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ABSTRACT. Let ~ = 7(2") denote a sequence of complex numbers
Y005 Y015 Y105+« 3Y0, 215+ - - 5 V21,0 ("/00 > 0, Yij = ’?/]'i), and let K denote a
closed subset of the complex plane C. The Truncated Complex K-moment
Problem for « entails determining whether there exists a positive Borel mea-
sure o on C such that v;; = [2z'27dp (0 < i+ j < 2n) and suppp C K.
For K = Kp a semi-algebraic set determined by a collection of complex poly-
nomials P = {p; (z,%)};~;, we characterize the existence of a finitely atomic
representing measure with the fewest possible atoms in terms of positivity and
extension properties of the moment matrix M (n) (7) and the localizing matri-
ces M,,. We prove that there exists a rank M (n)-atomic representing measure
for v(27) supported in Kp if and only if M (n) > 0 and there is some rank-
preserving extension M (n + 1) for which Mp,, (n + k;) > 0, where degp; = 2k;
or 2k; — 1 (1 <i < m).

1. INTRODUCTION

Let v = v(®") denote a sequence of complex numbers oo, Y01, V10, - Y0,2n

s Yan,0 (00 > 0, Yij = "yji), and let K denote a closed subset of the complex

plane C. The Truncated Complex K-moment Problem for « entails determining
whether there exists a positive Borel measure p on C such that

(1.1) = [#eidn O<ivi<m)
and
(1.2) supp pu C K

a measure p satisfying (1.1) is a representing measure for .

In the sequel, we characterize the existence of a representing measure satisfying
(1.2) in the case when K is a semi-algebraic set determined by a finite collection of
complex polynomials P = {p; (z,2)}.-,, L.e.,

K=Kp:={2€C:p;(2,2) 20, 1 <i<m}.
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Our existence criterion is expressed in terms of positivity and extension properties
of the moment matriz M (n) () associated to v and of the localizing matriz M,
corresponding to each p; (see below).

This research is motivated by the extensive literature concerning the Full Mul-
tivariable K-Moment Problem [Akh] [Fug] [Hav] [Sch] [ShTa], including the Full
Complex K-Moment Problem in which moments of all orders are prescribed, i.e.,
v = (%ij); j>0- The Riesz—Haviland criterion [Rie, §5] [Hav] provides an “abstract”
solution to the Full Multivariable K-Moment Problem. In the case of the Full
Complex K-Moment Problem this criterion may be expressed as follows:

p(z,2) = Zarsz”"zs €Clzz7], plk 2 0= Zars'ym > 0.

For general closed sets K C C, the cone of nonnegative polynomials cannot eas-
ily be characterized, so the Riesz—Haviland criterion is intractable. In particular,
for K = C there is no concrete description of the nonnegative polynomials, and the
Full Complex Moment Problem (equivalent to the Full Two-Dimensional Real Mo-
ment Problem) remains unsolved. By contrast, A. Atzmon [Atz] found a “concrete”
solution to the Full Complex Moment Problem for K = D, the closed unit disk; an
alternate solution to the disk problem was formulated by M. Putinar [Put]. Subse-
quently, K. Schmiidgen [Sch] presented a concrete solution to the Full Multivariable
K-Moment Problem in the case when K is a general compact semi-algebraic set
(cf. the remarks following Theorem 1.8 below).

A result of J. Stochel [Sto] shows that the Truncated Multivariable K-Moment
Problem is more general than the Full Multivariable K-Moment Problem; neverthe-
less, it appears that prior to the present work there has been no systematic study
of truncated multivariable K-moment problems. The criterion that we develop for
general semi-algebraic sets is not as directly applicable as Schmiidgen’s criterion
for the compact semi-algebraic case, but whenever our moment matrix method can
be applied, it yields an explicit formula for a finitely atomic representing measure
supported in K. In a companion paper [CuFi7], we use moment matrix techniques
independent of the present work to explicitly solve the Quadratic Moment Problem
(n =1) for the unit disk and the unit circle.

We devote the remainder of this section to stating the main results and illus-
trating them with examples. Section 2 contains a brief survey of some necessary
background results on moment matrices. In Section 3 we introduce localizing ma-
trices, the new tool that we employ to locate the support of a representing measure
relative to a prescribed semi-algebraic set; Section 3 contains the proof of Theorem
1.2, which describes localizing matrices in terms of compressions of moment ma-
trices. Section 4 contains the proofs of the existence theorems for finitely atomic
representing measures supported in semi-algebraic sets. All of these results for
truncated K-moment problems in one complex variable can be generalized to any
number of real or complex variables (¢f. [CuFi4, Chapter 7]); for the case of one
real variable, in Section 5 we present new accounts of the truncated K-moment
problems of Hamburger, Stieltjes, and Hausdorff for K = R, K = [0,4+0c0), and
K = [a, b], respectively.

Let P,, denote the complex polynomials ¢ (z,2) = Y a;;z'27 of total degree at
most n, and for ¢ € P, let § = (a;;) denote the coefficient vector of ¢ with respect
to the basis {Zizj}o§i+j§n of P,, (ordered lexicographically: 1, z, z, 22, 2%, 22, ...,
2" ..., 2"). For p € Pay, p(2,2) = b;j2°27, let A(p) := . bijvi;. The moment
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matriz M (n) = M (n) () is the unique matrix (of size W) such that

(1.3) (M) f,5) =A(f9) (f,9 € Pu).

If we label the rows and columns of M (n) lexicographically as 1, Z, 7,72 27,
Z% ..., Z", ..., Z", it follows that the row Z*Z!, column Z?Z7 entry of M (n) is
equal to

<M (n) 7027, E/k\l> = A (2T = ik

For example, with n = 1, the Quadratic Moment Problem for v : v90, Y01, 710,
Y02, Y11, Y20 corresponds to

1z Z
1 /90 Y01 70

M(1) = %(710 11 ’Yzo) .
Z\v1 TYo2 M1

~v admits a representing measure pu, then for f € P,, <M (n) f, f> =A (|f|2> =

I |f|2 du > 0, whence M (n) > 0.
Now let p € Pay,, p Z 0, and define k by degp = 2k or degp = 2k — 1. There
exists a unique localizing matriz My (n) = M, (n) () (of size Wﬂ) such

that
(My () f.9) =A(pf9) (f.9 € Pus).

Thus, if a representing measure u for v is supported in K, = {z € C: p(z,z) > 0},
then for f € P,

(M () £.5) = A (p11) = [ o1 du= .

whence M, (n) > 0.

If v admits a representing measure u, then cardsupp u > rank M (n) [CuFi4,
Corollary 3.7]. The main result of [CuFi4] shows that v admits a rank M (n)-
atomic (minimal) representing measure if and only if M (n) > 0 and M (n) ad-
mits an extension to a (necessarily positive) moment matrix M (n + 1) satisfying
rank M (n + 1) = rank M (n); such an extension is called a flat extension. A variety
of concrete conditions for the existence of flat extensions are presented in [CuFi5]
[CuFi6], though complete necessary and sufficient conditions are not known.

The Flat Extension Theorem (Theorem 2.1 below, ¢f. [CuFi4] [Fi3]) shows that if
M (n) > 0 admits a flat extension M (n + 1), then M (n + 1) admits unique succes-
sive flat (positive) moment matrix extensions M (n + 2), M (n + 3), .... Further,
let r := rank M (n), so that in Cps¢y (the column space of M (r)) there is a de-
pendence relation of the form Z" = cg1 +c1Z + -+ + ¢,—1Z"~ 1. The polynomial
Z" = (co 4+ -+ cr_lz’“_l) has r distinct roots, zg, ..., zr_1, which provide the
support for the unique representing measure for v(27+2) corresponding to the flat
extension M (n + 1). The densities of this measure, po, ..., pr—1, are determined
by the Vandermonde equation

(14) Vv (ZOa s 727'—1) (PO, s apv"—l)t = (700) s 7’70,7"—1)t ;
we denote the measure Z:()l pidz; by v[M (n+1)].
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Our main result, which follows, characterizes the existence of a rank M (n)-
atomic representing measure supported in a semi-algebraic set K, where p is an
arbitrary polynomial in C[z,z]. Assume that M (n) > 0 admits a flat extension

M (n+1)andlet k := [%} . Since degp < 2 (n + k), My, (n + k) is well-defined

relative to the unique flat extension M (n + k) of M (n+ 1) if k > 1, or relative to
M (n) it k= 0.

Theorem 1.1. Let p € Clz,z], p £ 0, degp = 2k or degp = 2k — 1. There
exists a rank M (n)-atomic (minimal) representing measure for v*™ supported in
K, if and only if M (n) > 0 and there is some flat extension M (n + 1) for which
M, (n+k) > 0. In this case, the measure v[M (n+ 1)] is a rank M (n)-atomic
representing measure supported in K, with precisely rank M (n) — rank M, (n + k)
atoms in Z(p) ={z € C:p(z,z) =0}.

To apply Theorem 1.1, we need to be able to explicitly compute localizing ma-
trices. Suppose p € Pap, d := degp, and let k := [%], so that 0 < k < n. Write
p(z,2) = ZongrsSd ars2"2°. Then
(1.5)  for each r, s, there exist 4,5 > 0,0 <i+j <k, o

0<(r+s)— (i+7) <k, such that z2"2% = z'27 - 2" ~*257J;
—k+1)(n—k+2
this decomposition is mot unique. Let o = (n +1)(n + ), and let
[(z+-3 zr-1M (N)[z: 25
dexed by multiples of Z?Z7 and to the first o rows indexed by multiples of Z577 Z7 %,

The following result provides a computational formula which expresses M, (n) as a
linear combination of compressions of M (n).

2
] denote the compression of M (n) to the first o columns in-

Theorem 1.2. Let p € Pa,, p£0, p(z,2) = ZongrsSd arszZ"2°. Then

My(n) = Y trs[ges zo-s)M (0)7: 211
0<r+s<d

Moment matrix structure implies that the expression for M, (n) in Theorem 1.2 is
independent of the decomposition in (1.5).

In the sequel, we denote the compression of a moment matrix M (n) to rows
Zhzi .. Z%ZI» and columns Z™Z%, ..., Z 7% by

{Z’il Zi1 7,,,,Z"'psz}]w— (n){Z"'l Z51,...,2"a qu} :

For a square matrix M and p > 0, we let [M] » denote the compression of M to the
first p rows and columns. We let My, .y denote the compression of M to rows
and columns ps, ..., pk.

We illustrate Theorem 1.2 by computing M, (2) for p(z,z) =1 — 2Z.

Example 1.3. Let
1z Z 7 zZ Z?
I (00 71 70 Yoz Y11 Y20
Z 70 M1 Y20 M2 Y21 Y30
Z 11 72 Y11 Yoz Y1z Y21
Z_2 Y20 Y21 Y30 Y22 Y31 Y40
ZZ|m1 M2 Y21 Y13 Y22 Y81
Z? \Yo2 Y03 Y12 Yoa Y13 Y22
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and let p(z,z) :=1— 2Z. We compute M, (2) usingn=2,k=1,0=3,1=1-1,
2z =7%1. 220 (¢f (1.5)). Theorem 1.2 implies

(1.6) M, (2) = {1,z,Z}M{1,z,Z} - {Z,Z2,ZZ}M{Z,Z2,ZZ}
Yoo 7Yoi 710 Y11 Y12 721
=170 711 Y20 ) — | Y21 722 731
Yor  Yo2 Y11 Y12 Y13 Y22

Yoo — Y11 7Yo1 — 712 Y10 — 721
= |70 —721 711 —722 720 — 731
Yor — Y12 Y02 — 713 Y11 — 722

Note that the alternate decomposition 2z = 229 - 292! leads to the same result, as
required. ([l

We next illustrate Theorem 1.1 by adapting a result of [Fi3] which parameterizes
the minimal quadrature rules of degree 2 for planar Lebesgue measure on the closed
unit disk D.

Example 1.4. ([Fi3]) The complex moments up to degree 2 of Lebesgue measure
on the unit disk are y00 = 7, 711 = 3, Y01 = Y10 = Y2 = 720 = 0; in particu-
lar, M (1) > 0. We seek to describe the representing measures for v(?) that are
supported in the closed disk and have minimal support among such measures. For
each choice of “new moments” of degree 3 for such a measure, 712 = x and 3 = ¥,
let

Yo2 Y11 V20 0 5 0
B=|m2 71 o=z = ¥y
Y03 Y12 721 y T

A flat extension M (2) is determined by the requirement that C' = B*M (1) B is
Toeplitz (cf. (2.4) below), and a calculation shows that this is equivalent to

1.7 2_1g2=T.
(1.7 ol ot =7

Thus M (1) admits flat extensions and v admits 3-atomic representing measures.
To see which of these are supported in the unit disk, we use (1.6) to compute

5 —x -z
N=M @) =|-7 F-2lf -2(+a)
—o =2 (af+ay) §- 1l

Theorem 1.1 implies that the 3-atomic representing measures for 7(2) that are
supported in the disk correspond to x and y which satisfy (1.7) and N > 0. For the
latter condition we first require |az:|2 < g—z (positivity of the 2 x 2 upper left hand
corner of N).

Case 1. |az:|2 = g7 In this case, N > 0 if and only if y = _?2, whence rank N = 1;
thus v [M (2)] has 2 (= rank M (1) —rank V) atoms on the unit circle and one atom
in the open disk.

Let A :=32rdet N = 7% — 4872 |z|* + 320 |z|* — 64 |z|” |y|* — 256 Re 237; in the
remaining cases, N > 0 if and only if |z|* < g—z and A > 0.
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Case 2. |x|2 < g—i and A = 0. In this case, N > 0 and rank N = 2; one atom is on
the circle and two atoms are in the open disk.

Case 3. |x|2 < g—z and A > 0. In this case, N > 0, so all three atoms are in the
open disk.

To compute v [M (2)] via the Flat Extension Theorem, we note that there is a
dependence relation in the column space of the extension M (3) of the form

4 4
7=Y1_ — (xz—yjt)Z—l——a:ZQ;
T ™ T

the support of v [M (2)] consists of the roots of the cubic polynomial

. 4 4
23— <2——2(x2—yf)z+—x22>,
T ™

and the densities may be computed from the Vandermonde equation. |

As noted above, the Flat Extension Theorem shows that if M (n) admits a flat
extension M (n + 1), then M (n + 1) admits a unique flat extension M (co), which
in turn determines a unique rank M (n)-atomic representing measure v [M (n + 1)]
corresponding to M (n + 1). In the proof of Theorem 1.1, in order to establish that
suppv [M (n+1)] C K,, we assume M, (n+ k) > 0 and we need to verify that
M, (00) > 0. The following structure theorem for localizing matrices, which is our

main technical result, shows that M, (co) is positive because it is a flat extension
of M, (n+k).

Theorem 1.5. Suppose M (n+ 1) is a flat extension of M (n) > 0, and let p €
Clz, 2|, with degp = 2k or degp =2k — 1. If M, (n+ k) > 0, then for each d > 0,
there is a transition matrix W = W, 4 such that

M, (n+Fk+d) M,(n+k+dW
W*Mp,(n+k+d) W*M,(n+k+d)W)"

In particular, My (n+k+d+ 1) is a flat (positive) extension of M, (n+k + d).

Mp(n+k+d+1)—<

The extension of Theorem 1.1 to general semi-algebraic sets is an immediate
consequence of Theorem 1.1 and its proof. Let P = {p1,...,pm} C Clz,z] and
define k; by degp; = 2k; or degp; = 2k; — 1 (1 < i < m).

Theorem 1.6. There exists a rank M (n)-atomic representing measure for
v supported in Kp = {2€C:p;(2,2)>0,1<i<m} if and only if
M (n) > 0 and there is some flat extension M (n+ 1) for which Mp, (n+k;) > 0
(1 <i<m). In this case, the measure v[M (n+ 1)] is a rank M (n)-atomic rep-
resenting measure supported in Kp, with precisely rank M (n) — rank M), (n + k;)
atoms in Z (p;) (1 <i<m).

We illustrate Theorem 1.6 by giving a partial parameterization of the minimal
quadrature rules of degree 2 for Lebesgue measure on the triangle with vertices 0,
1, 4.

Example 1.7. Let py (z,2) = &2, pa(2,2) = 52, p3(2,2) = 1 — (2 + 52
thus Kp = {z€C:p;(2,2) >0, 1 <i <3} is the triangle with vertices 0, 1,
The complex moments up to degree 2 for Lebesgue measure on Kp are g9 =

144 _ 1= N ) _ 7 _ 1
Y01 = 5 Y10 = T§ s V02 = 135 Y20 = T35 V11 = B> and we also have 712

)i
i
1

PR
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11—?. We seek to characterize the representing measures v of least support which
interpolate 12 as well as 7(2) and which satisfy suppr C Kp.

Since 712 is prescribed, a calculation shows that a flat extension M (2) of M (1)
(> 0) is determined by a choice y93 = y1 + iy2 satisfying

0 (o) + () = (2]

Since degp; = 1 (1 <4 < 3), Theorem 1.6 implies that v [M (2)] is supported in
Kp if and only if M, (2) > 0 (1 <i < 3), and these conditions are equivalent to

(1.9) + LY’ + L) < T\
' Y17 510 Y27%0) = \2a0) °
1\? 1\ 7\
1.1 — ) < (D
(1.10) (yl + 60) + <y2 240) = (240) ’

(o) o) = ()

The solutions to (1.8)—(1.11) comprise an arc of the circle (1.8). Using the Flat
Extension Theorem, we find a dependence relation in the column space of M (3) of
the form

(1.12) Z% = col + 12 + 222,
where
2
co = 5 (14 (i + (30 = 308) y1 + (30 + 300) o)
1

e1 = == (=37 + (360 + 3607) y1 — (360 — 360) ).
c2=(=1=14)(=1+(6+6i)y1 — (6 — 6i)y2);

the support of v [M (2)] consists of the roots of 2* — (co + c12 + ¢22?). One solution
to (1.8)—(1.11) occurs with y1 = —35 + m and yp = 155 — ﬁg; the atoms
computed using (1.12) are

zp ~ 0.155051 + 0.155051¢,
z1 ~ 0.655928 4 0.166546¢,
zg ~ 0.166546 4 0.6559281,

with corresponding densities pg ~ 0.152045, p; = p2 ~ 0.173977. |

Theorem 1.6 gives a criterion for the existence of rank M (n)-atomic representing
measures supported in Kp, but in the general case minimal representing measures
have more than rank M (n) atoms. In [CuFi6, Theorem 1.5] we proved that (™)
has a finitely atomic representing measure if and only if there is some k& > 0 such
that M (n) admits an extension to a positive moment matrix M (n + k), which in
turn admits a flat extension M (n + k + 1). It is known that k£ > 0 may be required,
in which case a minimal representing measure has more than rank M (n) atoms
[CuFi6, Theorem 5.2]; a concrete example of this phenomenon (for n = 3) appears
in [Fi2, Theorem 3.1]. This example is based on [Fi2, Theorem 2.2], which provides
an algorithm for computing the minimal representing measure for any moment
matrix M (n) in which there is a column relation of the form Z™ = p (Z, Z) for
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some m, 1 < m < n, and some p € P,,_1. Despite this result, relatively little is
known about minimal representing measures arising from rank-increasing moment
matrix extensions. By combining [CuFi6, Theorem 1.5] with Theorem 1.6 we obtain
the following abstract solution to the Truncated Complex K-Moment Problem.

Theorem 1.8. v admits a finitely atomic representing measure supported in
Kp if and only if for some k > 0, M (n) admits a positive extension M (n + k)
which in turn has a flat extension M (n+ k + 1) satisfying M,, (n+k +k;) > 0
(1<i<m).

We conclude this section by comparing Theorem 1.8 to a theorem of Schmiidgen
[Sch] which solves the Full K-Moment Problem on R” in the case when K = Kp
is a compact semi-algebraic set. Schmiidgen’s result is actually stated in terms of
positive sequences, but for R? we can complexify Schmiidgen’s result and paraphrase
it in the language of moment matrices as follows: A full moment sequence (%j)i,jzo
(v0 > 0, vi; = 7;;) has a representing measure supported in a compact semi-
algebraic set Kp if and only if M (c0)(y) > 0 and M, (c0) (y) > 0 for every
polynomial ¢ that is a product of distinct p;’s. Thus, in the case when the semi-
algebraic set is compact, the sole criterion for representing measures is positivity
of moment matrices and localizing matrices. By contrast, Theorem 1.8 applies to
any semi-algebraic set and entails positivity only for the M,, matrices (not the
M,’s); however, Theorem 1.8 presupposes the existence of certain positive and flat
extensions M (n + k) and M (n + k + 1).

Acknowledgements. This research commenced during Fall 1996, while the second-
named author was visiting The University of Iowa on a sabbatical leave; he is
grateful to the Department of Mathematics for its hospitality and support. Many of
the examples and some of the theorems in this paper were proved using calculations
with the software tool Mathematica.

2. FLAT EXTENSIONS OF POSITIVE MOMENT MATRICES

Given v = 72" for 0 < 4, j < n we define the (i + 1) x (j + 1) matrix B;; whose
entries are the moments of order i + j:

Vij Yit1,5-1 e Yi+3.0
Yi—1,5+1 Vij Yi+1,5—1
Yi—1,5+1
(2.1) B;j =
Y0,j+i t Vii

It follows from equation (1.3) that M (n)(y) admits a block decomposition
M (n) = (Bij)o<i j<n-

We may also define blocks Bg 41, - - - Bn—1,n+1 via (2.1). Given “new moments”
of degree 2n + 1 for a prospective representing measure, let B,, ,;1 denote the
corresponding moment matrix block given by (2.1), and let

By n+1

B(n+1):=
Bn—l,n-{-l
Bn,n+1
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Given a moment matrix block C'(n + 1) of the form Bj41n+1 (corresponding to
“new moments” of degree 2n + 2), we may describe the moment matrix extension
M (n + 1) via the block decomposition

M (n) B(n+1)
B(n+1)" C(n—|—1)>'

A theorem of Smul’jan [Smu] shows that a block matrix

(2.3) M= (é“* ’2)

is positive if and only if (i) A > 0, (ii) there exists a matrix W such that B = AW,
and (iii) C' > W*AW (since A = A*, W*AW is independent of W provided B =
AW). Note also that if M > 0, then rank M = rank A if and only if C' = W*AW;
conversely, if A > 0 and there exists W such that B = AW and C = W*AW,
then M > 0 and rank M = rank A. A block matrix M as in (2.3) is an extension
of A, and is a flat extension if rank M = rank A. A flat extension of a positive
matrix A is completely determined by a choice of block B satisfying B = AW and
C = W*AW for some matrix W; we denote such a flat extension by [A; BJ.

For an (n + 1) x (n + 2) matrix By, ,+1, representing “new moments” of degree
2n + 1 for a prospective representing measure of v(2™) | let

(2.2) Mn+1)= <

Bon+1

B =
Bn—l,n-{-l
Bn,n-{-l
By Smul’jan’s theorem, M (n) > 0 admits a (necessarily positive) flat extension
g — (M@ B

in the form of a moment matrix M (n+ 1) (¢f. (2.2)) if and only if
(24) B =M (n)W for some W (i.e., Ran B C Ran M (n));

C = W*M (n) W is Toeplitz, i.e., has the form of a moment matrix

block Bn+1,n+1-
Theorem 2.1. (Flat Extension Theorem) [CuFi4, Remark 3.15, Theorem 5.4,
Corollary 5.12, Theorem 5.13, and Corollary 5.15] [CuFi5, Lemma 1.9] [Fi3] Suppose
M (n) (v) is positive and admits a flat extension M (n+ 1), so that Z" ' = p (Z, Z)
in Cpr(n+1) for some p € Pp. Then there exist unique successive flat (positive, re-

cursively generated) moment matriz extensions M (n+2), M (n+3), ..., which
are determined by the relations

(2.5) 7" = (M) (Z,Z) € Crrgnary (k> 2).

Let r :=rank M (n). There exist unique scalars ao, . ..,a,—1 such that in Cpry,

Z" = a()] + -+ a,«_lZ'ﬂfl.

The characteristic polynomial g, (2) = 2" — (ao 4+ 4+ ar,lz"’l) has r distinct
roots, zo,...,zr—1, and vy has a rank M (n)-atomic minimal representing measure
of the form

v= V[M(n+ 1)] = Zp’iézm
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where the densities p; > 0 are determined by the Vandermonde equation
V (207 ey Z?"—l) (pOa e 7p7'—1)t - ('7007 cee a,YO,T—l)t .

The measure v [M (n 4 1)] is the unique representing measure for "2 and is
also the unique representing measure for M (c0).

We note in connection with (2.5) that due to the structure of moment matrix
blocks B;j, an extension M (n + 1) is completely determined from M (n) once col-
umn Z"t! is specified.

Finally, we recall from [CuFi4] [Fil] that M (n) > 0 is recursively generated if
the following property holds:

(RG) p.4.p4 € Pn, p(2,2) =0 = (pq)(Z,Z) =0.

If M (n) > 0 admits a flat extension M (n+ 1), then M (n+ 1), and all of its
successive flat extensions M (n + 1 4 d) (described by Theorem 2.1), are recursively
generated [CuFi4, Remark 3.15-ii)].

3. LOCALIZING MATRICES

Given v = 7" k < n, and p € Pay, we define a localizing matriz M, (n) =

M, (n) (), whose positivity is a necessary condition for the existence of a repre-
senting measure for 4 supported in K, := {z € C:p(z,2) > 0}. The purpose of
this section is to prove Theorem 1.2 (restated as Theorem 3.5 below), which shows
how to compute M, (n) as a linear combination of compressions of M (n). In the
next section, this description of M, (n) will be utilized to characterize the existence
of minimal representing measures supported in a prescribed semi-algebraic set.

Motivated by Riesz’s analysis of moment problems in R [Akh], we define the
Riesz linear functional A : P2, — C by

Av( Zami”"zs) =) s

0<r+s<2n 0<r+s<2n
Recall from [CuFi4] that M (n) = M (n) (y) may be defined as follows: for 0 <
i+j<n 0<k+1<n,
<M (H)Z/"\Zj,i/k\zl> P Vi ks
thus
, (2i+lzj+k)

M(CEDICEDIR

whence, by linearity,

(3.1) (M0) f.5) =M (F9)  (F.9 € Po).
2

.
Let p € Pay,, degp = 2k or degp =2k — 1 (0 < k < n), and set 0 = o (k,n) :=

(k) (nk+2) Ty ap

wp :C7xC° - C
defined by
eo (£,9) =M (0F9) (fr9 € Puc)
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is sesquilinear; thus, by the Riesz representation theorem for sesquilinear forms,
there exists a unique matrix M, (n) = M, (n) (y) € M, (C) (which we sometimes
abbreviate as M,,) such that

32 e (f9) = (M) [8) (=M @) (g€ Pus).

Note that if there exists a representing measure p for v supported in K, then

(33) (MpF, ) =8 GlIP) = [ pifP =0 (7 €Pos)

whence M, > 0.

Our first goal is to describe M, (n) concretely, as a linear combination of certain
compressions of M (n). Note that if r,s > 0, 0 < r + s < 2k, then there exist
1,7 > 0 such that

(3.4) 2t =20 2 (0<i+ i<k 0<(r4+s)—(i+7j) <k).

(In the sequel, we abbreviate these conditions by writing 0 < i+j, (r + s)—(i + j) <
k.) Indeed, (i,7) can be chosen as the integral point in the triangle 0 < u +v < k

closest to (r, s).
TS

Lemma 3.1. Let 0 < k < n, < 2k, and suppose p(z,z) = Z"z° =
Ztad . 7 zzgjumth<z—|—] (r— )<k; For f,g € Pn—k,

R
(M () £.9) = (M ()52, (271 9] ).

-l-ﬁ

Proof.
<Mp (n) f7g> =M\ (pf9)
~ ((Zizjf) (z”—iis—jg)) (withO0<i+j+n—kr—i+s—j+n—k<n)
= <M (n) Z/izj\f, (z"*izsfjg)/\> . O
Proposition 3.2. Let 0 <k <n. For0<r+s<2k, 0<t+u,g+v<n-—k,
<M2rzs (n)iq/z\“v?t/z\"> = Vrtqtu,stvtt-

Proof. Write 272 = z%29 - 27712577 with 0 < i+ 4,(r —4) + (s — j) < k. Lemma
3.1 implies

<M27‘Zs (n)z’“‘l/z\“,gz\“> = <M (n) (Zizjéqz”)/\, (="~ izsTigtt ) >
- <M (n) (Zi+qzj+”)A, (Zs+t*jzr+“7i)A>

= Vt@)+(r+u—i),(j+v)+(s+t—j)
= Vr+qtu,s+v+t- U

Note that in Lemma 3.1 and Proposition 3.2 we are not assuming that p (z, 2) =
Z" 2% satisfies degp = 2k or degp = 2k — 1, only that degp < 2k; thus the size of
M, (n) may be greater than (n=kt)(n=k+2) ,1d the vectors f,g are then defined
with respect to that larger size. We consider this more general framework because
in the sequel Z"z® may contribute to a polynomial ¢ with degq > r + s.

Let p,q,t,u > 0 and suppose A is a matrix whose columns are indexed by

AV AN A ANNAY LAk S aL VA
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and whose rows are indexed by
VAVAN AV AR AV AL ALY A

Suppose 0 < r+s < p+q, r,s > 0. The columns of A that are indexed by multiples
of Z"Z* are of the form

ZrJriszrj’ max(O,p—(r—i—s)) SZ—’_]S (p+q)—(7“+8)
Let k denote the number of such columns; if p > r + s,
r=p—(r+s)+1+-+({p+q—-(r+s)+1
=(+1) (P+%+1—(r+s));
if p<r+s,

k=14 +{p+qg —(r+s)+1
_ 4+ -(+s)+D)(p+g—-(r+s)+2)
5 )
For k > o > 1, we denote the compression of A to the first ¢ of these columns
corresponding to total degree at least d by A[Z,,ZS] = A[Z"'st o] (assuming that

there are at least o such columns). Similarly, let 7 denote the number of rows of A
indexed by multiples of Z™Z!, and for 1 < p <1, let [Z""Zl]A = [Zmzl;e,p]A denote
the compression of A to the first p of these rows corresponding to total degree at
least e (assuming there are at least p such rows). We denote the compression of A
to these rows and columns by [Zmzl;e,p]A[Z'rZs;d,a]v or by [Z—,,LZ,]A[Z—,,ZS] when the
values of e, p,d, o are clear from the context.

We omit the proof of the following elementary result.

(iv ([ZMZ, ep]A = A[Zmzl;e,p] (here, the convention is that if the rows of

A are indeved by Zr,ZP=1Z ..., the columns of A* are also indexed by
ZP, ZP=YZ ..., and similarly for the columns of A and the rows of A*).

Lemma 3.4. Suppose 0 < k < n and let o = %W For0 <p+g,
l+m <k, let M = [Zm 210 U]M (n) (20 290,0] the compression of M (n) to the first
o columns indexed by multiples of ZP 7% and to the first o rows indexed by multiples
of Z™Z'. Then M = [Mzp,q.5,m (n)],, the compression of Mzp q.51.m (n) to its first
o rows and columns.

Proof. The columns of M are indexed by ZP**Z%"7 (0 < i+j < n — k) and the
rows are indexed by Zmtazitb (0 < a+b<n—k). The entry in row Z™m+ez!+b
column ZPTZ9% of M is thus Yptitit+bg+j+m+a- Lhe corresponding entry of

Mzpq.51.m (n), located in row Z%Z°, column ZZ7 is <M2pzq,gz,zm (n) E/i\zj, Zazb> =
<M2p+z,zq+m (n) Z/i\zj, Z“zb> = Yptititbgtmtjt+a (Dy Proposition 3.2, since
p+1+q+m <2k), so the result follows. O
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The main result of this section, which follows, describes M, (n) in terms of
compressions of M (n). Let 0 < k < n and suppose p(z,2) = 20§r+s§d arsZ" 25,
with d = degp = 2k or 2k — 1.

Recall that for each r,s > 0 with 0 < r + s < 2k, there exist i = i(r, s, k),
j=jlrs k), t=t(r,s,k),u=u(r,s,k)>0such that i+ j, t+u<k,i+t=r,
j+u = s; thus

p(z,2) = Zamzizj A
0<r+s<d

Since degp = 2k or 2k — 1, the size of M, (n) is ¢ X o, where o = Wﬂ

Thus, by (3.2) and the uniqueness property of M, (n),

M, (n) = aps [Mzrze (n)],
and Lemma 3.4 implies that for each r, s,

[Mzr s (n)]a = [Mziizr—izs—i (n)]a

= [ZS_J'ZT_HO,U]M (n) [Zf'Zj;O,a] :
Note also from Proposition 3.2 and the proof of Lemma 3.4 that we may obtain
[Mzr.s (n)], from M (n — k) by replacing each v;; in the latter matrix by 7,44 s4;-.
We thus have the following computational description of M, (n), which restates
and refines Theorem 1.2.

Theorem 3.5.

(1) M;D (n) = ZO§r+s§d aTS[ZS—J'ZT—i;O,o']M (n) [Zf'Zj;O,G] .
(ii) The entries in M, (n) are of the form Y o .\ cq@rsVrtustv (0 < u+v <
2(n—k)). S

We note that the construction of M, (n) in Theorem 3.5(i) is independent of the
way in which we factor the monomials of p as in (3.4), as the following example
shows.

Example 3.6. Let n =3, p(z,2) = 2z + 222, k = 2; then degp = 2k — 1. Consider
the decompositions
pr=z-1422-2z and pr=1-2+42zz-2;

we have 0 = w = 3. Now

My, (3) = [Z‘OZO;O,?,]M (3)[202;0,3] + [2021;0,3]M (3)[2220;0,3]

Z 7% 77 VAR ARAA
1 Yo1 Yo2 Vi1 4 Y12 Y13 Y22

= Z[ 711 72 721 + z2 Y22 Y23 Y32 )
Z\ o2 Y03 V12 ZZ\ i3 va 723

and, similarly,

1 Z Z 77 7%7 22>
A Yo1 Yoz Y11 zZ Y12 Y13 Y22

Mp, (3) = zZ[ ~vi1mz2 2 | + 22| 722 723 2 |- 0
z? Yo2 Y03 Y12 Z2 Y13 Y14 Y23

We next present some properties of M, (n).
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Proposition 3.7.
(i) Forp=1, M, (n) =M (n).
(i) For1<k<n, f€Ps, p=If[* h,g€Pny,

<M|f‘zg,iz> - <M (n) E,ﬁz>.

(iii) For k=n, degf=n, p=|f|>, M, (n) = (<M (n) f,f>)
(iv) Let 0 < k <n and let p = f1f2, with f1, fo € Px. For g1,92 € Pu_,

(Myin, o) = (M (n) Jrgr. Jogz)

Proof. (i) Clear. o
(i) (Mg h) = A, (|f|29h) Ay (Fg (FR)) = (M () g Fh)-
£

(iii) For g, h € Py, h< 1,
<Mp (n) 17 1> = Av (p) = A”/ (|f|2

() (Myin, Go) = A (1 fan52) = Ay (frg1 (Rg2) = (M () figr. oge). O

Proposition 3.8. M, (n)* = M; (n).

Proof. < 5(n)f, > A, (pfg) = (pgf) m <f My (n)§> -

(M, ()" f.9). u

Proposition 3.9. Let p € P,,.
(1) Ifn is even, or if n is odd and degp < n, then My, (n) =0=p (Z, Z) =01n

(ii) If degp =mn, orif n is even and degp =n —1, then p (Z, Z) =01 Crr(n) =
M, (n) = 0.

(iil) If M (n) > 0 is recursively generated, and p (Z, Z) = 0 in Cpr(n), then
M, (n) =0.

Before proving Proposition 3.9, we pause briefly to note that the formulation is
sharp in the following sense. Concerning (i), if n is odd and degp = n, then we
may have M, (n) = 0 and p (Z, Z) = 0. To see this, consider n = 1, p(z,2) = z,

k = 1; here, M, (1) = (y01) and Z = (701 Y11 ’yog)t. Concerning (ii), let n = 3,
p(z,2) = 22, k = 1, so degp = n — 1; note that (Mza (S)ZAQ,ZAQ) = 724 and

Z? = (’)’027712,703,722,713,7047’)’327’)’237’)’147’)’05)t7 so Z? = 0 in Cpy(3) need not
imply M.2 = 0.

Proof of Proposition 3.9. (i) Let d = degp = 2k or 2k — 1, and denote p as
p(z,2) = Zongrsgd arsZ"z°. The elements of M), (n) are indexed as Y @rsVrtu,s+v
(0 <u+wv <2(n—k)) (cf. Theorem 3.5(ii)). The components of p (Z, Z) are of
the form <p (2,2) ,2/1\21> = > ars <ZTZS,,27\,25j> = > ars <M(n)§:/’“;‘;,21/z\3> =
> arsVrijsti (0 < i+ 35 < n). Since My, (n) = 0, to prove p(Z,Z) = 0 it
suffices to prove n < 2(n— k), i.e.,, 2k < n. Since degp < n, we may assume
degp = 2k — 1. If n is even, say n = 2m, then since 2k — 1 = degp < n = 2m,
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it follows that & < m, whence 2k < n. If n is odd, i.e., n = 2m — 1, then
degp<n=2k—1<2m—-1=2k<2m—-1=n.

(ii) We use the notation introduced in the proof of (i). To prove p (Z,Z) =0 =
M, (n) = 0, it thus suffices to check that 2(n — k) < n (or n < 2k) under the
conditions of the hypothesis. If degp = n, the result is clear since degp < 2k. If n
is even, n = 2m, and degp =n — 1, then 2k — 1 =degp =2m — 1, so kK = m and
n = 2m = 2k.

(iii) We retain the notation introduced above; in particular, the entries of M, (n)
are Y arsYrtusto (0 <u+v < 2(n—k)). Since p(Z,Z) = 0 and M (n) is re-
cursively generated, then (lemp) (Z, Z) =0(0 <l+m < n—degp). Thus,
for 0 <i+j<mn 0= <(2lzmp) (2,2) ,Zizj> = <E arsZ’"+lZs+m,2izj> =
> QrsYrtitj,s+m+i, and it follows that 0 = > arsVrta,s46 (0 < a+b < 2n—degp).

To complete the proof, it suffices to verify that 2 (n — k) < 2n — degp, and this
follows since degp < 2k. O

Proposition 3.10. Let degp < n and suppose p is a representing measure for
(2n)
2

(i) suppp € Z (p) = M, (n) = 0.
(ii) If n is even, or if n is odd and degp < n, then M, (n) =0 = suppu C Z (p).

Proof. (i) Since supp u C Z (p), [CuFi4, Proposition 3.1] implies that p (Z, Z) =0,
and [CuFi4, Remark 3.15] implies that M (n) is positive and recursively generated.
Proposition 3.9(iii) thus implies M, (n) = 0.

(ii) Proposition 3.9(i) implies that p (Z, Z) = 0, so the result follows from [CuFi4,
Proposition 3.1]. O

We remark that if n is odd and degp = n, we may have M, (n) = 0, but supp p

need not be contained in Z (p); to see this, let n =1, M (1) = (é g §), p(z,2) = z,

k = 1. From [CuFi4, Theorem 6.1}, M (1) admits a representing measure p, and
supppu ¢ Z(p) = {0} since cardsuppp > rank M (1) = 3; on the other hand,
My (1) = (01) = 0.

Proposition 3.11. Suppose v = v*™ has a representing measure p and let K =
suppp. If k < 5 and p € Poy, then My, (n) =0 if and only if p|x = 0.

Proof. If p| = 0, then K C Z (p), so [CuFi4, Proposition 3.1] implies p (Z,Z) =0
in Cpr(ny. Since M (n) has a representing measure, M (n) is positive and recur-
sively generated [CuFi4, Remark 3.15], so Proposition 3.9(iii) implies M, (n) = 0.
Conversely, if M, (n) = 0, then by Proposition 3.9(i), p (Z,Z) = 0, so [CuFi4,
Proposition 3.1] implies that supp u C Z (p), i.e., p|x = 0. O

In the next section we will study the relationship between successive flat ex-
tensions M (n+1),M (n+2),... of M (n) > 0 and the corresponding successive
extensions of M, (n). As motivation for these results, we next present several ex-
amples concerning the behavior of M, (-) with respect to positive extensions of
moment matrices.

Our first example illustrates a case in which M (1) > 0, M, (1) > 0, but for
every positive extension M (2), M, (2) is not positive.
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Example 3.12. Let M (1) = ég%), so that M, (1) = (0) > 0. For any positive
extension M (2), we have

Yoi1 Yo2 711
M,2)= 71 m2 721,
Yo2  Yo3 Y12

so self-adjointness of M, (2) would entail 0 = ~92 = 711 = 1. The preceding
argument implies that 7(?) has no finitely atomic representing measure supported
in R*; in fact, since Z # Z in Cr(1)s +2) has no representing measure supported
in R [CuFi4, Proposition 3.1]. O

We next study a complete parameterization of the flat extensions corresponding
to a particular quadratic moment problem. Depending on the choice of the flat
extension M (2), the corresponding representing measure will be supported in the
interior of the unit disk, supported in the disk with exactly one atom on the circle,
or not supported in the disk at all.

Example 3.13. Let M (1) = (—21 i _(1)i) > 0, so that Z = a1 + 3Z with a = —i

N i 0
and f = 1. [CuFib, Section 2] thus implies that the flat extensions M (2) are
completely parameterized by a choice of ;2 of the form
1 it it
=-a —=_-—— (teR).
me=gemtgg=5-5 (ER)
Corresponding to such a flat extension M (2) [t] there is a 2-atomic representing
measure p [t], which is thus a representing measure for ). Theorem 2.1 now
implies that in Cjy(2)) there is a relation of the form

(3.5) 7Z? =al +bZ.

Since {1, Z} is a basis for Cps(1), (3.5) is equivalent to

(2 ) 6)=Cn)=(2y)

whence a = 3 + %, b =i —t. Now (3.5) implies

(2 +1)
Yo2 = ay20 + by21 = —
and
(t* —it)
Y13 = ayi1 + byi2 = s

Let p(z) := 1 — zZ; then Theorem 3.5 implies

Yoo — Y11 7Yo1 — 712 Y10 — 721
M=M,(2)=[70—"721 71—72 70— 731
Y01 — Y12 Y02 — Y13 Y11 — 722

1 i+t —itt
2 2
| =it 1—¢2 —t2—it | _
- 2 2 2 :(A B C)'
i+t —tP4it 147

2 2 2
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Observe that C = —iA + B, so if [M], > 0, then M, as a flat extension of [M],,
is also positive. Since det [M], = 7 — 3¢?, it follows that M, (2) > 0 if and only if

t? < L. Thus, if t* > %, then supp ;  D.

Now suppose t2 < % and recall from Theorem 2.1 that supp i [t] = Z (g¢), where

g(z)=22—bz—a=2>—(i—t)z— (4 + %). The roots of g; are

1—t+V1+12 1—t—V1+1¢2

d =
5 and 2o 5 ,

and since t> < 1, it follows that |z;| < 1 (i = 1,2). Note also that ¢* < 1
rank M), (2) =2 & 2| <1 (i =1,2) and that t? = 3 & rank M, (2) =1 & [z1] < 1
and |zo| =1if t = %, and |z1| =1 and |zo| < 1if t = —%.

These results are in keeping with our main results. Indeed, Theorem 1.1 im-

plies that since M (1) > 0 admits a flat extension M (2) for which M, (2) > 0,
then there exists a representing measure supported in the disk with exactly
rank M (1) — rank M, (2) (= 2 — rank M, (2)) atoms in the circle. O

21

The following example illustrates cases in which M, (n) = 0 does not imply
supp p C Z (p) for n < degp < 2n.

1
Example 3.14. Let M (1) = <a 1 2ag—1), with |a| < 1. Then M (1) > 0 and
1

a 2a®—1

Z = al + BZ with a = 2a, # = —1. Tt thus follows from [CuFi5, Section 2] that

the flat extensions M (2) are determined by
1 it it
Y12 = 5047114—% 7a+4_a
Let p (z,Z) := 1—2Z%, so that M, (1) = 0. Now M, (2) = 0 entails vp1 —y12 = 0, i.e.,
t = 0. Thus if ¢ # 0, the measure p [t] corresponding to the flat extension M (2) [t]
satisfies M), (2) [t] # 0, whence suppp[t] € Z (p) (by Proposition 3.10(i) applied
to M (2) [t]). (It is not difficult to check that if ¢ = 0, then supp p [t] C Z (p) and
M, (2) =0, in keeping with Theorem 1.1.) O

(t € R).

4. EXISTENCE OF MINIMAL REPRESENTING MEASURES

This section is devoted to the proof of Theorem 1.1, which for convenience we
restate as Theorem 4.1 below. In the sequel we assume that M (n+ 1) is a flat
extension of M (n) > 0; thus Theorem 2.1 implies that there exist unique succes-
sive flat extensions M (n+2), M (n+3), ..., M (c0); moreover, M (co) admits
the unique representing measure v [M (n + 1)], which is a rank M (n)-atomic rep-
resenting measure for y2") (cf. (1.4)).

Let p = p(z,2) € Clz,2] and let K, := {z € C:p(z,2) > 0}. The following
result characterizes the existence of a minimal representing measure supported in

K,.

Theorem 4.1. Let M (n) > 0 and suppose degp = 2k or 2k — 1. There exists
a rank M (n)-atomic representing measure for v*™ supported in K, if and only
if there is some flat extension M (n + 1) for which My(n + k) > 0. In this case,
the measure v[M(n + 1)] is a rank M (n)-atomic representing measure supported
in Kp, with precisely rank M (n) — rank M, (n + k) atoms in Z (p).

Note that there is no restriction on the size of k in Theorem 4.1. We pause to
illustrate Theorem 4.1 in a case in which k > n, so that M, (n) is not even defined.
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Example 4.2. Let n = 1, M (1) = (é§§> and let p(z,z) = 2% — 1, so that
2 = k > n. Consider the flat extension

O, OO O
_ O OO~k O
OO R EFEF OO
OO R EFEF OO
O, OO O
_ O OO~ O

Since Z2 = Z, ZZ = 1, Z*> = Z in Cp2), M (3) is uniquely determined by the
column relations Z% = ZZ = 1 and Z?>Z = Z. Thus, using Theorem 3.5,

Z2 73 727 1 Z Z
Z/1 0 0 1/1 0 0

M (3) = ZZ( 0 1 0 ) and M, (3) = Z<0 1 0> ,
Z2\0 0 1 Z\0 0 1

whence M, (3) = (0) > 0. Thus, corresponding to the flat extension M (2), Theo-
rem 4.1 guarantees the existence of a 3-atomic representing measure z for v(2) with
3 (= rank M (1) — rank M, (3)) atoms in Z (p). Indeed, since Z3 = [ in Cuz), if
zo, 21, 22 denote the distinct cube roots of unity, then u = % (029 + 02y +92,) is the
unique such representing measure (¢f. [CuFi4, Example 3.2]). O

To prove Theorem 4.1 we require some auxiliary results concerning flat exten-
sions. We first show how the flat extension M (n + 1) determines a sequence of
transition matrices W, 4 (d > 1), such that the unique flat extension M (n +d + 1)
is determined from M (n + d) via W, 4. In Theorem 4.3, which is a restatement
of Theorem 1.5, we then describe how the successive extensions M, (n +k +d + 1)
(d > 0) can be computed using the same sequence of transition matrices.

Since M (n + 1) is a flat extension of M (n), for 0 < j < n+1, there exist scalars
wZoZo7Z‘7z+1_ij, . 7wZOZn,Zn+1—JZj, e ,wZnZO7Zn+1—ij such that in CM(n-i—l)v
(41) Zntl-igi — WZ070 Zn+1-jzi 1+ wzoz,Zn-H—JZjZ + ’wZZo,Zn-H_JZjZ

+ortWgogn gnri—izi 2"+ Wango gntr—igi 4

and the same relation automatically holds in C(y(n)B(n+1))-

Now Theorem 2.1 implies that for d > 0, there is a unique flat extension
M (n+d+1) of M (n + d), defined by the following relations in Cp;(;,+4+1) Which
derive from (4.1):

(4.2)
7 1—j r7d+j d d+1 7 r7d
VAR A :wZOZQZn-H—ijZ +wZOZ7Zn+1—ijZ + +U)ZZO’ZW,+1—JZJ'ZZ

+ -+ wZOZn’Zn-#l—_]ZjZner + -4 ’wZnZo7Zn+1—ijZnZd (0 g] <n-+ 1)

Further, in Cpz(n41), the relation

(4.3) A Wzogzo zni1l + wZOZ,Z'!L+1Z + wZZO,Z'!L+1Z

+oFwgogn gnn Z" + o F Wango gna Z"
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implies that in Cpz(p4a41), for 1 < j <d,

(4.4)
ZnJrlJerdij = wZOZO’Zn-Fl Zdiij + ’wZoZ’Zn-H Zd7j+12j + wZZO,Z”‘H Zd7j2j+1
oot wgogn guir 2L b wg g g 29T,
Now let W, 4 be the w X (n 4+ d + 2) matrix in Figure 1.
(Figure 1 below illustrates various parallel diagonals, each delineated by a pair
of large black dots; each such diagonal is constant, with value given by the matrix

element above and to the left of the diagonal.)
For d > 0, write

Y

Mn+d+1)= <B
then (4.1)—(4.4) imply that

M (n+d) B(n+d+1)>
(n+d+1)" Cn+d+1)

(4.5) B(n+d+1) =M (n+d) Wy,
whence

[ M(n+d M (n+d)Wna
(4.6) Mm+d+1)= (Wf{,dM (n+d) Wy ,M(n+d) Wya

We are now prepared to prove Theorem 1.5, which we restate for convenience.

Theorem 4.3. Suppose M (n+ 1) is a flat extension of M (n) > 0 and suppose
degp = 2k or 2k — 1. If M, (n + k) > 0, then for each d > 0,

M, (n+k+d) M,(n+k+d)W,q
Wi My (04 k+d) Wy My (n+k+d) Wi

In particular, My (n+k+d+ 1) is a flat (positive) extension of My (n+k+d).

(47) My(n+k+d+1)= (

Proof. We may assume by induction on d > 0 that M, (n+k+d) > 0. Write
p=aip1 + -+ azps, where a; € C and

pi=2"z% 2™ with 0 <7y 4 85,0 +m; < k.

Since degp = 2k or 2k — 1, M, (n + k +d + 1) has size p = w; thus,
by (3.2),

¢
My (n+k+d+1)=> a;M,
i=1
where M; = [M,, (n+k+d+1)] . '

K

From (4.5)—(4.6) we have

(4.8) M(”+k+d+1):<3(n+k+d+1)* Cn+k+d+1)

with

M(n+k+d) B(n+k+d+1)>

(4.9) Bn+k+d+1)=Mn+k+d) Wpika
and

(4.10) Cn+k+d+1)=Bn+k+d+1) Wyika.
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'LUZOZO7Z7L+1 .. .wZOZO7Z]Z’rL+17j- .. wZoZO7Zn+1
Wz071 gn+1 Wzo0z1 zn+1
Wz 70 zn+1 Wz 70 Zn+1
Wzoz2, zn+1 Wzoz2 Zn+1
U)ZZ,Z”‘*'l (wZZ,Z”‘H
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FIGURE 1: W =W, 4
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Our next goal is to obtain a matricial description of M;. Recall that M,(n+k+d)

has size o0 X0, where o = w, and that M, (n + k + d + 1) has size px p,

where p = w. Now Theorem 3.5 implies that M; is the compression of

M (n + k + d + 1) to columns indexed by the first p multiples of Z" Z% and to rows
indexed by the first p multiples of Z™: Z%. In particular, it follows from Theorem
3.5 that [M;], = [Mp, (n+ k + d)]_, the compression of M (n + k 4 d) to columns
indexed by the first o multiples of Z™ Z% and rows indexed by the first o multiples
of Z™i Z' . We may thus denote the p x p matrix M; as

b (P )
B, (n+k+d+1) Cp(n+k+d+1)
whence
i ekan (ST, B )
where
(4.13) My(n+k+d) =) a[My, (n+k+d),,

(4.14 By(n+k+d+1)=Y By, (n+k+d+1),

) =
) ) =
(4.15) By(n+k+d+1)=Y B, (n+k+d+1),
(4.16) Co(ntk+d+1)=> a;Cp (n+k+d+1).
From Theorem 3.5,

[Mpi (’I’L +k+ d)]a - [Zm’izl'i;o,g]M (’I’L +k+ d) [Z"iZSi ;0,0’] ;
in particular, the columns of this matrix are indexed by
Zrtzste (0< f+g<n+d).

Thus, from Theorem 3.5, By, (n+ k+d+ 1) is the compression of M(n+k+d+1)
to columns indexed by the next p— o (= n+d+2) multiples of Z" Z% and to rows
indexed by the first o multiples of Z™: Z%. The columns of B,, (n + k + d + 1) are
thus indexed by

Zrtzet (f+g=n+d+1),

so that
(4.17)

By (n+k+d+1)= [Z2miztis0 a]M (n+k+d+ 1)[2” Z%imtd+14ritsi,p—0o] °
Similarly, we also have

(4.18)
BII) (TL+ k+d+ 1) [Zm i Zliyn4d+14+m+1i,p— U]M(TL"‘ k+d+ 1)[ZT Z%i Oa]

and
(4.19) Cp, (n+k+d+1)
= [Z""iZli;n+d+1+mi+li,pfo']M (n+k+d+ 1)[21 Z%in+d+14ri+sip—0]
We assert that
(4.20) By, (n+k+d+1)=[Mpy, (n+k+d)] Wiy
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To prove (4.20), let r:=1r;, s:=s;,  :=l;, m :=my, so that r + s,l + m < k. The
columns of [Mzr,s.z1,m (n+ k + d)]  are indexed by

VAVAN AV ASRNY ARV AN A AL R ARl A
and the columns of Bzr s z1,m (n+ k + d+ 1) are indexed by
(4.21) Zrgstntdtl | Zrintdtlgs

Claim. For 0 < j<n+d+1,

7r+j 7s+n+d+1—75
2"z 7 in CBZV,.ZS,5127,L(n+k+d+1)

coincides with
73 gntd+l—j i C[Mp,;(nJrker)]oWn,d'
We may denote the columns of [M,, (n + &k +d)] Wy q in the same way as we
index the columns of W, 4, i.e.,
ZizmHtml (0<j<n+d+1).

Case 1. 0 < j <n+ 1. Direct calculation shows that in C[METZSAlem (nthtd)], Wa,a?
(4.22) ZIZ"HNT = wz050 zignir-i 272N+ w0 g1 i g3 27 25T

Zr-l—lZs—i-d ZrZs+d+2

+ Wz 70 75 gn+1-j
ZT+1Zs+d+1

+ Wzoz2, 7izn+1-j

Zr-l—QZs-i-d

+wZZ,ZJ'Z"+1*J' +wZ2ZO7ZjZ7L+1—j

+ et Wz0gn Zignti—; Zrzstatn oy Wzn 70 7izn+1-j Zrtnzstd,
Let J:=n+1—j. If we express (4.1) as
Zizrt i =727 = 4,(2,2)  in Cagng,s
then Theorem 2.1 implies that in Caz(n4rtd+1),
AR A N VAV AN VAR
From (4.1),

qJj (Z, Z) = 'LUZOZO7Z-1L+1—JZJ1 + wZ7Z_7L+17JZJZ + wZ7Z’IL+17JZJZ

=+ 4 wZOZn,’Zn,-{—l—JzJZn =+ 4 wZnZO,Zn-{—l—JZJZn
= wZOZO,ZJ'Z”‘H—jI + U)Z7Z_jZn+1—jZ + U)Z,ZjZn-{-l—jZ

4+t wZOZ",ZJ'Z"H*J'Zn 4+t U}ZnZ{),ZjZnJrlszn)

whence, in Cpz(n4ktd+1);

(423) Zr+st+d+n+1—j = wzozo7ZjZn+l—jZTZS+d

Zs+d+1 +1 Zs-‘rd

+wZ,ZjZn+1—jZT +wZ7Z_jZ7L+17jZT

+ -4 Wz0zn Zizn+1-i Z7 zstdtn 4+ -4 Wzn 70 Zi zn+1-j VAR ASLS
When (4.23) is compressed to rows indexed by the first o multiples of Z™mZ!

we obtain (4.22); thus ZrHZstdtn+1=i in Cp ', ikias1) coincides with

73 gntd+1—j ;
2z m C[Mgrzs.gzzm(n+k+d)]awn,d~
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Case 2.n+1 < j < n+d+1,d > 1. We express ZJZ"td+t1=J in
C[M, o (nthdd)] W S follows. Let u :== j—n—1,1 < u < d. Then

Z3gzntdtl=j = zntltugd—u and by direct calculation, this equals

(4.24) wgog0 gn1 272N fwy g 2T Z5 AU

ZrJrqulZerdfu ZrJrquerfquQ

+ Wz Zn+1
ZrJrqul Zs+d7u+1

+ Wz2 Znt1

ZrJrquZZerdfu

+Wzz Zn+1 +Wz2 gnt

ZrJrquerfqun + ZrJrqunZerdfu.

b Wy e o Wgn e

Now, if we express (4.3) as Z"+! = f (Z, Z), with f (2, 2) i= wy gnt1 + Wy gnirz +
Wz gnt1Z + F Wyn zna1 2" + -+ Wgn zn1 2", then in Carnykydsr),
(4 25) ZrJerernerJrlfj _ Zr+u+n+lzs+d7u
_ (ZrJruszrdfuf) (Z, Z)
= Wy zn+1 ZrTugstdTu g g 27T AR
+ -t Win Znt1 ZTJrqunZSer*u,

which coincides with (4.24) after compression to rows indexed by the first o multi-
ples of Z™Z!.

This completes the proof of the Claim.

Since Zrtizstntd+1=i ig the j-th column of Bsr,esiym (n+k-+d+1) and
Z3ZmHdH1=3 s the j-th column of [My, (n+k+d)], Wn4, 0 < j < n+d+ 1,
it now follows that (4.20) holds.

We next assert that

(4.26) B, (n+k+d+1)=By (n+k+d+1)"
=Wy alMy, (n+k+d)],.
From (4.20), By, (n +k+d+1) = [M,, (n+k + d)], Wy, 4, and thus
By, (n+k+d+1)=[Mp, (n+k+d)], Wna
[(My, (n+k+d)"] Wna

Pi
(M, (n+ k+ d)]; Wh.a,

whence

By, (n4+k+d+1)" =W ;[My, (n+k+d), .
To complete the proof of (4.26), it suffices to show that
(4.27) B, (n+k+d+1)" =By (n+k+d+1).
From Lemma 3.3 and (4.18), and since M (n + k+d + 1) > 0, we have

By, (n+ ki +d+1)" = (| gt astsm st o] M 04+ d+ Dz g1

c00)M (n+k+d+ 1)fzmizli;n+d+1+mi+li,p—a]

702

[ZTi ZS’L';O,U]M (n +hk+d+ 1>[Z"’L Zli;n+d+1+mi+li,pfo']
By, (n+k+d+1)

(by (4.17) applied to f; = 2™zl - 7% 270).
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[Mp"' (n+k+d)]a : Zri+u r7si+v
B, (n+h+d+1) are indexed by Z A 0<u4wv<

n + d) and the columns of (?EZJJ::IZES) are indexed by Z"iTuZsit (y + v =

n+d+1) (c¢f (4.17)-(4.19)), it follows from (4.11)—(4.25) (especially (4.23) and
(4.25)) that

Since the columns of (

[Mpi(n+k+d)]g W — Bpi(n+k+d+1)
B, (n+k+d+1)) "™ " \Cp (n+k+d+1))’

whence (4.12) implies

My,(n+k+d _(By(n+k+d+1)
(4.28) (Bz’)(n+k+d+1)>W”’d_(Cp(n+k+d+1) :

Now (4.15), (4.26), and (4.13) imply
By(n+k+d+1)=> ;B (n+k+d+1)

=Wy i [M, (n+k+d),

= W;,de (n +k+ d) )
whence (4.12) and (4.28) yield
B M, (n+k+d) My(n+k+d) W, q
Mp(n+k+d+1)= (W;’de (n+k+d) W My(n+k+d) W,

which is (4.7); in particular, since M, (n +k+d) > 0, then M, (n+k+d+1) is
a flat, positive extension of M), (n + k + d). This completes the proof of Theorem
4.3. (|

Proof of Theorem 4.1. Assume first that p is a rank M (n)-atomic representing
measure, with supp 4 C K,,. By [CuFi4, Theorem 5.13], M (n) admits a flat exten-
sion M (n + 1), which in turn gives rise to a unique flat extension M (o0). By Theo-
rem 2.1 (or [CuFi4, Corollary 5.14]), associated to M (oc0) there is a unique measure
v=v(M[n+1]), with cardsuppv = rank M (n 4+ 1) = rank M (n) = card supp p.
Since M (o00) [] is a flat extension of M (n) with representing measure y, it follows
that ;o = v. Thus p is a representing measure for M (n + k), and since supp u C K,
(3.3) implies that M, (n+ k) > 0.

Conversely, suppose M (n) admits a flat extension M (n+1) for which
M, (n+k) > 0 (¢f. Theorem 2.1). Repeated application of Theorem 4.3 implies
that M, (c0) is a flat (positive) extension of M, (n + k). Thus, for f,g € C|z, Z],
we have

(4.29) A, (£9) = (M () £,9)
and
(4.30) A, (pf7) = (M, (00) £.9).

From [CuFi4, Theorem 4.7], there exists a unique representing measure for M (o),
which is rank M (n)-atomic, say

T
p=y pide,
=1
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where 7 :=rank M (n), p; > 0, z; € C.
Thus

(4.31) <M(OO) A7§> = /fédu => pif (z,%) 7 (2, %)
and
@) (M) f.a) = [pradn=3" o (n) £ (a9 G ).
Fixig, 1 < iy <r,andlet f = f;, € C|[z] denote a polynomial such that f;, (z;,) =1
and fi, (z;) = 0 for j # ip. Since M, (c0) > 0,
0 S <M;D (OO) f? f> = PigP (Zioazio) .
Since p;, > 0, it follows that p (z;,, Zi,) > 0. Thus supppu C K, ={z:p(z,z) > 0}.
Now pdp > 0, and (4.32) shows that M), (c0) is the corresponding moment ma-
trix [CuFi4, Theorem 4.7]. By [CuFi4, Chapter 4], it follows that card supp pdu =
rank M), (c0); similarly, rank M (co) = card supp . Now
supppdp = {2z; € supp p : p (2, %) > 0} =suppp \ Z (p).
We thus have
rank M (n) — rank M, (n + k) = rank M (c0) — rank M, (c0)
= card supp p — cardsupp pdu
= cardsupppu N Z (p);

thus p has rank M (n) —rank M), (n + k) atoms in Z (p). The proof of Theorem 4.1
is now complete. O

For the reader’s convenience, we now restate Theorem 1.6, which is an immediate
consequence of Theorem 4.1 and its proof.

Theorem 4.4. There exists a rank M (n)-atomic representing measure for
v supported in Kp = {2€C:p;(2,2)>0,1<i<m} if and only if
M (n) > 0 and there is some flat extension M (n+ 1) for which My, (n+k;) > 0
(1 <i <m). In this case, the measure v[M (n+ 1)] is a rank M (n)-atomic rep-
resenting measure supported in Kp, with precisely rank M (n) — rank M), (n + k;)
atoms in Z (p;) (1 <i<m).

We illustrate Theorem 4.1 with a particular quartic moment problem for the
closed unit disk.

Example 4.5. Let

M=M(2)
2 7 —1 1 0
—1 1 0 a+% —t _ i
i 1 a+i a+i _ i
—% a—3 c —z(a—%)—i—c —2i(a—%)—|—c
1 a+s35 a—3 i(a—l—%)—i—c c —i(a—%)—l—c
0 a+35 a+3 2i(a+%)+c i(a—i—%)—i—c c
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We will describe the rank M (2)-atomic representing measures supported in the
closed unit disk D. With o = —i, 8 = 1, we have

(4.33) Z=al+ B2, 272 =aZ+ BZ% Z%=a’1+2aBZ + 222

Now [M], > 0, and [M], (> 0) is a flat extension of [M],. Let r = —i(a+ %),
s =2(a+1%), so that [Z?] 3 = r[1]3) + s[Z];. Thus [M], > 0 if and only if
c>r-0+s(a—%) =2a>+ 1. With ¢ > 2¢®> + 1, [M]; > 0, since [M]; is a flat
extension of [M],, and M = [M], > 0, since [M]; is a flat extension of [M]; (by
4.33).

We consider first the case when M (2) > 0 and rank M (2) = 2, i.e., ¢ = 2a* + 1.
In this case, 7 is of flat data type, so [CuFi4, Corollary 5.14] implies that there
exists a unique representing measure u, which is 2-atomic. Let p(z,2) := 1 — zZ.
Since M (2) is a flat extension of M (1), Theorem 4.1 implies supp 1 C D if and only
if M, (2) > 0, and a calculation shows that this occurs precisely when a? < % If
a’ = %, rank M, (2) = 1, so there is one atom on the unit circle, while if a? < 1—12,
rank M), (2) = 2, so both atoms are in the open unit disk.

Now let ¢ > 2a? + %, so that M is positive, rank M = 3, and M is recursively
generated (by (4.33)). Since Z = a1 +3Z, it follows from [CuFi5, proof of Theorem
2.1] that any flat extension M (3) of M (2) is completely determined by a choice of
723 of the form
(434) Y23 = %@722 + % = %C - % (t S R)

It follows from Theorem 2.1 that in any such flat extension M (3) [t], there exists a
column relation of the form

73 = col + a2+ 02Z2,
where
(4.35) (1,2,22yM (2) {4 7,72y (co, c1, c2)" = (703,713, 723)" -
We have
_ 2a+8d® —12ac—2t i (1+4a® - 6c+8c* +dat)

= 4(1+ 4a? —2¢) +4 (14 4a%—2c¢) ’
_i(4ac+1) 2 (—c+2c¢? + at)

DT a2 r2c T (C1-4a?+20)

oy — i (3+12a% — 6c) (8ac + 2t)

2 (1+4a®—-2¢) 2(1+4a®—2¢)’

and the support of the representing measure p; corresponding to M (3) [t] consists
of the three distinct roots of

gt (2) = 2% — (co+c1z+ 0222) )

We seek to characterize when supp p; is contained in the unit disk. From (4.33),
in Cps(3)[y) we have

(4.36) 727 =aZ?+37° and ZZ%=o’Z+2ap2% + 3273
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Since, by Theorem 3.5,

N=M,@3)= {1,Z,Z,Zz,ZZ,Zz}M (3){1,2,2,22,22,22}

- {2,22,22,23,222,222}M (3){2,22,22,23,222,222} )

it follows from (4.33) and (4.36) that the first, second, and fourth columns of N
span Cy. Thus, to establish N > 0, it suffices to show Ny 543 > 0. Now [N]; >0,
and [N], > 0 if and only if det [N], = 3 —a? — ¢ > 0.

3_ 2

We first consider the case ¢ = 7 — a. In this case, Ny 54y > 0 if and only if

t = 75%74“3, whence N > 0 and rank N = 1. Theorem 4.1 implies that u; has 2
atoms on the unit circle and one atom in the open disk.

Next, suppose % —a?—c¢>0 (ie, rank M, (3) > 1); thus 2a” + % <ec< % —a?,
which entails a® < % Thus, under these conditions, N > 0 < det Ng; 243 > 0. A

At’4+Bit+C

32(114a® —2¢)° where

calculation shows that det Ny 43 =

1
A=4-48a> (>0, since a* < ﬁ)’

B = —64a — 256a> + 256ac — 192ac?,
C = —27 — 212a® — 400a* + 64a% + 180¢ + 736a°c + 64a’c
— 444¢% — 560a°c? + 480¢ — 192¢*.

Now § := B2 — 4AC = 48 (—1 — 4a® + 20)2 (—3 +4a® + 40)2 > 0, and since A > 0
and 1 + 4a® — 2¢ < 0, it follows that N > 0 if and only if t; < t < ty, where
t1 = %1_4\/5 and ty = #; moreover, rank M, (3) = 3 if t1 < t < ty and
rank M, (3) =2 if t = ¢; or ¢t = to.

Theorem 4.1 implies that if ¢t; < ¢ < to, then supp y; is contained in the open
disk, while if ¢ = ¢ or t = t5, u; has two atoms in the open disk and one atom on

the unit circle. We illustrate this with a = i, c= %, whence t; = —7(85—;228\/5) and

—854+2v3 33 i 3i
tgzi( 58 ) Fortz—%—%,wehavecozﬁ—%, C1=%—§7 62=§+%;
zo ~ 0.8465 + 0.5i, 21 = —0.5 4+ 0.54, 2o ~ —0.2215 + 0.54; pg ~ 0.501717, p1 = %,

pa ~ 1.16495. For t = by, cg = —= (6 + i+ (14 2i) V/3), ¢ = L=HIH20V5 )

(1202v8) - 0.836768 + 051, 2, ~ —0.866025 + 0.5i, 25 ~ —0.278755 + 0.5i;

in this case, |z1] = 1, |20],|22] < 1. H

5. TRUNCATED K-MOMENT PROBLEMS IN R

In this section we adapt Theorem 4.1 and Theorem 4.4 to the context of trun-
cated moment problems on the real line, and we thereby obtain new characteriza-
tions for solubility in the truncated moment problems of Stieltjes (K = [0, +00)),
Hamburger (K = R), and Hausdorft (K = [a,b]) [CuFil], [KrNu], [ShTa]. For
moment problems in one real variable, the moment matrix corresponding to the
real truncated moment sequence 8 = B2 : By, ..., Ban, with By > 0, is the Hankel
matrix i (n) = (Biyj)o<; L j<an- Werecall the structure of a positive Hankel matrix
H (n) with = rank H (n) and columns 1,t,...,t".
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Theorem 5.1. (cf. [CuFil, Theorem 3.9], [Fil, Theorem 1.2], [Fi2, Theorem 4.2])
The following are equivalent:

(i
(i
(i

(5.1

) H (n) admits a positive extension H (n + 1);
) H (n) >0 admits a flat extension H (n+1);
) H(r—1) >0, and there exist (unique) real scalars ag, . ..,ar—1 such that
)

tr+s = OéOtS + te + Oérfltr—‘rs_l (O S S S L 7").

Let K C R; for the K-moment problem of 2™, a positive Borel measure
supported in K is a representing measure if 3; = ftj du (0 <j <2n).

In case the conditions of Theorem 5.1 hold, H (n) is recursively generated in
the sense of [CuFil]. Thus, if r < n, (5.1) implies that H (r) admits unique
successive flat (positive) Hankel extensions H (r+s), s > 1. If r = n+ 1 and
H (n) > 0, then corresponding to each choice of f2,4+1 € R, there exists a unique
flat extension H (n + 1), which in turn admits unique successive flat extensions
H(n+2),H(n+3),.... Thus, whether or not H (n) > 0 is singular, the flat ex-
tension H (r) of H (r — 1) admits a unique flat (positive) extension H (co), which
in turn admits a unique (r-atomic) representing measure (c¢f. Theorem 2.1).

For 0 < k < n and p € C[t], with degp = 2k or 2k — 1, there exists a unique
matrix H, (n) € M,,_g4+1 (R) such that

(5:2) (Hy(n)f.9) = A3 (pf5), degf.g<n—Fk

(where Ag (ZZ aiti) = >, a3, cf. (3.2)). Thus, if § admits a representing measure
w supported in K, = {t e R: p(t) > 0}, then H, (n) > 0. We have the following
analogue of Theorem 1.1.

Theorem 5.2. For 3 = (", let r := rank H (n) (3). Then 3 has an r-atomic
(minimal) representing measure supported in K, if and only if H (n) > 0 admits
a flat extension H (n+ 1) satisfying Hy (r — 1+ k) > 0 (relative to the unique
successive flat extensions H (r + 1), H (r+2),... of H (r) in the case k > 2).

Proof. Suppose H (n) admits a flat extension, so that H (r) admits unique suc-
cessive flat extensions H (r +s) (s > 1) (¢f. the remarks following Theorem 5.1).
Formal repetition of the proof of Theorem 1.1, applied to H (r — 1) instead of to
M (n), implies that if H, (r — 1+ k) > 0, then there exists an r-atomic represent-
ing measure p for H (r — 1) supported in K, (with precisely r —rank H, (r — 1 + k)
atoms in Z (p)). In the case when r < n, Theorem 5.1(iii) readily implies that p is
a representing measure for all of 32,

Conversely, if p is an r-atomic representing measure for 3, then H (n 4 1) [u] is a
flat extension of H (n), since rank H (n + 1) [¢] < cardsuppp = r = rank H (n) =
rank H (n) [u] < rank H (n+ 1) [u]; moreover, H (n+ 1) [u] has unique flat ex-
tensions H (n+14j)[u] (7 > 1). Thus, if supppu C K,, then (5.2) implies
Hy(r—14k)[u] >0. O

Using the preceding results, we can now sharpen existence theorems for the
truncated moment problems of Stieltjes, Hamburger, and Hausdorff presented in
[CuFil]. In [CuFil, Theorem 5.3] we proved that (™ has a represent-
ing measure supported in K = [0,400) if and only if H(n) > 0, L(n—1) =
(Viti+1)o<ivjri<on—1 = 0, and wpi1 = (Bptr, ... ,Bam)" € RanL (n—1); note
that L (n — 1) = H, (n).
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Theorem 5.3. Let r = rank H (n). The following are equivalent for 3™,

(i) There exists a representing measure for 3 contained in [0, 400).
(ii) There exists an r-atomic (minimal) representing measure for 3 contained in
[0, +00).
(iii) H(n) >0, L(n—1) >0, and wp+1 € RanL (n —1).
(iv) H (n) > 0 has a flat extension H (n + 1) satisfying Hy (n+ 1) > 0.
(v) H(n) >0 admits a flat extension H (n+ 1) satisfying Hy (r) > 0.

Proof. The equivalence (i)<(ii)<(iii) is contained in [CuFil, Theorem 5.3].
The equivalence (ii)<(v) follows from Theorem 5.2 (with p(x) = z, k = 1);
and clearly (iv)=-(v). It suffices to assume r < n and to prove (v)=(iv) in this
case. By Theorem 5.2 and the remarks preceding it, H (r) admits unique succes-
sive flat extensions (among them H (n+ 1)), and the resulting extension H (co)
has a unique representing measure, which is supported in [0, +00); in particular,
H,(n+1)>0. O

The truncated Hamburger moment problem, for measures supported in K = R,
corresponds to p (z) = 1, k = 0. Thus Theorems 5.1 and 5.2 immediately yield the
following result.

Theorem 5.4. (cf. [CuFil, Theorem 3.9]) Let 7 := rank H (n). Then B®™) has
an r-atomic (minimal) representing measure supported in R if and only if H (n)
admits a positive extension H (n+1).

([CuFil, Theorem 3.9] shows that the conditions of Theorem 5.4 are also equivalent
to the existence of a representing measure for 3*®) supported in R.)

We next consider the truncated Hausdorff moment problem, i.e., K = [a, b]; thus
p1(z) =b—x, pa(x) =z —a, k =1. In [KrNu] Krein and Nudelman proved that
B = B3 has a representing measure supported in [a, b] if and only if

H(mn)>0 and (a+bL(n—1)>abH(n-1)+J(n—1),

where J (n — 1) = (’yiJFj):l,j:l' It is straightforward to check that the latter inequal-
ity is equivalent to the condition Hy,p, (n) > 0. Alternately, Theorem 5.1, and an
obvious extension of Theorem 5.2 to general semi-algebraic sets, yield the following
criterion.

Theorem 5.5. Let r :=rank H (n). Then 3™ has an r-atomic (minimal) repre-
senting measure supported in [a,b] if and only if H (n) > 0 admits a flat extension
H(n+1)and Hy,, (r) >0 (:=1,2), ice., bH (r — 1) > Hy (r) > aH (r — 1).

Concrete conditions (in terms of the ;) for the existence of such a flat extension
are given in [Fil]. In [CuFil] we proved that ™ has a representing measure
supported in [a, b] if and only if there is an r-atomic representing measure supported
in [a,b], and that this occurs if and only if H (n) > 0 admits a flat extension for
which bH (n) > H, (n) > aH (n); Theorem 5.5 thus refines this result in the case
when r < n.

Added in Proof. For the Full Complex K-Moment Problem we would like to
mention recent work of M. Putinar, B. Reznick, J. Stochel, F. Szafraniec, and
F.-H. Vasilescu, in which new necessary and sufficient conditions for the existence
of representing measures are presented ([PuVal], [PuVa2|, [Rez], [StSz1], [StSz2],
[Val], [Va2]). For instance, a rather concrete Riesz-type condition is obtained in
[PuVal], when K is a compact semi-algebraic set. This work, together with the
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results in [PuVa2], is partially motivated by a new proof of the representation of
a polynomial positive in K as a sum of squares of rational functions, allowing as

denominators only powers of 1+ |z|2, a fact also reproved, using different techniques,
in [Rez].
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