lq Sursrvl0

wlrq 717 lv vkdus1 Ohw s+}> �}, =@ }5��}1 Wkhq ]+s, @ i3j^i$m = 3 � m � 5j/
zkhuh $ lv d sulplwlyh fxelf urrw ri xqlw|1 Wkxv/ fdug]+s, @ 7 @ +ghj s,51

Iru n @ 6>7>8/ D1 Zlopvkxuvw ^59/ Fkdswhu 6/ Vhfwlrq 8` kdv frqvwuxfwhg

sro|qrpldov t6+}> �}, =@ }6.}5.}�5�}5�5�}/ t7+}> �}, =@ }7.6}5�}�6�}6�6�}5
dqg t8+}> �}, =@ }8 . 8}6 � 43}5 . 8} . 8�}7 � 8�}6/ zlwk fdug]+tn, @

+ghj tn,
5 +n @ 6>7> 8,1

Surri1 ri Sursrvlwlrq 7151 Zh kdyh dq dqdo|wlf uhodwlrq ri wkh irup

]n @ t+]> �], iru vrph n � q/ zkhuh t 5 Fn�4^}> �}`1 Ohw s+}> �}, =@ }n �
t+}> �},> Sursrvlwlrq 717 lpsolhv wkdw fdug]+s, � n51 Ohw � eh d uhsuhvhqwlqj

phdvxuh iru �1 Vlqfh vxss� � ]+s, ^8/ Sursrvlwlrq 614`/ fdug vxss� � n51

Wkxv � kdv prphqwv ri doo rughuv/ dqg uhfxuvlyhqhvv lpsolhv wkdw P �
P+4,^�` lv frpsohwho| ghwhuplqhg e| wkh dqdo|wlf froxpq uhodwlrqv

]n.m @ +}mt,+]> �], +m � 3,= +71714,
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+Qrwh wkdw iru hdfk s/P+s.4,^�` lv frpsohwho| ghwhuplqhg e|P+s,^�` dqg

wkh prphqwv lq ]s.4
1, Ixuwkhu/ vlqfh � lv d uhsuhvhqwlqj phdvxuh iru P /

udqnP � fdug vxss� � n5 ^8/ Sursrvlwlrq 719`1 Qrz/ li � lv d uhsuhvhqwlqj

phdvxuh iru �/ wkhq lw iroorzv dv deryh wkdw P+4,^�` lv dovr ghwhuplqhg e|

+71714,/ zkhqfh P+4,^�` @P 1 Vlqfh P lv srvlwlyh dqg kdv �qlwh udqn/ ^8/

Wkhruhp 71:` lpsolhv wkdw lw kdv d xqltxh uhsuhvhqwlqj phdvxuh/ zkhqfh � @

�1

Dgghg lq Surri1 Zh kdyh uhfhqw| ohduqhg iurp Surihvvru Fkulvwldq Ehuj

wkdw wkh zhdn0- frqyhujhqfh whfkqltxhv xvhg lq wkh surri ri Wkhruhp 417

kdyh dqwhfhghqwv lq wkh olwhudwxuh> d uhihuhqfh iru wkhvh whfkqltxhv lv ^5/

Fkdswhu 5`1
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