THE TRUNCATED K-MOMENT PROBLEM: A SURVEY
LAWRENCE A. FIALKOW

ABSTRACT. Let K denote a nonempty closed subset of R™ and let g = (™) =
{ﬁi}iEZi,MSma Bo > 0, denote a real n-dimensional multisequence of finite degree

m. The Truncated K-Moment Problem (TKMP) concerns the existence of a positive
Borel measure p, supported in K, such that

&:/‘ﬂwan$|HSm>

In this survey we describe a number of interrelated techniques for establishing the
existence of such K-representing measures. We discuss representing measures aris-
ing from K -positivity of the Riesz functional associated with 3; measures arising
from flat extensions of positive moment matrices; connections between TKMP and
the classical Full Multivariable K-Moment Problem; Tchakaloff’s Theorem and its
generalizations and applications to TKMP; and connections between TKMP and
optimization problems, via semidefinite programming.

1. INTRODUCTION

Let § = g™ = {@}iezmﬂgm, Bo > 0, denote a real n-dimensional multise-
quence of finite degree m, and let K denote a closed subset of R". The Truncated
K-Moment Problem for 5 (TKMP) concerns the existence of a positive Borel measure
1, supported in K, such that

(1.1) @:Aﬁw@emqmgm.

(Here, for z = (21,...,2,) € R* and i = (i1,...,1,) € ZT}, we set [i| =iy + -+ + iy
and ' = 2% ---2i*.) A measure p as in (1.1) is a K-representing measure for j3; for
K = R", we refer to TKMP simply as the Truncated Moment Problem (TMP) and
to p as a representing measure. In the sequel, we usually assume m is even, m = 2d,
so the moment data completely define a moment matriz My, as described below. By
a concrete solution to the truncated K-moment problem we mean a set of necessary
and sufficient conditions for K-representing measures that can be effectively applied
in numerical examples. For a given K, concrete solutions, valid for all d > 1, are
known only in a few cases. These include, for n =1, K = R, [0, +00), and [a, b] (cf.
[6]), and for n = 2, when K is a curve p(z,y) = 0 with deg p < 2 (cf. [11] [13] [15]),
and for certain curves of higher degree [23]. Concrete solutions are also known for
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sequences whose moment matrices have special features, e.g., in the case of flat data
(cf. Section 3).

TKMP is motivated in part by the much-studied K-Moment Problem (KMP)
(or Full K-Moment Problem) for 3(®) = {Bitiezn (cf. [1] [2] [5] [34] [43] [50] [51]
[52] [57]). A result of J. Stochel [55] shows that a solution to TKMP actually implies
a solution to KMP: B(®) has a K-representing measure if and only if 3™ has a
K-representing measure for every m > 1 (cf. Section 4). Additional motivation
for TKMP comes from its diverse applications, e.g., to subnormal operator theory,
polynomial optimization and positive polynomials, control theory and Nevanlinna-
Pick problems, and signal processing, among others. Some of these applications are
described in several recent surveys and monographs (cf. [32] [36] [37]). The classical
Riesz-Haviland Theorem solves KMP in terms of K-positivity of the Riesz functional
associated to 3> (cf. Section 2). In the sequel we discuss the extent to which K-
positivity can be adapted to TKMP (Sections 2, 5, and 6). In many cases it is difficult
to directly verify K-positivity in TKMP, so we discuss an alternate approach based
on moment matrix extensions (Section 3). Several other recent approaches, based
on semidefinite programming [31] [29], or on algebraic geometry and convex analysis
[4], are largely beyond the scope of this survey, although we mention these directions
briefly and include some relevent references. The paper is organized as follows:
Section 2: Representing measures from K-positivity
Section 3: Representing measures from flat extensions of positive moment matrices
Section 4: From the truncated moment problem to the full moment problem
Section 5: Tchakaloff’s Theorem: generalizations and applications
Section 6: Strict K-positivity, the core variety, and positive definite moment matrices
Section 7: TKMP and optimization methods.

2. REPRESENTING MEASURES FROM K-POSITIVITY.

In this section we discuss the role of K-positive Riesz functionals in moment
problems. Let R[z] = Rlxq,...,z,] and for 0 < m < 400, let P, = {p €
R[z], deg p < m}. For B = B the Riesz functional Ls : P,, — R is defined

by

€27 i[<m

If pu is a K-representing measure for 5 and p € P, satisfies p|x > 0, then Lg(p) =
pr dp > 0, so in this sense Lg is K -positive; for K = R", we say simply that Lg is
positive. In the Full K-Moment Problem for 5 = 3(°), a classical theorem of M. Riesz
(n =1) [46] and E.K. Haviland (n > 1) [30] provides a solution to KMP expressed in
terms of K-positivity of the associated functional Lg : R[z] — R.

Theorem 2.1. (Riesz-Haviland Theorem) 3 = B°) has a K -representing measure if
and only if the corresponding functional Lg is K-positive, i.e., for p € Rlzy,. .., x,],

if pli > 0, then Lg(p) > 0.
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In the sequel we will be concerned with the extent to which Theorem 2.1 admits
an analogue for TKMP. Our immediate concern, however, is to illustrate how Theorem
2.1 can be used in some cases to obtain “concrete” solutions to KMP, i.e., solutions
expressed in terms of positivity of matrices closely associated with (>, For p =

Z a;x" € Rlz], let p = (a;) denote the coefficient vector of p relative to the basis
i€z
B of monomials in R[z] in degree-lexicographic order. Following [7] [10] [14], we
associate to 8 = () the moment matriz My, = M. (3), with rows and columns X*
indexed by the elements z* of B. The entry in row X*, column X7 of My is S,
(i, € Z), so My is a real symmetric matrix characterized by (Mp,q) = Ls(pq)
(p,q € Rlz]). If Lg is positive (in particular, if 5 has a representing measure), then
(Mwp,p) = Lg(p?) > 0, and since M., is real symmetric, it follows that M, is
positive semidefinite (M, = 0).

For a first application of Riesz-Haviland, consider the classical theorem of Ham-
burger for K =R (cf. [2]):

Theorem 2.2. (Hamburger’s Theorem) Let n = 1. 3 = 3°) has a representing
measure supported in R if and only if My > 0.

Proof. Suppose M., = 0. It is well-known that if p € R[x] satisfies p|g > 0, then
p = u? + v? for certain polynomials v and v [40]. Thus Lg(p) = Lg(u?®) + Lg(v?) =
(Myu,u) + (Mxv,v) > 0, whence Lg is positive. The existence of a representing
measure now follows from Theorem 2.1. U

We next consider the theorem of Stieltjes for K = [0, +o0) (cf. [2]), but for
this we need additional notation. Given 8 = ), set M = M (3). For p € Rz],
we define the localizing matric M®, with rows and columns X* indexed by the
monomials in B, as follows:

(MPF.3) = Ls(pfg) (f, 9 € Rla]).

Note that for p = 1, M® = M. If 8 has a representing measure p supported in
S, = {z € R" : p(x) > 0}, then for f € R[z],

~

(MW F, ) = La(pf?) = / pf*dp >0,

SP
so M® = .

Theorem 2.3. (Stieltjes’” Theorem) Let n = 1 and K = [0,4+0c). 8 = ) has a
K -representing measure if and only if M = My (B) = 0 and M® = 0.

Proof. Since the necessity of the conditions is clear, we focus on sufficiency, and we
suppose that M >= 0 and M@ > 0. It is known that if p is a polynomial satisfying
Pl 400) > 0, then there exist polynomials r, s ,u, v such that p = 72+ s° + z(u® 4+ v?)
[40]. Now Ly(p) = Ls(r) + Ls(s?) + La(eu?) + Ly(wv?) = (MuF,7) + (M5 5) +
(M@T,0)+(M®7, %) > 0. Thus Lg is K-positive, so the result follows from Theorem

2.1. U
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Our next application of Riesz-Haviland concerns the theorem of K. Schmiidgen

[50] for the case when K is a compact basic semialgebraic subset of R". Let P =
k

{p1,...,pr} C R[z] and consider the basic closed semialgebraic set Kp = ﬂ Sy, Let
i=1

Z ={0,1}* and for I = (iy,...,i) € Z, let Pr:= p}' ---p*. The following result of

Schmiidgen provides a concrete solution to KMP in the case when Kp is compact.

Theorem 2.4. (Schmiidgen [50]) Assume that K = Kp is compact. Then (8 = 3(>)
has a K-representing measure if and only if the localizing matriz MF1) is positive
semidefinite for each I € L.

The original proof of Theorem 2.4 in [50] did not employ Riesz-Haviland. To
prove Schmiidgen’s Theorem via Riesz-Haviland, we require the following character-
ization of the polynomials that are strictly positive on Kp.

Theorem 2.5. (Schmiidgen’s Positivstellensatz [50]) Assume Kp is compact. If p|k,
18 strictly positive, then

p=> P> ("))

IeT j=1
where each f]m 1 a polynomial, i.e., p is a weighted sum of squares with weights P;.

Proof of Theorem 2.4. The necessity of the condition is clear. For sufficiency, suppose
that a polynomial p is strictly positive on Kp. From Theorem 2.5 we have

—

= Lyl PIZf“ =3 Py >0,

IeT 1T j

For p|x > 0, we may apply the preceding to p + € (¢ > 0) to conclude that Lg is K-
positive, whence Riesz-Haviland implies the existence of a K-representing measure.
O

Although Theorem 2.4 is concrete, it does entail 2* positivity conditions. A result of
M. Putinar [41] reduces the number of positivity conditions to just & under a mild

additional hypothesis. Consider the quadratic module associated with P: Qp =
k

{so + Z sipi }, where each s; is a sum of squares of polynomials.
i=1

Theorem 2.6. (Putinar [41]) Suppose Kp is a compact basic semialgebraic set such
that

(2.1) S, is compact for some q € Qp.
Then each polynomial p that is strictly positive on Kp belongs to Qp, i.e., p admits
k

a representation p = Sg + E s;p; for certain sums of squares sg, ..., Sk.

i=1
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Note that (2.1) holds, in particular, if some S,, is compact. Further, since
Kp is compact, there exists N such that ||z||*> < N for all x € Kp. If we add to the
presentation of Kp the polynomial py,; := N —||z||?, then, as a set, Kp is unchanged,
but (2.1) now clearly holds. In view of Theorem 2.6, it is clear that if (2.1) holds,
then the positivity of M and of the localizing matrices M®) (1 < i < k) are sufficient
to imply the existence of a Kp representing measure via Riesz-Haviland.

We next begin to examine the extent to which the techniques related to Theorem
2.1 can be adapted to TKMP, and for this we require some additional notation.
Following [7] [10] [14], we associate to 3 = B??) the moment matriz My = My(3),
with rows and columns X° indexed by the monomials in P; in degree-lexicographic
order. The entry in row X*, column X7 of My is Biy; (1,5 € 22, ||, ]j] < d), so My
is a real symmetric matrix characterized by (Myp,q) = Ls(pq) (p,q € Pa). If Lg is
positive, then (Myp,p) = Lg(p?) > 0, so M, is positive semidefinite (M, = 0).

For p(z) = Y a;x* € Py, we define an element p(X) of Col My, the column
space of My, by p(X) := > a;X"?, and a calculation shows that p(X) = Myp. We also
set Z, :={x e R": p(z) =0}.

Proposition 2.7. ([7, Prop. 3.1]) If 8 = B®?) admits a representing measure i, then
for p e Py, supp n C 2, <= p(X) =0.

Proof. p(X) = 0 <= Myp = 0 < (Myp,p) = 0 (since My = 0) < Ls(p?) =
0 <= [p*du =0 <= plsupp , = 0. O

Suppose 4 is a representing measure for 3 = B?% and p(X) = 0, so that
Dlsupp » = 0. If ¢ is a polynomial such that deg p+deg g < d, then since (pq)|supp » = 0,
it follows from Proposition 2.7 that (pg)(X) = 0 in Col M,. We say that M, is
recursively generated if whenever p, ¢, pg € Py and p(X) = 0, then (pg)(X) = 0. The
preceding shows that positivity and recursiveness of My are necessary conditions for
representing measures.

Now let n =1, K =R, d =2, and let M5(8) be given by

(2.2) (a<b)

Q@ 2 2
2 2 2
[Sp RS NS

[16, Example 2.1]. Since M, = 0, and since each polynomial that is nonnegative on R
is a sum of squares of polynomials, it follows exactly as in the proof of Hamburger’s
Theorem that Lg is positive. However, since Ms is not recursively generated (X = 1,
but X2 # X), we see that there is no representing measure. Thus, the most direct
analogue of Riesz-Haviland for TKMP is not valid: even in a case where the proof of
K-positivity procedes exactly as in KMP (via sums of squares), the conclusion that
a representing measure exists may fail.

In the preceding example we were able to apply sums of squares methods to
establish K-positivity. However, in many truncated moment problems, even this
step may be difficult to carry out. Let n = 2 and 8 = B©). Consider the case

K=D=38_, the closed unit disk in the plane. To establish K-positivity of
5
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Lg, we consider p € Py satistying p|x > 0. According to Theorem 2.5, there exists a
representation of p as

(2.3) p=)_f+0-2"=y")) g
where the f; and g; are polynomials. If we were to mimic the proof of Theorem 2.4,
we would then compute Lg(p) = Y. Lg(f7)+>. Lg((1—2*—y?)g?). However, a result
of C. Scheiderer [48] shows that for d > 3 and N > 2d, there exists p = pgny € Poa
such that p|x > 0, but some f? or some g7 has degree greater than N, so Lg(f?)
or Ls((1 — 2% — y?)g?) is undefined. This lack of degree-bounded representations is a
fundamental obstacle to applying the K-positvity techniques of KMP to TKMP.
Despite the preceding difficulties in adapting Riesz-Haviland to TKMP, there
is an appropriate analogue, as we next describe.

Theorem 2.8. (Truncated Riesz-Haviland Theorem [16]) Let f = B@Y or g8 =
p=n g has a K-representing measure if and only if B admits an extension to
a sequence B = B2 such that L is K-positive.

Theorem 2.8 is not, by itself, a concrete solution to TKMP because, as dis-
cussed above, it may be very difficult to verify K-positivity. Several authors have
addressed this issue from a variety of viewpoints. For K compact and semi-algebraic,
Helton and Nie [31] developed an approach to K-positivity of Lg based on semidefi-
nite programming. Extending this approach, the author and Nie showed in [29] that
Lg is positive if and only if the optimal values for an infinite sequence of semidefinite
programming problems associated to § are all nonnegative (see also [39]). In another
direction, Vasilescu [59] has studied TMP using techniques from function spaces and
C*-algebras. Recently, G. Blekherman [4] used methods of algebraic geometry and
convex analysis to prove a remarkably general result, part of which we paraphrase as
follows.

Theorem 2.9. (c¢f. Blekherman [4]) If d > 3 and rank My < 3d — 3, then Lg is
positive.

Blekherman’s result is actually stated in terms of existence of representing measures
in the Homogeneous Truncated Moment Problem (HTMP) (cf. Theorem 6.13 below).
By combining Theorem 2.9 with Theorem 2.8, we have the following concrete sufficient
condition for representing measures.

Corollary 2.10. If d > 3 and rank My < 3d — 3, then 2%V has a representing
measure.

Finally, we note that although, in general, there is a gap between K-positivity
and the existence of K-representing measures, this gap vanishes in the sense of ap-
proximation, as the following result shows.

Theorem 2.11. (cf. [27]) Let B = ™). Lg is K-positive if and only if 3 (viewed as
an element of RY™ Pm ) is the limit of multisequences B [k] (k > 1) each of which

has a K -representing measure . In this case, B; = klim a'duy (i] < m).
—00
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3. REPRESENTING MEASURES FROM FLAT EXTENSIONS OF POSITIVE MOMENT
MATRICES.

The results of Section 2 for TKMP that are based on K-positivity have two
disadvantages. One is the difficulty in verifying K-positivity that we have previously
discussed. The other is that the K-positivity results, based on convex analysis, yield
the existence of representing measures, but provide no means for constructing them.
In the present section we discuss some results which permit the construction of finitely
atomic representing measures without recourse to K-positivity. Let V = V(M)
denote the algebraic variety corresponding to My, ie., V = ﬂ Z, (where

PEP4,p(X)=0
Z, = {z € R" : p(zr) = 0}). It follows from Proposition 2.7 that that if p is a
representing measure for 3, then supp u C V (M), whence

(3.1) r=rank My < card supp p < v = card V(M) (cf. [7,Cor. 3.7]).

We refer to the necessary condition rank My < card V(M,) as the variety condi-
tion. In the sequel we will cite the following basic existence theorem of [7] [14] for a

“minimal” representing measure, a representing measure u satisfying card supp p =
rank My.

Theorem 3.1. (c¢f. Flat Extension Theorem [14, Theorems 1.1-1.2]) 8 = 8?9 has
a rank Mgy-atomic representing measure if and only if My > 0 and My admits
a flat moment matriz extension, i.e., a moment matriz extension My, satisfying
rank Mgy, = rank My. In this case, 3?2 admits a unique representing measure,
W= fiag,,, satisfying supp p = V(Mgy1) and card supp p = rank Mg. Further,
Myy1 admits unique successive positive moment matrix extensions Mgio, Mgyis, .. .,
and these are flat extensions.

Note that for the case of flat data (My = 0 and rank M, = rank M,_1), Theorem 3.1
(applied to M,_1) implies the existence of a unique (rank Mgy-atomic) representing
measure for 3%,

Suppose M, is positive and admits a flat extension My,;. The unique repre-
senting measure for M, referred to in Theorem 3.1 may be explicitly computed as
follows (cf. [14, Theorem 1.2]). Let r = rank M,, so that card V(My1) = r and
V(Mgy1) = {w;}_;. Let B={X" ..., X"} denote a basis for Col M, and consider
the Vandermonde-type matrix

wi' L wh
w’f S wi’“
Then W is invertible, and [14] shows that (2d+2) has the unique representing measure

K= fip,,,, of the form p = Z Pi0w,;, Where d,, denotes the atomic measure with
i=1
supp 0w, = {w;}, and p = (py,. .., pr) is determined by p = W=(8;,,...,5:,)T (here
7



and in the sequel, -7 denotes matrix transpose); in particular, p is independent of
basis B. Of course, p is also a representing measure for (.

We next recall some properties of positive moment matrix extensions that we
will refer to in the sequel. As we discuss in Section 4, a result of Bayer and Teichmann
[3] implies that if 5 = (2d) admits a K -representing measure, then 3 admits a finitely
atomic K-representing measure v. Since v has convergent power moments of all
orders, it follows that M, = M,[v] admits successive positive, recursively generated
moment matrix extensions, namely, Mgy [v], Mai2[v], . ... This leads to the following
solution to TMP, expressed in terms of moment matrix extensions.

Theorem 3.2. (Moment Matriz Extension Theorem [14, Corollary 1.4]) 3% has a
representing measure if and only if there is an integer k > 0 such that My admits a
positive moment matrix extension Mg,y which in turn admits a flat extension Mg gi1.

Upper bounds for k, derived from Theorems 5.1 and 5.3 (below) are given in [14],
but these are not very useful in practice. In the application that we discuss below
(Theorem 3.3), we have 0 < k£ < 1. In Section 7 we will discuss an analogue of
Theorem 3.2 for TKMP in the case when K is a basic closed semialgebraic set. The-
orem 3.2 was proved for finitely atomic representing measures in [14]; the preceding
formulation for general representing measures comes by combining the results of [14]
and [3]. Theorem 3.2 is not, by itself, a concrete solution to the truncated moment
problem, but it does provide a framework for obtaining concrete solutions in certain
cases. We will describe several such cases below, but we require some preliminaries
concerning positive moment matrices.

M B
BT C
[53] implies that M > 0 if and only if M > 0, there exists a matrix W such that
B = MW (equivalently, Ran B C Ran M [19]), and C = C* = WTMW (note that
C” is independent of W satisfying B = MW ). In this case, the matrix M* = [M; B] :=
( g/[T g, ) is a positive flat extension of M, i.e., M” = 0 and rank M’ = rank M.

Consider a moment matrix extension

Consider a real symmetric block matrix M= ( ) . A result of Smul’jan

Mg  Bgi:
Mg = .
o ( Biiy Can )
If My > 0, then My, is a flat (hence positive) extension of M if and only if By =
MyW (for some W) and Cyyy = C° = W MW equivalently, My, = [Mg; Bai1].
Suppose My = 0 and let p € Py; [21] implies that if p(X) = 0 in Col My,

then p(X) = 0in Col My, i.e., column dependence relations in M, extend to Myyq.
It follows that

(33) Md+1 0= V(Md+1) - V(Md)

In the sequel we will also require the following basic property of positive moment
matrices:

(3.4) M1 = 0= M, is recursively generated [7,Theorem 3.14].
8



Finally, for the planar case (n = 2), consider the block matrix decomposition
My = (Mi, j])o<ij<d, where M[i, j| is the matrix with ¢ 4+ 1 rows and j + 1 columns
of the form

Bitjio  Bivi—11 Bixj—22 .- Bij
/B’i+j71,1 /8i+j72,2 s /B’iij‘i’l
(3.5) Mli,j) = | Biti—22 o Bicggae
Bii  Bi—ii+v1 Bj—2i42 - Bo,i+j

Note that M[i, 5] has all of the moments in 3?9 of degree i+ j and has the Hankel-like
property of being constant on cross-diagonals; in particular, in the extension M1,
block Cyy1 = M[d + 1,d + 1] is a Hankel matrix. Further, blocks B[d,d + 1] and
Bl[d + 1,d + 1] are completely determined by the entries in columns X% and Y4+

To illustrate the moment matrix extension approach to TMP, we will discuss
the following result of [15].

Theorem 3.3. Let n = 2 and let p(x,y) be a polynomial satisfying deg p < 2. For
d > deg p and B = B3, the following are equivalent:

i) B has a representing measure supported in Z,;

ii) My has the column relation p(X,Y) = 0 and admits a positive, recursively gener-
ated extension Mgy,

iii) (concrete condition) My is positive semidefinite, recursively generated, p(X,Y) =
0 in Col My, and rank My < card V (My);

For p as in Theorem 3.3 and K = Z,, the solution of the Full K-Moment
Problem is due to J. Stochel [54]; we will discuss the connection between Theorem
3.3 and Stochel’s result in the next section. The conditions in Theorem 3.3-iii) are
concrete in the sense that they can be checked using elementary linear algebra or, in
the case of the variety condition, checked using computer algebra software. Condition
ii) is attractively simple, but without the aid of iii) it may be difficult to determine
whether the desired extension exists. We note also that Theorem 3.3 does not extend
to bivariate curves of degree 3; a detailed analysis in [23] of TKMP for the case when
K is the curve y = 23 shows that the conditions in iii) do not always imply the
existence of a K-representing measure (cf. Example 5.9 below). Before sketching the
proof of Theorem 3.3, we illustrate it with an example from [15].

Example 3.4. For n = 2, consider 8 = ™ given by

=

—~

=

S~—

I
WO N = =
OO =N =
O OO WO =
OO O O =N
(el el en RN an i s B en)

OO OO W

[\)
oo



M, is positive with rank My = 5. The variety V(Ms) is determined by the column
relation XY = 0 and coincides with the degenerate hyperbola xy = 0. M, thus sat-
isfies the conditions of Theorem 3.3. In any positive, recursively generated extension
Ms, we have X2Y = XY? = 0, so B3 must be of the form

00 9
0
28
0
0

q

A calculation shows that Ran Bs C Ran My, but C” in [My; Bs] is not Hankel, e.g.
C%, =1 but C3, = 0. Thus M, has no flat extension Ms.

We claim that there exists a rank 6 extension M5 which admits a flat extension
M,. Actually, there are infinitely many such extensions, each dependent on arbitrary
choices for p and ¢. For a definite example, set p = 18, ¢ = 84. A calculation shows
that C?, = 42. We now consider block Cs (for an extension Ms) of the form

SOV O O~
SO oo
SO o oo

C3 = , u > 42,

o O OO
o O OO
S OO O

oo o

With u = 43, a calculation shows that Mj is positive and recursively generated, with
rank Mz = 6, if and only if v = 263. In the resulting M3 there is a column relation
Y3 = —-5.-1+7X+11Y — X3. Thus, in any recursively generated extension My of Ms,
we must have Y4 = —5Y + 11Y2, so Y* is uniquely determined. In B, we must also
have X3Y = X?2Y? = XY?3 = 0. Moment matrix structure now determines all of the
elements of X* in B, except r = 379. A calculation shows that 7 := 81 is the unique
value of r such that X* belongs to Ran Ms. With this value, we have Ran By C
Ran Mj, and a further calculation shows that [Ms; By] is a flat moment matrix
extension of M3. From Theorem 3.1, this yields a 6-atomic representing measure u
for B, which may be computed as described following Theorem 3.1. The variety of My,
which provides the support of s, is the set of common zeros of zy = 0, y> = —5+Tx+
1ly—a3, y* = —5y+11y?, and a new relation, z* = —5x+722: (z1, 1) ~ (2.16601, 0),
(x2,y2) ~ (0.782816,0), (x3,y3) ~ (—2.94883,0), (z4,y4) =~ (0,0.463604), (zs5,ys5) ~
(0,3.06043), (x4, ys) ~ (0,—3.52404). The corresponding densities may be computed
as described following (3.2): p; =~ 0.303081, ps ~ 0.203329, p3 ~ 0.00359018, ps ~
0.0821253, p5 ~ 0.316218, pg ~ 0.00165656. []

Proof of Theorem 3.3. We sketch a proof of Theorem 3.3 and in doing so we close
a gap in the proof given in [15]. In [11], R.E. Curto and the author showed that
the existence of representing measures in the Truncated Complex Moment Problem
(TCMP) is stable under invertible degree one mappings, and also that TCMP is
equivalent to TMP. As discussed in [25], in TMP, invertible degree one mappings

7 : R? — R? are of the form 7(x,y) = (a + ax + vy, b+ dx + \y), with aX — ~vd # 0.
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It is well-known that under such a mapping, the degree 2 curve p(x,y) = 0 may
be transformed into one of the following nine basic varieties: z? +y? = 1, y = 22,
xy=1Lay=0,22=1,22=0,22= -1, 22 +y*> =0, and 22 + > = —1 (cf.
[47, p. 405]). In a series of papers, we proved Theorem 3.3 for each of the first four
varieties, corresponding to a circle [11], parabola [13], hyperbola [15], or degenerate
hyperbola (intersecting lines) [15]. For each of these cases, we proved iii) implies i)
by explicitly constructing either a flat extension My, 1, or, in certain cases of xy = 0,
a positive extension My, followed by a flat extension My o (as in Example 3.4). A
careful examination of these proofs also shows that ii) implies i).

In [25] we noted that the preceding analysis is incomplete, since it does not
consider all nine of the varieties. However, in [25] we showed that if M; is positive,
then the column relations X2 = —1 and X? +Y? = —1 cannot occur. Further, we
showed in [25] that if My = 0 and either X? = 0 or X? +Y? = 0, then rank M, < 3.
In this case, if rank M; = 3, then it follows from [14] that rank My = rank M, =3
and that M, has a unique representing measure. In the subcase when rank M; < 3,
it follows from [8] that M, has a measure if and only if it is recursively generated.
Thus, to complete the proof of Theorem 3.3, it remains to consider the variety z? = 1,
corresponding to two parallel lines. For this variety, we proved the equivalence of 1)
and iii) in [25], but we did not consider condition ii). In the sequel, we will therefore
prove the equivalence of i) and ii) for p(z,y) := 2* — 1.

Assume i) holds and suppose  has a representing measure p supported in
Z,. Then Proposition 2.7 implies that p(X,Y) = 0 in Col M,. Also, since § has a
representing measure, then Corollary 5.4 (below) implies that 5 has a finitely atomic
representing measure v. Since v has finite moments of degree 2d + 2, My[v] is a
positive, recursively generated extension of My, whence ii) holds.

For the converse, assume that M., is a positive and recursively generated
extension of My and p(X,Y) = 0 in Col My. Thus, in Col Mgy, for each q(x,y)
with deg ¢ < d — 1, we have

(36) ($2q)(X7 Y) = Q(Xv Y)

In particular, (3.6) recursively determines all columns of My 1 except those of the
form XY’ (1 <i<d)orY' (1 <i<d+1). We consider several cases for the
column structure of My. If M is p-pure, i.e., the column relations in M; are precisely
those derived from p(X,Y’) = 0 via recursiveness, then it follows from [25] that M,
has a flat extension My, 1, whence My, has a representing measure by Theorem 3.1.
Next, we consider the case when M, is recursively determinate, i.e., in addition to
X? = 1, there is a column relation of the form Y7/ = ¢(X,Y), where 0 < j < d,
deg q(x,y) < j, and ¢ has no ¢’ term. Since we also have X' = 1 with ¢ = 2, we have
i+j—2=7 <d, soit follows from [17, Corollary 2.4] that M, has a unique flat
extension Mg, 1, and thus [ has a representing measure.

In the remaining case, there is a minimal ¢, 1 < < d — 1, such that M, has a
column relation of the form

3.7) XY'i=qayl +b X +aY + -+ b0, XY" b a, Y 4o b XY Y
J J
11



Thus, by recursiveness in My, we see that XY? is a linear combination of columns
of My. The same is obviously also true for X?>*Y7 = XY7 for i + j = d — 1. Since
My1 = 0, by the definition of [My; Byi1], dependence relations in the columns of
( My Bgy1 ) extend to the columns of ( BJ,, C” ). It follows that the first d + 1
columns of block Cyyq in Mgy, coincide with the corresponding columns of C” in
[My; Bygy1]. Since both Cyyq and C” are positive (in particular, real symmetric), it
follows that C” and Cg,, agree entrywise, except possibly in the lower right-hand
corner (the moment for y?**2). Thus C” has the form of a moment matrix block
éd“, so [My; Bgy1] is a flat moment matrix extension of My. The existence of a
representing measure for $ now follows from Theorem 3.1. [

In the preceding result, we used moment matrix extensions to solve TKMP in
the case where K is a planar curve of degree 1 or 2. Moment matrix extensions can
sometimes be used to solve the truncated moment problem based not on a predefined
K, but rather on the type of structures present in the moment matrix. Theorem 3.1
is such a result. We conclude this section with another illustration of this approach.
For n = 2, we say that M, is recursively determinate if there exists a column relation
X' =p(X,Y) withi < d and deg p < i, and also a relation Y7 = ¢(X,Y) with deg q <
j < d, where ¢ has no ¢’ term (or with the roles of p and ¢ interchanged). In this case,
the only possible recursively generated moment matrix extension My, is completely
determined by setting X! := (z@*17p)(X,Y) and Y4 = (y¢™179¢)(X,Y), first
in Col My to define Bgyq, then, if possible, in Col Bj,,, to define Cyyy. If this
construction leads to a well-defined moment matrix My, q, then My, is said to be a
recursively determined extension of M. In this case, we can attempt to repeat this
procedure so as to define My, 5, and so on. This leads to the following algorithmic
solution to the moment problem for recursively determinate moment matrices.

Theorem 3.5. ([17]) Let n = 2 and suppose My is recursively determinate. 8 = B9
has a representing measure if and only if My admits recursively determined positive,
recursively generated moment matriz extensions Mgyq, ..., Msq_1. In this case, at
least one of these extensions is a flat extension. Moreover, there exist cases in which
the first flat extension is Mog_1.

Note that in Theorem 3.5, although there is no concrete positivity test directly
related to 3, there is a finite procedure for determining whether or not a representing
measure exists, and, if so, for computing such a measure. In the worst case, however,
it may require d — 1 extension steps to resolve the existence of a measure.

4. FROM THE TRUNCATED MOMENT PROBLEM TO THE FULL MOMENT PROBLEM

In this section we discuss the following result of J. Stochel [55], which provides
an essential link between TKMP and the Full K-Moment Problem.

Theorem 4.1. (Stochel [55]) 8 = ) has a K-representing measure if and only if
B has a K -representing measure for each m > 1.

Stochel’s result provides a framework for solving the Full K-Moment Problem

without explicitly using Riesz-Haviland, thereby circumventing the structure theory
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of K-positive polynomials. In this section, we illustrate this approach in several
examples. We begin with a second proof of Hamburger’s Theorem (cf. Theorem 2.2),
concerning moment problems on the real line. This will be based on the following
solution of TKMP for K = R.

Theorem 4.2. (|6, Theorem 3.9]) Letn = 1 and K = R. 8 = % has a representing
measure if and only if My is positive and recursively generated.

Alternate proof of Hamburger’s Theorem. Suppose = ((*) has a representing
measure 1, and let M = M, (83). For each p € R[z], we have (Mp,p) = Lz(p?) =
[ p*dp(z) > 0, so the necessity of the condition follows. For sufficiency, suppose
M > 0. For each d > 1, My41(5) = 0, so it follows from (3.4) that M, is positive and
recursively generated. Theorem 4.2 now implies that 3% has a representing measure,
so the result follows from Theorem 4.1. 0

We next consider the theorem of Stieltjes for the half-line [0, 00) (Theorem 2.3
above). Forn = 1 and 8 = ), let M = M, (B) and let J (= M®) denote the
“shifted” Hankel matrix (B14i1;)ij>0. Further, for d > 1, let Jy—1 = (S14i+5)0<ij<d—1
and let vy = (Bas1,---,B2a)". We recall the following solution to TKMP for K =
[0, +00).

Theorem 4.3. (cf. [6, Theorem 5.3]) Let n = 1 and 8 = @Y. B has a representing
measure supported in K = [0,+00) if and only if My = 0, Jg_1 = 0, and vy €
Ran Ji_1.

Alternate proof of Stieltjes’ Theorem. Let K = [0,+00) and suppose p is a K-
representing measure for 3 = 5. It follows as in the preceding proof that M > 0.
Moreover, for p € Rlz], (Jp,p) = Lg(xp®) = [xp’du(x) > 0, so J = 0. For the
converse, suppose M and J are positive semidefinite. Let d > 2. Since M > 0, then
My = 0. Since J = 0, then J; = 0, so the discussion of positive block matrices in
Section 3 implies that J;_; > 0 and that vy € Ran J;_;. It thus follows from Theorem
4.3 that f?9 has a K-representing measure. Since d > 2 is arbitrary, Theorem 4.1
implies that 5(>) has a representing measure supported in K. O

For our final illustration of Theorem 4.1, let p(z,y) denote a bivariate polyno-
mial with deg p(z,y) < 2. In [54], Stochel solved the Full K-Moment Problem for
K = Z,; we may paraphrase Stochel’s result as follows.

Theorem 4.4. (Stochel) Let n = 2 and suppose deg p(z,y) < 2. B = B has a
representing measure supported in Z, if and only if M = M (ﬁ) 0andp(X,Y) =
in Col M.

Proof. Let p denote a representing measure supported in KX = Z,,. Clearly, M = 0.
For each ¢ € Rz], since supp p C Z,, we have (p(X,Y),q) = Ls(pq) = [ pg du = 0.
Since ¢ is arbitrary, it follows that p(X,Y) = 0 in Col M. For the converse, suppose
M = 0 and p(X,Y) = 0. For d > 2, since My2(8) = 0, then (3.4) implies that
M.1(B) is a positive and recursively generated moment matrix extension of My(f3).
Since we also have p(X,Y) = 0 in Col M,, then it follows from Theorem 3.3 that
BP9 has a K-representing measure. Since d > 2 is arbitrary, it now follows from

Theorem 4.1 that § has a K-representing measure. U
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Following Stochel [54], we say that a polynomial p(x,y) is type A if the condi-
tions M (8) = 0 and p(X,Y) = 0 in Col M imply that § has a representing measure
(supported in Z,). Theorem 4.4 shows that if deg p < 2, then p is type A, and in [54]
Stochel also proved that not every degree 3 polynomial is type A. In [56] Stochel and
Szafraniec proved that there exist type A polynomials of arbitrarily large degree.

5. TCHAKALOFF’S THEOREM AND TKMP

In this section we discuss Tchakaloff’s Theorem and its generalizations, includ-
ing the Bayer-Teichmann Theorem, and how these results relate to TKMP. Let p
denote a positive Borel measure and let K = supp pu. Suppose p has convergent
moments up to at least degree m, i.e., fxid,u is convergent for all ¢ with |i| < m. A
cubature rule for p of degree m is a finitely atomic K-representing measure for the
sequence 3™ defined by ; := [ 'du (|i| < m). In [58], V. Tchakaloff used convex
analysis to establish the following fundamental existence theorem for cubature rules.

Theorem 5.1. (V. Tchakaloff [58]) Let K denote a compact subset of R™ with
positive n-dimensitonal Lebesque measure. Let p denote the restriction of Lebesque
measure on R™ to K, and let m be a positive integer. There exist finitely many points
in K, wy,...,wy (N <dim P,,), and positive weights o, . .., ay, such that for each

P € P, L(p) = [ p(x)dp(z) = Z aip(w;).

A careful examination of [58] reveals that the role of x is simply to establish
that L : P,, — R is K-positive. Thus we may paraphrase Tchakaloff’s Theorem as
the analogue of Riesz-Haviland for TKMP in the compact case, as follows.

Theorem 5.2. (cf. [29, Theorem 2.2]) Let 3 = ™), By > 0, and let K be a compact
subset of R". B has a K-representing measure if and only if Lg : P,, — R is K-
positive, in which case B admits a K-representing measure p with card supp p <
dim P,,.

The example in (2.2) shows that Theorem 5.2 cannot be extended to the case
where K is non-compact. In that example, forn =1 andd =2, K =R, and 5 = @,
we see that Lg can be positive although S has no representing measure. Nevertheless,
the original cubature theorem of Tchakaloff does admit generalization. An extension
of Theorem 5.1 to the case when K is unbounded was obtained by Mysovskikh [38].
For the compact case, Putinar [42] extended Theorem 5.1 to arbitrary positive Borel
measures. For arbitrary closed K and a positive Borel measure p having convergent
moments up to at least degree m = 2d, Putinar also established the existence of
a cubature rule v of degree 2d — 1, such that card supp v < dim Poy. Analogous
results for the case m = 2d 4+ 1 were subsequently obtained by Curto and the author
in [12]. Finally, in 2006, Bayer and Teichmann proved the ultimate generalization of
Tchakaloft’s Theorem.

Theorem 5.3. (Bayer and Teichmann [3]) Let p be a positive Borel measure on R"

with convergent moments up to degree at least m, and let B = ™ [1]. Then there
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exists a representing measure v for 3 such that supp v C supp p and card supp v <

dim P,,.

Theorem 5.3 has the following significant consequence for the truncated moment
problem.

Corollary 5.4. If 3 = 8" has a K -representing measure i, then 5 admits a finitely
atomic K-representing measure.

Proof. Since 3; = [ z'dp (Ji] < m), Theorem 5.3 implies that there exists a degree-m
cubature rule v for p. Thus v is a finitely atomic K-representing measure for g. [

Corollary 5.4 leads to the following important necessary condition for representing
measures; we have already used this result in the proof of Theorem 3.3.

Proposition 5.5. If 8 = %Y has a representing measure, then My admits positive
recursively generated moment matriz extensions of all orders, Myy1, Mg, ....

Proof. Since [ has a representing measure, Corollary 5.4 implies that there exists a
finitely atomic representing measure v. Since v has convergent moments of all orders,
for each k > 1, Mgk := My x[v] has a representing measure, namely v, and is thus
a positive, recursively generated extension of M. U

Recall from Theorem 2.11 that T := {8 = g™ € R¥™ Pm . L4 is positive}
is the closure of the multisequences having representing measures. We devote the
remainder of this section to an application of Proposition 5.5 which permits us to
exhibit a nontrivial example of a sequence in bdry I', a positive Riesz functional Lga)
whose positivity does not arise from the existence of a representing measure for
or from the equivalence of positivity of Lz with positive semidefiniteness of My(3).
Following [44] [45], we refer to p € Pag as positive semidefinite (psd) if plgn > 0,

k

and as a sum of squares (sos) if there exist py,...,pr € Py such that p = pr For
i=1
B = P positivity of Ly is easily established if each psd polynomial is sos, since then

k

Lg is positive if and only if My >= 0; indeed, in this case, if p is psd, then p = Zp?,
i=1

SO

(5.1) Ly(p) = > Lo(wi) = Y _(Mapi, 1) > 0.

A well-known theorem of Hilbert shows that each psd polynomial is sos if and only
ifn=1,d=1,orn=d=2 (cf. [44] [45]). (For the purposes of this note, we refer
to this result as “Hilbert’s Theorem.”) Thus, we seek an example of positivity of L
in which 8 has no representing measure and in which (n,d) are beyond the scope of
Hilbert’s Theorem.

To this end, we first discuss an application of moment matrix extensions and
the Bayer-Teichmann Theorem. This result characterizes the existence of representing

measures in the bivariate truncated moment problem for § = @9 in the case when
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the variety of My coincides with y = x®. In [23] we associated to such a sequence 3
a certain computable rational function in the moment data denoted by 1 (/3).

Theorem 5.6. ([23]) Let d > 3. Suppose My is positive and (y — x*)-pure, i.e., the
variety V(M) is completely determined (via recursiveness) by the column relation
Y = X3. The following are equivalent for f = 2 :

i) B has a representing measure (necessarily supported in y = x3);

it) My has a flat extension Myyq (and [ has a corresponding (3d)-atomic minimal
representing measure supported iny = 3 );

iii) (concrete condition) By 9q-1 > V¥ (5);

iv) My admits a positive, recursively generated extension Mgy, .

We briefly outline the proof, merely to indicate the kinds of ingredients that
are involved. The proof follows the steps i) = iv) = iii) = i) = i). The
implication i) = iv) derives from Proposition 5.5- this is the step that depends on
Bayer-Teichmann. The step iv) = iii) entails a detailed analysis of the structure
of positive extensions of (y — 2%)-pure moment matrices. The implication iii) = i1)
is based on the explicit construction of a flat extension My, 1, and i7) = 1) follows
from the Flat Extension Theorem (Theorem 3.1).

Using the preceding result, we may exhibit an example, due to C. Easwaran and
the author [20], concerning a positive Riesz functional Lg whose positivity does not
arise from the existence of a representing measure or from sums of squares as in (5.1).
In the sequel, for n = 2, we denote the successive rows and columns of the moment
matrix M = M3(8) by 1, X, Y, X? XY, Y2 X3 X?Y, XY? Y3 We denote the
elements of 3© by Bi; (i,7 > 0, i+ j < 6), where 3;; corresponds to the monomial
x'y’. Let Col M denote the column space of M in R, Under the conditions

(5.2) M = Ms(B) =0, Y =X?in Col M, rank(M) =9,

Mj is (y—23)-pure, so we may compute 1)(/3), and a highly intensive computer algebra
calculation reveals the following key property.

Proposition 5.7. ([20])Under the conditions of (5.2), 1(5) is independent of 5
and 606'

In the sequel we say that 8 = 8% is consistent if
(5.3) p € Paa, plV(Mg) =0 = Lg(p) = 0.

Consistency is a necessary condition for representing measures which implies that M,
is recursively generated.

Theorem 5.8. ([20]) Let n = 2. For 8 = ), suppose M = Ms(B) =0, Y = X3,
and rank M = 9. If p15 = (B), then Lg is positive, but [ has no represent-
ing measure, and positivity of Lg does not arise from sums of squares as in (5.1).
Moreover, [ is consistent (so Mg is recursively generated) and the variety condition
rank My < card V(Ms) also holds.
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Example 5.9. For an example illustrating Theorem 5.8, consider

10 0 1 2 5 0 0 0 0
01 2 0 0 0 2 5 14 42
02 5 0 0 0 5 14 42 132
10 0 2 5 14 0 0 0 0
20 0 5 14 42 0 0 0 0
(54)  M=MB)=15 o 0 1442132 0 0 0 0
02 5 0 0 0 5 14 42 132
005 14 0 0 0 14 42 132 429
014 42 0 0 0 42 132 429 1429
0042 132 0 0 0 132 429 1429 4847

(cf. [20]). It is not difficult to verify all of the hypotheses; in particular, a calculation
using [23] shows that () = 1429 = 5. O

Proof. (Sketch of proof of Theorem 5.8) With 3 as in the hypothesis, M3 is positive,
and since Y = X3 and rank Mz =9, it is clear that V (Ms3) coincides with the curve
y = 22, so the variety condition holds. Moreover, since y — 3 is irreducible and
has infinite variety, it follows from [23, Lemma 3.1] that  is consistent. We now
claim that Lg is positive. Since 815 = ¥(/3), positivity for Lg cannot be derived from
the existence of a representing measure, since Theorem 5.6-iii) shows that £ has no
representing measure. Moreover, as we discussed above, positivity for Lz cannot be
derived from the positivity of M3 via sums of squares arguments as in (5.1) because,
by Hilbert’s Theorem, there exist degree 6 bivariate polynomials that are psd but not
SOS.

To prove that Lg is positive, we employ a sequence of approximate representing
measures. Observe that the matrix obtained from M by deleting row X? and column
X3 is positive definite. It follows that there exists § > 0 such that if we replace Bi5
(= ¥(B)) by fis + ~ (with L < §), then the resulting moment matrix, Ms(5),
remains positive, with rank Ms(8™) =9 and Y = X3 in Col Ms(B™). Proposition
5.7 implies that (8™) is independent of 515[8™] and Bys[5™)], so we have (M) =
Y(B) = Bis < Pis + % = B5[B™]. It now follows from Theorem 5.6-iii) that 3!
has a representing measure, whence Lgm is positive. Note that the convex cone
{B=p9 e R : Ly is positive} is closed; since || — g|| = L — 0, we conclude
that Lg is positive. O

6. STRICT K—POSITIVITY, THE CORE VARIETY, AND POSITIVE DEFINITE MOMENT
MATRICES

In this section we consider the truncated moment problem for a positive definite
moment matrix. This case of the truncated moment problem is largely unsolved, due
to the lack of dependence relations in C'ol My. As we have seen, such relations,
when present and combined with recursiveness, are useful in constructing positive

extensions leading to flat extensions and representing measures (cf. Section 3). To
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study the positive definite case, we introduce refinements of K-positivity and of the
variety V(My), which may be of independent interest.

Following [27], for 8 = B™), we say that Lg is strictly K-positive if Lg is K-
positive and the conditions p € Py, p|x > 0, and p|x # 0imply Lg(p) > 0. If K =R"
and Lg is strictly K-positive, we say that Lg is strictly positive. Note that if 8 has a
representing measure p, then Lg is strictly K-positive for K = supp p. Further, K
is a determining set for P, if the conditions p € P,, and p|x = 0 imply p = 0. (If
K has nonempty interior, then K is a determining set, but certain finite sets are also
determining sets.) Strict positivity leads to the following existence criterion.

Theorem 6.1. (|27, Theorem 1.3]) For 8 = ™), if K is a determining set for Py,
and Lg s strictly K-positive, then B has a K -representing measure.

The remainder of this section is based on [26]. Let 8 = 5% and recall the
variety V(My) := ﬂ Z,, which we now designate by V(). For i > 0, let
pEPq, Mgp=0

Ye+D . — ﬂ Z,.

pEkerLg, p\v(i)zo

We define the core variety of § (or of My(5)) by V = V(B) = ﬂv@; we also

i=0
denote this by V(M,). The usefulness of the variety V(M) lies in the fact that it
contains the support of any representing measure. The core variety has the same
inclusion property as V(M,), and since it is a subvariety of V(My), it provides a
better indication of the location of the support. In the sequel we set v := card V().

Proposition 6.2. [26, Prop. 2.1] If i is a representing measure for 3, then supp u C
V(B).

Corollary 6.3. [26, Cor. 2.3] i) If 5 has a representing measure, then rank My <
card V(5).
ii) If v is a representing measure for 3 with int(supp u) # 0, then V(§) = R™.

Proof. i) (3.1) shows that if p is a representing measure for 3, then rank M; <
card supp p, so the result follows from Proposition 6.2.

ii) Since a proper affine variety has empty interior in R", the result follows from
Proposition 6.2. U

We next turn to several results of [26] related to computing the core variety.
Lemma 6.4. [26, Lemma 2.6] Fori >0, Vi) C YO,

We note for future reference the following implications that are implicit in the
proof of Lemma 6.4:

(6.1) p € kerLg, plyw > 0=V C Z, (VY [26,(2.1)]

(6.2) p € ker Lg, plyw > 0=V =10 (26, (2.2)]
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(6.3) PO = pirh — 1y — PO (96 (2.3)]

We further note that there always exists 4 such that V@ = V1 (as in (6.3)), whence
Y =V [26, Prop. 2.7].

The core variety provides a tool for establishing strict K-positivity and furnishes
a link to Theorems 2.8 and 6.1.

Theorem 6.5. ([26, Theorem 2.14]) Let B = B3Y. If the core variety V = V() is
nonempty, then Lg is strictly V-positive and BN has a V-representing measure.
Moreover, if V is nonempty and is either compact or a determining set for Psg, then
B has a V-representing measure.

We now return to the case of a positive definite moment matrix. Recall that
Hilbert’s theorem shows each psd polynomial is sos if and only if n = 1, d = 1, or
n =d = 2 (cf. Section 1.2). In the cases of Hilbert’s theorem, it is known that a
positive definite moment matrix has a representing measure (cf. [6] for n = 1 and
[27] for d = 1 and n = d = 2). We begin with a new proof of this result based on the
core variety.

Proposition 6.6. [26, Prop. 4.1] In the cases of Hilbert’s Theorem, if My(3) > 0,
then V(B) = R™ and ( has a representing measure.

Proof. Since My > 0, then V(M) = R™. From (6.3), to show V = R", it suffices

to verify that V) = R™. Suppose ¢ € ker Lg and ¢ is psd. Then ¢ is of the form

q =Y q? for certain ¢; € Py, and thus 0 = Lg(q) = >_ Ls(q?) = > (MaGi, @:). Since

Mgy > 0, it follows that each g; = 0, whence ¢ = 0 and Z, = R™. We thus have Yy =
m Z,=R" =V whence (6.3) implies V = V) = VPO = R". Since R"

q€ker Lg,q|rn>0

is a determining set, Theorem 6.5 implies that § has a representing measure. [

Remark 6.7. For the cases d = 1 or n = 1, it is known that if M, = 0, then M,
admits a flat extension My, (cf. [7] [27]). For the case n = d = 2, it was an open
question for several years as to whether a positive definite M, admits a flat extension
M;. This has recently been answered in the affirmative in [18], using the proof of
Theorem 3.3 and a “reduction of rank” technique.

Relatively little is known concerning the positive definite case beyond the scope
of Hilbert’s Theorem. However, we do have the following general result.

Proposition 6.8. ([26, Prop. 4.3]) The following are equivalent for = 39

i) Lg is strictly positive;

ii) My >0 and V = R";

iii) V = R".

Proof. We begin with i) = ii). Suppose Lg is strictly positive. For p € P, with
p Z 0, we have (Myp, p) = Lg(p?) > 0, s0 My > 0. It follows that V© = V(M,) = R™.
From (6.3), to show V = R, it suffices to prove that V) = R". Suppose p € ker Lg

and plye > 0. Then since p is psd and Lg is strictly positive, we have p = 0,
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whence Z, = R". It follows that R" = Yy C YO = R” so the conclusion V = R”
follows. Clearly ii) implies iii), and the implication iii) = i) follows immediately
from Theorem 6.5. [

For several of the results and examples in the sequel we require some additional
notation. Let P, and Yoy denote, respectively, the positive cones in Paq consisting
of the psd and sos polynomials, and let A = A, 95 := P \ Lag. Concrete examples
of polynomials in A were discovered beginning some 60 years after Hilbert’s work.
We note two such examples from Ajg that are discussed by Reznick [44] [45]: the
Motzkin form

M(x,y, z) = 2*y* + 2%y* + 25 — 322222
the Robinson form

4

R(:B,y,z)=x6+y6+26—x4y2—x2y4—x4z2—y422—x22 Z +3[B2 2 2

It is well-known that a homogeneous form F'(z,vy, z) is psd (respectively, sos) if and
only if its de-homogenization f(x,y) := F(x,y,1) is psd (respectively, sos). In the
sequel we will denote the de-homogenizations of M and R by m and r.

For the case n = 2, d = 3, and M3 > 0, we may characterize the existence of
representing measures in terms of the core variety, as follows.

Theorem 6.9. ([26, Theorem 4.4]) For n = 2 and M3 > 0, exactly one of the
following holds:

i) V = R? and there is a representing measure;

it) v = 10 and there is a representing measure;

iii) v = 0 and there is no representing measure.

Example 6.10. ([26, Example 4.5]) We illustrate case ii) of Theorem 6.9. It is known
that the Robinson plynomial r(z,y) has precisely the following eight affine zeros
w; = (z,y;) (1 <1< 8): wy = (—1,-1), wy = (0,—1), wg = (1, 1), wy = (—1,0),
ws = (1,0), wg = (—1,1), wy = (0,1), wg = (1,1). Corresponding to these are
eight projective zeros of the Robinson form R: w; := (x;,y;,1) (1 < i < 8). The
Robinson form has two additional projective zeros, wg = (29, Y9, 20) := (1,1,0) and
wio = (210, Y10, 210) = (1, —1,0). We now define T'(x,y, z) to be the Robinson form
composed with a linear change of variables in R?, as follows:

T(z,y,z) == R(3x — 3y + z,—3x + by — 2z, — 2y + x).

Since R € Asg, so is T. Then the dehomogenization of T, defined by t(z,y) :=
T(z,y,1),isin Agg. For each projective zero (z,y, z) of R, (u,v w) (x4+y+z,x+
2y+3z, x4+3y+62) is a projective zero of T', and if w # 0, then (%, =) is an affine zero of

t. A calculation now shows that ¢ has 10 distinct affine zeros, u; = (a i, b)) (1 <i<10),
as follows: 1 = (—=1,0), w2 = (0,3), ug = (3, ), s = (0,2), 5 = (3, 4), v = (5, 1)
10

ur = (39w = (5.3, up = (3,3, o = (0,3). Setting 1= Y dap; 2

=1
straightforward calculation with nested determinants shows that Mj[u] > 0, and a
(

calculation with the moments 8 = B[] shows that Lg(t) = 0. Since t is psd,
20



we have V) C Z,, whence v = card V(B) < 10. Since § has the representing
measure u, we also have 10 = card supp p < v, so we see that v = 10 and V = Z,.
O

Concerning case iii) of Theorem 6.9, the first example of a positive definite
moment matrix not having a representing measure appears in [8, Section 4|, for the
case n = 2 and d = 3. This example is based on Schmiidgen’s construction of
a polynomial s(z,y) that is psd but not sos [49]. This polynomial is used in [49]
to explicitly construct a linear functional L on Pg such that L|g, > 0 but L is
not positive. The corresponding moment matrix Mz(f) is positive definite and thus
illustrates case iii) in Theorem 6.9. The following result uses the core variety to prove
the existence of a large family of positive definite moment matrices which do not have
representing measures.

Proposition 6.11. ([26, Prop. 4.6]) Let p € A, 24 with card Z, < dim Py. Then
there exists Mq = My(B,) such that My = 0, Lg (p) = 0, and V(My) = 0, whence B,
has no representing measure.

Remark 6.12. i) The Robinson polyomial r(x,y) satisfies the hypothesis of Propo-
sition 6.11, since r € Ay and card Z, = 8 < 10 = dim Ps. Similarly, the Motzkin
polynomial m(z,y) satisfies card Z,, = 6, and Schmiidgen’s polynomial s(z,y) satis-
fies card Z, = 9.

ii) We do not know whether, in general, Lg, is V-positive, or even positive.

If Lg is strictly positive, then My > 0, and Theorem 6.1 or Theorem 6.5 implies
that § has a representing measure. In [27, Question 1.2] we asked whether the same
conclusion holds if M, > 0 and Lg is merely positive (cf. [16, Question 2.9]). We will
answer this question below, but we require some preliminaries.

In [29] we studied the connection between TMP for an n-dimensional sequence
B = P and the moment problem with respect to homogeneous polynomials of
degree 2d in n + 1 variables xg, 21, . . ., Z,, with moment data 8 = =29 defined by

B2d—|al,0) == Ba

for every o € Z with |a| < 2d. We refer to this problem as the Homogeneous Trun-
cated Moment Problem (HTMP). The moment problem for § and the homogeneous

moment problem for 5 are not equivalent, but are closely related.

Theorem 6.13. ([29, Theorem 3.1]) If B has a representing measure in TMP, then

B has a representing measure in HT'MP. Moreover, Lg is positive if and only Zfﬁ has
a representing measure in HTMP.

We are now prepared to resolve [27, Question 1.2].

Theorem 6.14. ([26, Theorem 4.8]) For n = 2, there exists Mz such that Mz = 0
and Lg is positive, but V = (), so  does not have a representing measure.
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Proof. As noted in Example 6.10, the de-homogenized Robinson polynomial r(z,y)
has the following eight affine zeros w; = (z;,v;) (1 < i < 8): wy = (—1,-1), wy =
(0,—1), W3 = (]_,—]_), Wy = (—1,0), W5 = (1,0), We = (—1,1), Wy = (0,1), Wg =
(1,1). Corresponding to these are eight projective zeros of the Robinson form R,
w; = (z5,y;,1) (1 <4 < 8), and there are two additional projective zeros for R,

Wy = (g, Yo, 29) := (1,1,0) and w1y = (210, Y10, 210) := (1, —1,0). Define the measure
10

won R® by w = 2(5@1 Let 8 = A6 denote the w-moments of degree 6, and

let Lz denote the correspondlng functional on homogeneous forms of degree 6 in
Rz, y, z]. Now define L : Rlz,yl¢ — R by L(p(z,y)) := Lz(p(z,y,2)) (where p
denotes the homogenization of p, ie., p(z,y,z) = 2°p(%£,%)). Let B;; = L(z'y?)

(i, > 0, i +j < 6), so that Lg = L. (Note that 8;; = Bij6—i—j, 50 B is the
homogenization of B in the language of [29] (cf. Theorem 6.13).) The moment matrix

corresponding to 8, M = M;(f3), is given by

oo
(@)
(@)
D
(@)

OO OO OO O
OO OO OO
S D00 O OO OO O

OO DO OO O OO O
O OO OO O D
DO OO OO OO
OO OOk OO OO
OO OO OO O OO
OO OO OO OO O
00 OO OO OOoOOoOoO o

(@)
(@)
(a)

Using nested determinants, it is easy to check that M > 0. Since E has the repre-
senting measure w in HTMP, it follows from Theorem 6.13 that Lg is positive.

We next compute V(M). Clearly, V(© = R2. A calculation with the moments
of M shows that Lg(r) = 0, and since r is psd, it follows that V() C Z,. Thus,
v <card Z, =8 < 10 = rank M, so Corollary 6.3-1) already implies that v = 0 and
that 3 has no representing measure. We will also verify this conclusion explicitly.
If t(z,y) € Ps is psd and Lg(t) = 0, then [t(v,y,2)dw = LE(tN) = Lg(t) = 0.
Since t is psd, so is %V, and thus ﬂsupp » = 0. It follows that t|z, = 0, which implies
Z. C Y. Since, from above, we also have V) C Z,, then VY = Z.. Now let
f(z,y) =2 —2* —y? and g(z,y) = 32°y* — 2®y*. Then Ls(f) = Ls(g) = 0 and
f and g are nonnegative on Z,.. Moreover, for 1 < ¢ < 8, either f(w;) = 0 and
g(w;) =1, or f(w;) =1and g(w;) =0,50V C VP C Z.NZ;NZ, =0. O

7. TKMP AND OPTIMIZATION METHODS

In this section we briefly describe some connections between TKMP and opti-
mization theory. We begin with J.-B. Lasserre’s application of TKMP to the problem

of minimizing a polynomial over a basic closed semialgebraic set in R [35] [36]. To
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discuss Lasserre’s method, we first require an analogue for TKMP of the Moment
Matrix Extension Theorem (Theorem 3.2). We begin by defining the appropriate
notion of localizing matrix for a truncated multisequence 8 = f®9). Let 1 < k < d
and suppose p € R[z| satisfies deg p = 2k or 2k — 1. Let n := dim Py_j. We define

the localizing matriz M (gp J =M (§p )(6) to be the n x n matrix characterized by

(7.1) (MP F.3) = Le(pfg) (f,9 € Pay).

If B has a representing measure supported in S,, then M, c(lp ) = 0. Now let P =
{p1,-..,pm} C R[x] and suppose deg p; = 2k; or 2k; — 1 (1 < i < m). Consider the

basic closed semialgebraic set Kp = ﬂspi. The following result characterizes the
i=1

existence of K p-representing measures in terms of moment matrix extensions; note

that in this result, we do not assume that Kp is compact. Recall from Theorem

3.1 that if M; > 0 has a flat extension My, 1, then My, ; admits unique successive

(positive) flat extensions Mgo, Mgis,.... In this case, each localizing matrix M éi,i

is well-defined.

Theorem 7.1. (cf. [14]) B = B has a Kp-representing measure if and only if
Mgy admits a positive extension Mgy ; (with j < 2(2d:") —d), which in turn admits a

flat extension Mgy, ;1 for which Mélf]).Jrki =0 (1 <i<m). The unique representing

measure for Mgy ;41 has precisely rank Mg, ; — rank Mtgﬁ_i]).%i atoms in Z,, (1 <i<
m).

For p € R[xy,...,x,], the Optimization Problem entails estimating
7.2 « = inf .
(7.2) po:= mf p(z)

Suppose deg p = 2kg or 2ky — 1 and let x := max k;. Fix ¢ > x and consider the

0<j<m
t-th Lasserre moment relation for (7.2) given by

(7.3) pe = inf{Ls(p): B =B, Bo=1,M(B) =0, MP(B)=0(j=1,...,m)}.

The Lasserre relaxations may be computed within the framework of semidefinite
programming [35] [36] [37]. It is not difficult to verify that p, < p, and that for ¢ > ¢,
py > py; thus {p;} is convergent, and p™o™ = tlim Pt < ps. A result of Lasserre [35]

—00

(cf. [37, Theorem 6.8]) shows that p™™ = p, if the quadratic module associated to
Kp is Archimedean, i.e., the quadratic module contains N — ||z||? for some N > 0
(cf. Theorem 2.6).

In some cases there is even finite convergence to p,. In the general case, for
fixed t, the infimum in (7.2) is not necessarily attained. Assuming that the infimum
is attained, at some optimal sequence = 1}, we seek conditions which imply that
Ls(p) = p«, so that we have finite convergence of {p,}s>. to p. at stage s = t. A
basic result of [33] shows that this is the case if rank M(5) = rank M;_.(5) (cf. [37,

Theorem 6.18]). Indeed, in this case, Theorem 7.1 and the conditions of (7.3) imply
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that 6 has a Kp representing measure, which always implies convergence at stage t.
To see this last point, note that if u is a K p-representing measure for § = 58, then

P = DuSo :p*/ ldp < / pdp = Lg(p) = pr < ps.
Kp Kp

We note also that when rank M,(8) = rank M, .(5) holds, then the support of
the unique representing measure for M;(f) consists of minimizers for (7.2). Further,
using Theorem 2.11, it follows that whether or not an optimizing sequence g = g
at stage t has a Kp-representing measure, if the functional Lg is Kp-positive, then
we still have finite convergence, i.e., Lz(p) = p« [28, Theorem 1.5].

The preceding discussion shows how TKMP may be adapted to the problem of
polynomial optimization. Conversely, optimization techniques based on semidefinite
programming can be used to analyze TKMP (cf. [36, Chapter 4]). This approach
was recently studied by Helton and Nie for the case when Kp is compact [31], was
extended to the noncompact case in [29], and was further generalized by Nie in [39)].
Finally, consider the finite-variety case of TMP [22]. Instead of developing sufficient
conditions for representing measures based on properties of the moment matrix, if
one is content to solve the problem on a sequence-by-sequence basis, then if the
variety is finite and is explicity known, this problem can be posed as a standard
linear programming problem. This unpublished observation is due to J. Nie.
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