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1. INTRODUCTION

The main purpose of this project is to study representations of positive polynomials.
Let p(z) be a real polynomial of degree n:

p(z) =ao+ a1z + -+ aya”,

where ag, - -+ ,a, are real numbers and a,, # 0. Let K C R. A polynomial p(z) is positive
on K if p(x) > 0 for all x € K. Positive polynomials play an important role in the study
of Moment Theory[1][2]. In the early 20th century positive polynomials were studied using
methods of Complex Analysis. Polya and Szego [6] includes representation theorems for
polynomials that are positive on the real line R, the half line R™ = [0, +00) and the closed
interval [-1,1]. In the content of this project we will discuss the same results by using simpler
methods, and we will illustrate the representation theorems through examples.
The three basic representation theorems that we will study are the following;:
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(i) p(x) > 0 for all z € R = p(x) = g(x)? + h(x)? for certain polynomials g,h .
(See Polya and Szego [6, Part VI, Sec. 6, 44, page 77].)

(i) p(z) = 0 for all x > 0 = p(z) = r(x)? + s(2)* + z(u(z)? + v(z)?) for certain
polynomials r(z), s(x), u(z) and v(x) [6, Part VI, Sec. 6, 45, page 78].

(i11) p(z) > 0 for all z € [0,1] = p(z) = r(z)* + s(x)? + z(1 — z) (u(z)? + v(z)?)
for certain polynomials r(z), s(x), u(x) and v(x)[6, Part VI, Sec. 6, 46, page 78].

The theory of positive polynomials goes beyond polynomials in one variable.
Consider a polynomial in two real variables,

n
p(z,y) = Z ai;j 'y’
i+j=0
A famous result of David Hilbert [5] shows that theorem (i) (above) cannot be generalized
to two variables.

Theorem 1.1. (Hilbert [5])

Ifp(x,y) > 0 for all x,y and deg p < 4, then p(z,y) is a sum of squares of polynomials.
However, there exists a polynomial p(x,y) of deg 6 such that p(z,y) > 0 for all z,y, but
p(z,y) is not a sum of squares.

Although theorem (i) cannot be generalized to higher dimensions, theorem (iii) (for
a closed interval) can be generalized to any number of variables. Here we state a simplified
version of a famous theorem of Konrad Schmudgen [7]:

Theorem 1.2. (Schmudgen [7]) Let d > 1 and let x = (x1,...,xq). Suppose q(x) is a
polynomial such that K = {(xz € R?) : q(z) > 0} is closed and bounded. If p(z) > 0 for
every z in K, then p(z) = . pi(2)?4+q(z) Y qi(x)? (for certain finite families of polynomials
pi(x) and g;(x).
In theorem (ii7) we have d =1, K = [0,1] and ¢(x) = z(1 — z).

For two or more variables, we sometimes get representations for positive polynomials

when K is unbounded. Here is a sample result for the case when K is a parabola, y = z2.

Theorem 1.3. (R. Curto, L. Fialkow [3]) Let q(z,y) = y—x2 and let K = {(z,y) : q(x,y) =
0} If p(z,y) > 0 for all (,y) with y = x°, then p(z,y) = X pi(z,y)* + a(z,y) 3 ai(=,y)*,
for all z,y (for certain polynomials p; and q;). Here, deg p?, deg q ql-2 < deg p.

Let R denote the set of real numbers and let R™ be the set of non-negative real numbers,
ie., RT = {r € R:z > 0}. We will use the following properties of R*: if x and y € R™,
then

1) zy € R*
2)z+yeRT



3) y € RY «<= y =22 for some x € R.

Let P denote the set of real polynomials p : R — R, and let K be a subset of R.
Let P} be the set of polynomials that are non-negative on K : P = {p ¢ P : p(z) >
0 for every x in K.} For K = R, we let PT = Plg. Iff, g e P['{Ir then f4g and fg are in P;},

where
1) (f + 9)(z) = f(z) + g(z).
2)(f9)(z) = f(z)g(x).

Let deg p denote the degree of a polynomial p, and let P, = {p ¢ P : deg p < n}. As
an application, in an appendix we will use theorem (i) to describe the positive linear func-
tionals L : P, — R.



2. Positivity OF POLYNOMIALS ON THE REAL LINE

Let p(z) be a real polynomial,
n
p(z) = apz® + arzt + aga? + agz® + ... + apa” = Z a;z',
i=0
where ag, ...,a, € R, a, # 0 and n is the degree of p(x). Let P be the set of polynomials

and let PT be the set of positive polynomials. Therefore,

p,ge Pt = p+4+4q, pge Pt andpe P = p* ¢ P*.

For x € RY, there exists y € R such that y = z2. Does a similar property hold for
polynomials? In other words, if p € PT, is there a polynomial ¢ € P such that p = ¢??

Example 2.1.
Let p(z) = 2% + 1.

Is p = ¢? for some q ¢ P? (See graph 1. on page 31.a) If so, then 2 = deg p = 2-deg q, so
deg ¢ = 1. Let ¢ = a + bz for some a,b € R and suppose that p = ¢°.

Then, > +1 = (a + bx)?
= a? + 2abzx + b%22,
soa’=1, b> =1 and 2ab = 0.

But 2ab = 0 yields the conclusion that either a = 0 or b = 0, which is a contradiction. So
22 + 1 is a strictly positive polynomial and is not the square of any polynomial.
Nevertheless, 22 + 1 = 22 + 12, which means that we can write 22 + 1 as the sum of the
squares of two polynomials,

p(x) = g* + 1%,
where in this case g(z) = z and h(z) = 1.

We will study the following classical representation theorem:
Theorem 2.2. (See Polya and Szego [6, Part VI, Sec. 6, /4, page 77].)

p(z) € PT <= p(x) = g(z)® + h(z)? for certain g,h € P.

To prove Theorem 2.2, we will use the following well-known result (see [6]):
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Theorem 2.3. (Factorization Theorem) If p(z) = apa™ + -+ 4+ a1z + ag for a; € R, then
p can be factored in the form p(x) = qi(x)--- qT(x)(a: - xl)nl e (a: - xs)ns, where:

1) ¢;(z) is a quadratic with no real Toots (irreducible quadratic), i.e., q;(z) = A;x? +
Bz + C; with B? — 44,04 < 0.

2) w1, ,xs are distinct real numbers; each n; is a non-negative integer.

(In Theorem 2.3, either the ¢;(x) or the (x — x;)™ may be absent.)
Example 2.4. Let

p(x) = 210 — 2727 + 3082% — 180027 + 435025 + 99182°

—107320z* + 3546002% — 66537522 + 9281252 — 937500.

Then,
p(z) = (2 +3) (2% — 8z + 25)%(x — 5)3(z + 4).

Here, 22 — 8 + 25 is an irreducible quadratic; 2% 43 = 2% + \/§2 is an irreducible quadratic
that is clearly the sum of two squares; (x — 5)% and (x 4+ 4)* have odd degrees. The linear
polynomials raised to odd powers, i.e., (w+mi)2k_1, are not positive for every x; they change
from negative to positive at their roots x;. (See graph 2. on page 31.a).00

Proof of Theorem 2.2 Suppose p(z) > 0 for all x € R. This implies that in the Factor-

ization Theorem 2.3, if n; > 0, then n; is even, i.e. n; = 2k;. This is because if n; is odd,

then p(z) changes sign at x;, a contradiction. So, (z — z;)" = (z — ;)% = [(z — mz)k]2
Suppose first that the degree of p(x) equals 2, i.e.,

p(z) = az® + bz + ¢,
with a # 0. Now ¢ > 0 because ¢ = p(0) > 0. We claim that a > 0. For z # 0, we have

b ¢
— 2 b
p(z) == <a+$—|—x2>.

As x — 400, (a + % + x%) — a. So if a < 0, then (a + % + x%) < 0 for large positive x.
But then

b ¢
— 2 e
p(x) ==z <a+x+$2><0

for large positive x, which is a contradiction; therefore we have proved that a > 0.
Next we consider two cases, based on whether or not the quadratic p(z) ¢ P* has any real
roots. Recall that the real roots of p(x) = 0 can be found with the quadratic equation:

—b+ Vb2 — 4ac

2a
5
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Also, if p(x) has two distinct real roots r and s with r < s, then since a > 0, p(z) < 0 for
r < x < s, which is a contradiction; so we can assume either that p has one real root or no
real roots.

Case I. p(z) has exactly one root. From the quadratic formula (2.1), p(x) has exactly one
real root if and only if b2 — 4ac = 0. If b? — 4ac = 0, then r = 5—5 is the only real root, so,

p(x) =a(x —r)(x—71).

Let h(z) = a(z—r) = \/aa:—l—ﬁ. Then we can conclude by saying that if b?> —4ac = 0, then

plw) = hiw)? = (ﬁm " 2\%)

so p(x) is a square.

Case II. p(z) has no real roots, i.e., b> — 4ac < 0. In this case, since b*> < 4ac, then ¢ >
0, and so Z—i < a. Now let a’ = Z—i( < a) andlet a” = a—d'( > 0), so that a = a’+a”. Then

p(x) = az® 4 bz + ¢

= (d +a"z? + bz +c

=d"2?>+d 2 +bxr+ec.

2 .
Note that a’ =a—ad' = a— % > 0, so a”x? is a square, namely a”z? = r(x)?, where r(z) =

va —a’z. Now we will show that g(z) = a’2? + bz + ¢ is also a square. In fact, the dis-
criminant of q(z) equals b? — 4a’c = 0. Now ¢(z) has exactly one real root and a’ = Z—Zc > 0,
so by Case I, ¢(x) is a square, say q(x) = s(z)?, where s(z) = Va'z + 25;. So we can con-

clude by saying that if b> — 4ac < 0, then

p(z) = r(a) +s(2)” = (Va—aiz) + (ﬁm 4 2\%) ,

so p(x) is a sum of two squares.



This completes the proof when deg p = 2.

Now consider

p(x) = apx™ + - + a1z + ag, where a, # 0,
and assume p(z) > 0 for all x. By the remarks at the beginning of the proof, the degree
of p is even and in the factorization of p, every factor is either an irreducible quadratic or
a linear factor that repeats an even number of times. Therefore, by the first part of the
proof, p is a product of factors where each factor is either a square or a sum of two squares.
To complete the proof, we need the following fact:

Lemma 2.5. If p = p1p2 - pm and each p; is a sum of two squares, then p is a sum of
two squares.

Proof. By using induction, it is enough to prove this for m = 2. Let p = f?2+¢? and ¢ = h®>+
k% Then (fh+gk)? = f2h%2+2gkfh+g?k?. Also, (fk—gh)? = f2k*—2ghfk+g?h%. When we
add these equations together, the result is (fh+gk)?+(fk—gh)? = f2k2+g*h>+ f2h2+g%k>.
Now we take (2 + ¢2)(h% + k?) and multiply; the result is f2h? + g?h? + f2k? + g?k?. This
proves that (f2+ ¢%)(h? +k2?) = (fh + gk)? + (fk — gh)2.0

The proof of Theorem 2.2 is now complete. [J

Example 2.6. Consider
p(z) = 2t — 142® + 8622 — 254z + 325.
(See graph 3. on page 31.b).
Now
p(x) = (2* — 8z +25) (2? — 62 +13).
p1 D2

The discriminant of p; is b? — 4ac = (—8)? — 4(1)(25) = —36 < 0. Therefore, p;(x) has no
real roots, so p1(x) > 0 for all x.
The discriminant of ps is b? — 4ac = (—6)2 — 4(1)(13) = —16 < 0. Therefore, pa(x) has no
real roots, so p2(x) > 0 for all x.

We will represent p(z) as p(z) = R(z)? + S(x)%.

Note: Before beginning the proof, we use the notation of Case II the proof of Theorem 2.2.

= 2 _ - r_ b _ 64 _ 16
For p1 = 2° — 8z + 25, we have a =1, a’ = - = 155 = 52~ Now,

s(z)? = (\/E(m + i))2

2a’
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(/S

16
255
16 —
= (v + =5 )2
25 5%
4 2
~[Zz—5 ]
(Gz—5)
Also,d" =a—d =1— %—g = %,so r(z) =+va—dx = %x Therefore, as in Case II,
4 3
p1 = (5:1: - 5?2+ (533)2
Next, ps = 22 — 62 + 13, so we have:
b? 36 36 9 9 7
:1 /:—:—:—:— /,_1——:—
CTh T T a3 52 13"
Using Case II again, we get

9 —6 \2 2

P = 1—3<a:+2(%)>) + (e’
3 . 13 |, 2 )2
Now let f = 2

5

_ -3 - 3 . 13 - 2
r—5,9g=zx, h= 75t~ s and k = NELE So we can use Lemma 2.5 to
represent p = py - po as a sum of two squares:

p(@) = (fh+ gk)* + (fk — gh)®
4 3 13 3. .2 17 [4 2 3 .3 13 .7
= [Gr -9 - o)+ GalZ=a)| + | Ge - D)o - Gol o - )
8



2 _ _
:(183: 51\3:_;;4—325)2 (azéi/l%)—x))?

Now let’s do another example:

Example 2.7. Let

p(x) = 45 + 372 + 202* + 52° + 2*
(See graph 4. on page 31.b).

= (2 +3z+5) (2 +22x+9).

p1 b2

Using Case II of Theorem 2.2, we obtain

2 2
p1= 25}(3:—# 10) + %x]
and
- 2 2
Py = % (x + 9) + %$]

Now we will use the Lemma 2.5 to represent p as a sum of 2 squares:

Let f = \/_(:E+10) g = \/%x,h: %(aj+9),andk‘: gaj. Then p =
(f2+ g (W + k*) = (fh + gk)* + (/% — gh)?. So,

pemm= (e O ' %wr][mﬁg)rwgwﬂ
:[2\3/3< 30 v+9) \/7\[ 10\[ \/T ++9)

(9 4 )(10 4 3z) 22x2]2+[(10x+3x2)\/§_ E(9+x)
65 3V5 !

r2

=

To show a more general application of Theorem 2.2, we will next demonstrate how the
product of three polynomials can be represented as the sum of two squares, we will use this
representation in a later example.

Example 2.8.
Let P(a:) = Pl . P2 . P3
9



where P; = r(x)? + s5(z)?, Py = t(2)? 4+ u(x)?, and P3 = v(x)? 4 y(z)2.
Then, using the Lemma 2.5,
P(z) = <r(m)2 + s(m)2> : <t(:1c)2 + u(a:)2> : (v(m)2 + y(a:)2>

2

= [(r(az)t(m) + 3(33)“(33)) + (T(m)u(m) — 8(m)t(az))2] . (v(m)2 + y(m)2>, and using

Lemma 2.5 again, the last expression equals

[(r(m)t(az)+s(az)u(az)) (@) + (r(@)u(z)-s(@)t)) -y(=)

2

2

+ | (r@)t@)+s(@)u() )

y(@) = (r@pu(@) = s@)t(@)) - v()

So, P(x) = P, - Py- Py = B(z)* 4+ C(x)?,
which is also the sum of two squares. [J
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3. Positivity oF POLYNOMIALS ON THE HALF LINE

Now we turn to a representation theorem for polynomials that are non-negative for
x > 0.

Definition 3.1. In what follows, we say that p(x) is a Class I polynomial if p(x) = r(z)? +
s(@)? + z(u(@)?® +v(2)?), where r(z), s(z), u(z), r(z) are polynomials.

Theorem 3.2. [6, Part VI, Sec. 6, 45, page 78] A polynomial p(x) satisfies p(x) > 0
for all x > 0 if and only if p(z) is a Class I polynomial, i.e., there exist polynomials
r(x), s(x), u(z) and v(x) such that: p(z) = r(z)? + s(x)* + z(u(z)? + v(z)?).

Assume that p(z) > 0 for all > 0. Recall from Theorem 2.3 (the Factorization Theorem)
that

p(x) = Aqi(x)g2()...qr () (x —21)™ ...(x — xp)"?,
where A is a constant, each ¢; is an irreducible quadratric, and the x;’s are distinct.

Replacing ¢; by — q; (and A by — A) if necessary, we can assume that for each i, ¢;(z) >
0 for all z. Since (z — z;)™ >0 for x > x;, it follows that A > 0.
Now consider whether n; is even or odd.

1) Suppose n; = 2k; (n; is even). Then (z — 2;)" = (x — ;)% = [(z — mz)kl]z

2) Suppose n; = 2k; +1 (n; is odd): Then z; < 0. This is because (x — z;)™ changes
sign at x;, so x; cannot be positive.

Lemma 3.3. Suppose p(z) = r(z)*+s(z)?+z(u(z)?*+v(z)?). Ifz; <0, then p(z)(z—=;) =
A? + B? + X(C? 4 D?) for certain polynomials A(x), B(z), C(z), and D(z).
also Class I

Proof.

p(x)(x — ;) = [r(z)? + s(2)* + z(u(z)? + v(z)?)] (z — ;)

11



In more detail, by Theorem 2.2, we can write the first expression in braces as G(x)? +
H (x)?, and the second one as L(x)?+ M (x)?, because z; < 0, which makes both expressions
in braces non-negative. []

Now let’s complete the proof of Theorem 3.2 by applying the above remarks about
the Factorization Theorem.

Proof of Theorem 3.2.
We have p(z) = Aqi(z)q2(x)...qr(x) - (£ — z1)™...(x — x)"™ (where, as above, A > 0
and each g; satisfies ¢;(x) > 0 for all x.)

Case I. FEvery n; is even. Then p(z) > 0 for all z € R, so according to Theorem 2.2,
p(z) = r(z)? + s(x)? = r(x)? + s(x)? + 2(02 + 0?).

Case IL. p(z) = Aq1(2)qa(z) ... q-(2) - (x —2)™ ... (x — 2p)™ - (x —y)* ... (x — yq)k‘J,
where nq...n,, are even, ki ...k, are odd, and every y; < 0.

Let L(x) = Aqi(z)q2(x) ... gr(z)(x—21)™ ... (x—2m)"™. Since each n; is even, L(x) > 0 for
all x. So as in Case I, L(x) is in Class I. Lemma 3.1 now implies that L(z)(z — y1) is in
Class L. Similarly, [L(z)(z — y1)](z — y2) is in Class 1. By repeated application of Lemma
3.1 we see that p(z) = L(z)(x —y1)--- (x — yq) is in Class I. Therefore, p(x) is in Class I.
This completes the proof of Theorem 3.2.

O

Example 3.4. Consider Example 2.7 in Section 2:
In Example 2.7,
p(z) = p1 - p2 = 45 + 37z + 2022 + 523 + z*

2

o

(9+2)(10 +3z) V2222, (10z + 32%)\v/2 11 9+z
6v/5 i T3 \/;T(es)

N

f2

92
Let’s multiply the result in that example by x + 3:
Let q(z) =p1-p2-ps=
= (f*+¢*) (= +3),
= 135 + 1562 + 9722 + 352> + 8z* + °,
so that g(x) >0 for = > 0. (See graph 5. on page 31.c). Then

g(@) = (f* + gz + (f* + g (V3)?
= (2 + )z +[(FV3)* + (9V3)%,
which is in the form of Theorem 3.2. Now let’s replace f and g by their corresponding

values:
12



p(z) =p1-p2-p3 =

22222 + 322 + 372 + 90 9 V11z? — 6222 + 911z — 201/ 2x 9
=i 2+ [ HE
6v/5 6v/5
+[(2\/ﬁx2 + 322+ 37z + 90)]2 N [—\/ﬁaﬂ + 6222 — 911z + 20\/51-]2 -
2v/15 2/15 '

Example 3.5. Consider p(z) = 2% + 22° — 523 — 42? 4 242 + 24. (See graph 6. on page
31.c). Let’s factor this polynomial:
px)=(@*+2x+4) (2> —3z+3) (z+2)(z+1)

S——
p p2 p3 P4

Let’s take p; and find the discriminant:
p1 =% + 20 + 4,
SO
b’ — dac =4 — 4(1)(4) < 0.
Therefore, p; has no real roots, so pi(z) > 0 for all x.
Letazl,a’zi—i:%:%,m: —-1= %:ﬁ

So as in Case I of Theorem 2.2, py(z) = (\/J(a: + %))2 +2(mx)2
_ [\/z(ﬁ 2(2%))}% (La)?
= [z [ e]
Y

Let’s take po and repeat the same steps as above:
po = 2% — 3z + 3,

S0,
b —dac=9—-4(1)(3) =9-12 < 0.

Therefore, po has no real roots, so pa(z) > 0 for all x.
13



R[S

Let a =1, a’:—): , SO

9
13

Now that we have the information needed, using the Lemma 2.5, we can write pips as a
sum of two squares:

p1-p2 = (fh+ gk)* + (fk — gh)?

- b0 B+ B [l e B
- [g(@« +4)(z—2) + ?:EQT |

Now multiply by ps :

DP1-pP2-P3 = [[@(az +4)(x —2) + @mﬂz + [z{%ﬁ‘z — ?’I%T_Gx]z] - (x + 2), which gives us
(p1-p2)x+ (p1-p2)2 = (p1-p2)x + ((V2)? - p1 - p2). Finally, we multiply the result by py, so
that

p(x) =p1-p2-p3-pa=(p1-p2-p3)(xz+1)
= (p1-p2 - p3)x + (p1-p2 - P3)-

Therefore, by calculating the formula in Lemma 3.1 we get:
p(z) = [(mpz)x + ((\/5)2191192)] z + [(mm)x + ((\/5)2p1p2)] :

pL = [%(m +4)]2 + [?mf and py = [?(m - 2)]2 + [%mf

where

Now we multiplied out, so that p(z) = p; - p2x? + (v2)? - p1 - pox + p1paz + (V2)% - p1 - po.
14



Then group all the expressions that are multiples of !, and group the ones that are not:
p(x) = (p1-p22® 4+ (V2)? - p1 - p2) + z((v2)* - p1 - p2 + p1 - p2). Now substitute for p; and
po. Since p; and po are non-negative, each expression in parentheses is non-negative. If we
apply Theorem 2.2 to each of these expressions, we get the representation we want:

I3 CCQ— CCQ— X X —CC3— Iz Iz— €T IE2 xr— — SC2 €T
p(x):(\/g +v3 \/52 4v/32+5/2 )2+ V6. +52 V6 +4\/6)2+$[(3 +§ 12)2 4 ( V3 2+5\/§ )2]5

The following corollaries are inferences that follow from the proof of Theorem 3.2.
Corollary 3.6. If p(z) >0 for x > a, then p(z) = A(z)?+B(z)*+(z—a)(C(x)?+D(z)?).
Proof. Let q(s) = p(s + «a); if s > 0, then s+« > «, so ¢(s) > 0 for s > 0.

By Theorem 3.2:
q(s) = a(s)? + b(s)? + s(c(s)? + d(s)?).
Now let’s go back in terms of z. Let x = s + a so s =  — . Then p(z) = p(s + a) = q(s)

a(s) = als)® + b(s)* + s(c(s)* + d(s)*)

=a(z —a)’> + bz — a)? + (z — a)(c(z — @) + d(z — a)?).

Since all of the terms a(x — «), b(x — «), c(x — «), d(z — «) are still in the form of poly-
nomials, we can then write the last expression as follows:

p(z) = A(z)? + B(z)? + (z — a)(C(2)* + D(z)?). O
By Corollary 3.6, we have a representation for a positive polynomial for x > «. We can
also represent a polynomial that is non-negative for = < a.

Corollary 3.7. If p(z) > 0 for x < a, then p(z) = A(z)?+B(z)*+(a—2z)(C(x)?+D(z)?).

Proof. Let q(s) = p(—s). If s> —a, then a > —s; so q(s) = p(—s) > 0.
Remark that according the previous corollary,

p(=5) = qls) = a(s)* + b(s)* + (s + ) (c(s)* + d(s)?).

Now let = —s, s0 s = —z.Thus, p(z) = a(—2)? + b(—2)? + (—z + a)(c(—2)? + d(—x)?).
15



Since all of the terms a(—x), b(—z), ¢(—z), d(—z) are still in the form of polynomials, we
can write the last expression as follows:

p(z) = A(z)? + B(z)? + (o — 2)(C(z)? + D(z)?).

16



4. POSITIVITY OF POLYNOMIALS ON THE INTERVAL [0,1]

Now we turn to a representation for the polynomials that are non-negative on the
interval [0, 1].

Theorem 4.1. Ifp(x) > 0 for allz € [0, 1], then there exist polynomials r(x), s(x), u(x), and v(z)
such that p(z) = r(z)? + s(z)? + z(1 — z) (u(z)? + v(z)?).

Note that x(1—2) >0<= 2 >0and (1—x) >0, orx <0and (1—2) <0<=0<z < L
So,z(l—z)>0<«=0<xz<1.

Definition 4.2. In what follows, we say that p(x) is a Class II polynomial if p(z) =
r(2)? + s(2)* + (1 — z) (u(z)? + v(x)?), where r, s, u, v are polynomials.

Proof of Theorem 4.1.
We will derive Theorem 4.1 from Theorem 3.2. Suppose p(z) > 0 for 0 < z < 1.

Case I. Assume first that p has even degree, deg p = 2k, i.e.,
p(x) =ag+arx+---+ as,z?F.
Let h(z) = p(1), ie.,

1 1
Wz = Zo4... iy
() =ap + ala: + - 4 agg 2k
Ifz>1 0< % < 1; therefore, p(%) > 0. This means that h(xz) > 0 for x > 1. Let
o(x) = 2%h(z) = aga™ + - + az.

So g(z) >0 for x > 1. Now let s = o — 1, so that x = s + 1. Note that = > 1 if and only
if s > 0. Let q(s) = g(s + 1) = (s + 1)®**h(s + 1), so ¢(s) > 0 for s > 0. By Theorem 3.2,
there are polynomials R(s),S(s),U(s),V (s) such that

q(s) = R(s)? + S(s5)? 4+ s(U(s)? + V(s)?).

We must have deg R, deg S < k, and deg U, deg V < k — 1. Note that

1

a(s) = gl +1) = glx) = 2™ h(w) = 2*p(-).

So,

(1) = Rl — 1 + 5 17 + (o - ) (U =1 + V(z - 1)?).
17



Let u = % Then
Ep() = R~ 12 4500~ 1% + (-~ ) (U0 17 + V(T —1)%).

Now multiply both sides by u2*
1 1 1 1 1
2%k (prt 2 12 204 v 2k=2 (70t 1y2 L2
plu) = u? (R = 12+ S(= = 1) + (5 - D2 (U= - )2+ V(5 — 1)),
Since deg R < k, uFR(1=) is a polynomial in u, say R'(u) = «*R(1=%). Similarly, there
are polynomials S’ = u*S(1=%), U’ = u*~ 1U(1u“), V' = u*~1V(124), such that:

p(u) = R'(w)? + §'(u)? + u(l — u) (U’(u)2 + V’(u)2).

Now just re-write this formula using x = u,

p() = R(@)? +5'(2) + 2(1 - 2) (U'(@)? + V'(2)?).

This completes the proof when deg p is even.

Example 4.3. Let p(z) = 1 — 2%, so that p(x) > 0 for 0 < z < 1. (See graph 7. on page
31.d). We will follow the proof of Theorem 4.1. Let h(z) = (%) =1- ( ¥ =1- =1- Let
g(z) = z*h(z) = 2* — 1, so that g(x) >0 for x > 1.

Now, let s =z — 1, so that x = s + 1, and consider

q(s) ==g(s+1)=(s+1)* =1
= st + 45 +65% + 4s

= st + 657 + s(45% + 4).
18



For s > 0, we have > 1, so q(s) = g(s + 1) > 0. In this case we can represent ¢(s) as a
type I polynomial very easily. Let R(s) = s2,5(s) = V6s,U(s) = 25,V (s) = 2. Then,

q(s) = R(s)* + S(s)* + 8<U(8)2 + V(s)2>.

If we replace s by x — 1, we get:

q(s)=q(z—1)=R(z— 1>+ Sz —-1)?+ (- )[U(z - 1)+ V(z—1)%].
Now recall that
gx—1)=g(z—1+1)

= g(x)
= 2h(z)
- 96419(%)
Let v = %, so that
“p0) =43 = 1) = RG = 12456 - 12+ (G - )[UC - 124 v - 12)

Now p(v) = v'q(; — 1)

v

=t [R(% R R ] (I R 1)2)]

PR (EMINEE,

= (1—v)*4+60%(1 —v)? + v(1 — v)o? [227(1 ;21))2 + 4].

We now have the Class I representation

p(v) = ((1=0)%)" + [Vou(1 = )] + v(1 = v) [(2(1 = v))* + (20)?|.

R(s) S(s) z(1—x)
19
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Now replace p(v) by p(x):

p@) = (1= 2)?)* + [VBz(1 — o) + 2(1 — z) [(2(1 — 2))* + (22)*|.

= [r(z)* + s(2)] + z(1 — 2)[u(z)? + v(z)?]. O

Now let’s work with a more complicated polynomial.

Example 4.4. Let
plz)=—a*+ 23 +22+ 242
From the graph of p(x) (See page 31.e), we have p(x) > 0 for 0 < x <1 (We can also see

this from the factorization p(z) = — (2% +1)(z +1)(z —2).) As in the proof of Theorem 4.1,
let

1 11 11
=——+S+5+-+2
T x x

and let
g(z) =2 H(z) = —1+x + 2% + 2% + 22,
Now let’s replace x by s+ 1, and define
q(s):=g(s+1)=(s+1D)*Hs+1) =1+ (s+ 1)+ (s +1)? + (s +1)> +2(s + 1)*,
With the use of Mathematica, we expanded p(z) and then factored it:

q(s) = (s> +25+2) (25 + 1) (s +2).
N e N e N’
p1 p2 p3

Let pi(s) = s® + 2s + 2, an irreducible positive polynomial. According to the proof of
2 2

Theorem 2.2, we have: pi(s) = [%(S + 2)] + [%s] . Now going back to the problem we

get:

p1-p2=(p1) - (2s+1)

= 2sp1 +p1
20



:23[ (3+2)r+23{ L

ﬁs} + =6+ + |

1
V2

Therefore,

prp2=s[(s +2)" + 5] + [

which is a representation for Theorem 3.2 (r(z)*+s(x)?+z(t(x)*+v(z)?). Now we continue
by multiplying that result by ps(s) :== s+ 2,

q(s) =p1-p2-p3 = (p1-p2) - (5 +2)

:S(Pl'P2)+2(P1'P2)

=s[ollo+ 27+ 7]+ [0+ ()] + 2fsllo 427+ 7+ [+ ()]

s+ 2.2 S \2 s+ 2.2
= (o 27+ 7] s[(T2)7 o+ (S5)7] sl 4 27 7] 22

By grouping the terms, we get

8:;;)2 + (%)2 F(V2(s+2)% + (\/53)2] v [234 4455 + 652 + 4s + 4}

= [5(s* + 25 + 2)]s + [2(1 + s?)(s* + 25 + 2)].
Each expression inside the brackets is non-negative, so using Theorem 2.2 we get

V5

q(s) = 8[(

V5 1

q(s) = [ﬁ(s +2))° + [58]2)]8 +[(vV2)? + (\/53)2)([%(3 +2)° + [%3]2)]
Vb Vb
= ( [ﬁ(s +2)]2 + [ﬁs]"’ )s + [s% 4+ s+ 2] + [-s% — s?
—_———— —— U(s)2 W(s)2

R(s)2 T(s)2
which is also a representation for Theorem 3.2.
21



Therefore, q(s) = [R(s)> + T(s)?]s + [U(s)? + W (s)?].

From now on, we will start going backwords to end up with the representations in
terms of x, which is the variable that we started with. So let’s replace s by (x — 1), so that:

q(s) =q(z—1) = [R(z —1)* + T(z — 1)?](z — 1) + [U(z — 1) + W (z — 1)?],

and we also have g(z — 1) = 2*p(1). Now let v = 1 so that

ac 1) = —op(v) = [R(; ~ 12+ TC 12~ 1) + [0 ~ 12+ W ~1)?]

1—w 1—w

P w2y

P+ T2 () + [ .

p(v) = v [R( -

Now we substitute 1=% into the original R(s)?, T(s)?, U(s)? and W (s)?, and we get:

p0) = [y 55+ 21+ [ 50 0 o
RO+ () 2 bt [ - (- ()

v v

_ '[\/2(1 02 [\/g( Lo ”)ﬂ v (0=02)+[(140) 2+ (=02 +20? >+ [- (1=0v)> = (v—0?)]?

= -[\/§(1+v)]2—|— [\/g(l —v)]z}(l —v)v + [20? —v+1]2+ [v— 1]2

Now let’s replace p(v) by p(x); then we get our final answer:

p(z) = [[\/2(14-:1:)]24- [\/2(1—3;)]2}(1 —)e+ 202 — 217+ [z —1]°

Therefore, p(z) = [A(z)? + B(z)?|(1 — z)z 4+ C(x)? + D(x)?, which is the representation of
Theorem 4.1. [

Since we have proven the case of Theorem 4.1 when deg p(x) is even, we will now

prove the case when deg p(x) is odd.
22



Case II. Assume p(z) > 0 for 0 < x < 1 and suppose deg p(z) is odd. Consider Theorem
2.3 (Factorization Theorem):

p(;p) = Aql G (x _ :L.l)2k1 .. (x _ x8)2ks i (x . y1)2m1+1 . (IL’ B yr)zmT_H’

where A is a constant and each ¢;(z) is an irreducible quadratic such that ¢;(x) > 0 for all
x. It is understood that any of the groups of factors ¢;(x), (z — ;)% (z — ;)™ ! may
be missing. Furthermore, the z}s and y.s are all distinct.

Now,

72

p(z) = Aqi...qm [(a: — ml)kl...(m — ms)ks(a: —y1)™ (= yr)m7] (z—y1)e(z — yr—1) (—yp).
Next, notice that each y; is not in the interval (0,1). Otherwise, p(x) changes sign at y;, so
p(z) changes sign inside (0,1), which contradicts the assumption that p(z) > 0for 0 < z < 1.
Since each y; is not in (0,1), either T'(x) > 0 for all x in [0,1] or T'(x) < 0 for all x in [0,1].
In the second case, replace T'(x) by —T'(x) and A by —A, so we may assume T'(z) > 0 for
all x in [0,1].

Let S(z) = Q(x)T(z), so that p(z) = S(x)(x — y,).
Subcase i). A > 0. Then S(x) > 0 for all x in [0,1]. Since the degree of S(z) is even, by
Case I of the theorem,

S(z) = a(z)? + b(z)? + z(1 — ) [c(m)2 + d(az)ﬂ .

Now consider z — y,. We have p(z) = S(z)(z — y,), where S(z) > 0 on [0,1] and y, is not
in the interval (0,1).
We claim that y, < 0. Otherwise y, > 1, so x — y, < 0 for some x in [0,1]. Then p(x) =
S(x)(z—y,) < 0 for some z in [0,1], which is a contradiction. Therefore, it is true that y, < 0.
Let d = —y, > 0,50 d = €2 for e = V/d. So then z—y, = x+¢? = (22 +e?)+a(1—x)(12 +0?),
which shows that = — y, is in Class II.

Now p(x) = S(x)(xz — y,) is the product of two Class II polynomials. Therefore, the
proof of Subcase i) follows from the following;:

Lemma 4.5. Class Il is closed under multiplication.

Proof. Let pi(z) = a? + b3+ 2(1 — 2)(c2 + d?), and let pa(z) = a3 + b3 + x(1 — x)(c3 + d3),
where the a;’s, b;’s, ¢;’s and d;’s are polynomials.
Then

pip2 = 2(1 — ) [(a3 + b3)(c] + d}) + (af +b7)(c5 + d3)]

+[(af +b7) (a5 + b3) + 2*(1 — 2)*(c] + d})(c3 + d3)].
23



Note that each term in brackets is non-negative for every x. Therefore, by Theorem 2.2,
(a2 +b2) (2 +d?) + (a2 + b?)(c3 + d3) is the sum of 2 squares and (a2 + b?)(a3 + b3) + 2%(1 —
2)%(c2 4+ d?)(c% + d2) is also the sum of 2 squares. Therefore, p1ps is in Class I1. O

Subcase ii). A < 0. In this case we can replace A by — A and z — y, by — (z — y,).
Now S(z) >0 for 0 <x <1 and deg S(z) is even, so by Case I, S(z) is in Class II.

We have p(z) = i(fl (=(z —yr))
ClassIT

To complete the proof, using Lemma 4.5, we want to show that —(z — y,), (= —x + y,) is
in Class II. We already know that y, is not in (0,1). In fact, y, > 1; otherwise —z + y,. is
negative for some x € (0,1), so p(z) = S(z)(—z + y,) < 0 for some = € (0, 1), which is a
contradiction.

Let k =y, > 1. We claim that —x + k can be represented as:

—z+k=(Az+ B)* 4+ 2(1 — 2)C?, for certain constants A, B and C.
Now (Az + B)? + z(1 — 2)C? = A%2® + 2ABx + B? + C*x — C*2?
= (A? — C?)2® + (2AB + C?)2 + B2

Equating this to —z + k& we get the following system of equations:
(i) A2 =C?

(i1) 2AB + C? = —1
(iii) B? = k.

From equation (i), let
(iv) B = Vk.
From equations (¢) and (iv), (#i) becomes

(4.1) A2+ 2VEA+1=0
24



and we think of equation (4.1) as a quadratic with an unknown variable A.

The discriminant in (4.1) is: b> —4ac = (2VE)?—4(1)(1) = 4(Vk)? -4 =4k —4 = 4(k—1) >
0 (since k > 1), which means that equation (4.1) has real roots. Now let’s find them by
using the quadratic formula:

. —b+ Vb2 — 4dac
- 2a ’

where, by substitution, we get:

LRy %E)? —4(1)(1)

Wk + 4k — 4
2

~ —2VEk £ Ak - 1)
N 2

Wk E2VE -1
B 2

= VEE+VE -1

Using these values of A, with B = vk and C = |A|, we now have
—x+k=(Az+ B)*+ 2(1 — x)C%

So, —x + k is in Class II. Thus the proof of Subcase (i7) is completed by an application of
Lemma 4.5. This completes the proof of Theorem 4.1. [J

Example 4.6. Now let’s do an example that represents Subcase ).

Let p(x) = —a® + 22 — x + 2;
25



from the graph (See page 31.f), p(x) >0 for 0 < x < 1.

Now p(x) factors as

p(z) = —(2® + 1)(z - 2),

so in Subcase i), A = —1. Let’s write p(z) as
p(z) = (2" +1)-(—z+2).
—_—— ——
S(x) Z(x)

Clearly, s(z) is in Class II because it is a sum of 2 squares.

To show that p(z) is in Class II we will use Lemma 4.5, so we want to show that Z(z) is
also in Class II. According to Subcase i), —x + 2 is in Class II since we have

Z(z) = (Az + B)? + (1 — x)C?,

A=-VEk—VEk—1, C=|A|l and B = Vk, where k = 2.
Therefore, by substitution:

Z(@) = (—Vk - VE-Da+VE) +2(1 —2)| - VE - VEk - 1|°

= ((-v2 -1z + \/5)2 +z(l—x)| - V2 - 1‘2).
Thus, by Lemma 4.5, p(z) is in Class II.

In more detail, recall from Lemma 4.5 that Class II is closed under multiplication.
We have

S(z) =22+ 12+ 2(1 —z)(0* + 0%
= af + b7 + z(1 — z)(c] + di),
and Z(z) = (—v2 = Ve + vV2)? + 0 + 2(1 —2)(| - v2 - 1| + 0?)

=a2 4+ b3 +x(1 —x)(c3 + d3)
26



Then

_ <a%+b%><a%+b%>+m2<1—x>2<c%+d%><c%+d%>} ta(l-a) [<a3+b%><c%+d%>+<a%+b%><c%+d%> .

Since ¢ = d? = b3 = d3 = 0, the representation becomes smaller:

p(z) = (af +b1)a3 + 2(1 — ) ((a? + b])c3)
= (a1a2)® + (b1a2)? + (1 — z)((a1c2)* + (b1c2)?)

Therefore, by substitution we get:

p(z) = (V2z+2*(—1-v2))*+ (2(-1-V2)+V2)*+2(1-2) | (|- vV2-1])*+ (| -v2-1])*|.
Thus, we have shown that p(x) is in Class II. O

Corollary 4.7. If p(z) >0 for a <z < 3, then p(z) = A(x)? + B(z)? + (x — a)(B —
7)(C(z)? + D(x)?).

For « = 0, # = 1 this is Theorem 4.1; for « = —1, § = 1, this is the result in
Polya-Szego [6, Part VI, Sec. 6, 46, page 78|.

Proof. Let s = 5=0, so x = a + (8 + a)s. Let ¢(s) = p(z) = p(z + (8 — a)s).
If0<s<1,then a <z <3, sop(x)>0. Soq(s) >0if 0 <s <1, and by Theorem 4.1,
q(s) = a(s)? + b(s)? + s(1 — s)(c(s)? + d(s)?).

Now let’s go back in terms of x:

T—
p(z) = q(s) —q(ﬂ_a)
T — \2 T — Q2 T —« T— T — Q2 T— \2
e T | s e
Since all the individual terms a(g:g), b(g:g), 0(2:3), d(g:g) are still in the form of



polynomials, we can then write the last expression as follows:

m—a)(l_m—a

p(r) = A)* + B@) + (5—2) (1- 5o

) [C’(ac)2 + D(:L‘)z]

:A@F+Buf+(Z:ZNZ:QMC@F+DuP]

z—a)(z = f)

:A@F+Bmﬁ+((ﬂ_®2 [C(2)* + D(x)?]

= A(z)’ + B(x)* + (z — o) (z — B)[(

which is the representation we want.
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5. APPENDIX

Positive polynomials play an important role in the study of Moment Theory [1].
Now we will show how, with the use of Theorem 2.2, we can test the positivity of a linear
functional. Let P, be the set of polynomials with deg p < n. Since P, is closed under
addition and multiplication by a real scalar, P, is a vector space over R. Consider

L:P, — R,
such that L is linear. To be linear, L needs to fullfil the following properties:

i) For polynomials p, ¢ € P,, L(p + q) = L(p) + L(q).
ii) For a € R, p € P, L(ap) = aL(p).

Let P ={pe P, :p(x) >0, for all z € R}. We say that L is positive if p ¢ P,/ =
L(p) > 0.

Example 5.1. Suppose a1, ..., a,, are non-negative numbers and z1, ..., Z,, are real num-
bers. For p € P, let L(p) = aip(x1)+-- -+ amp(zy). Then it is easy to see that L is positive
linear functional. However, not every positive linear functional L : P,, — R has this simple
form. O

We want a test to see when a linear functional

L:P, —R

is positive. We procede by taking the monomial basis of Poy,: 1, x, x2,...,2", ..., 22", and

letting 3; = L(z%) (0 < < 2n). Now consider the following Hankel matrix,

Bo Br ... PBn
H(n) = ﬁ:1 ﬁ:2 ﬁn:+1
ﬁn ﬁn+1 s ﬁ2n

Definition 5.2. H(n) is positive if for every vector a = (ag, ai,...,an), <H(n) a, a> > 0.

Remark 5.3. There are several methods for checking whether H(n) is positive, including
nested determinants or checking that all of the eigenvalues of H(n) are non-negative.

Theorem 5.4. L : Py, — R is a positive linear functional if and only if H(n) > 0.
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Proof. For polynomials p(z) = ag + a1z + ... + a,x™ and q(x) = by + byz + ... + byz™, let

p=a=(ag, a1,...,a,) and G =b= (bg, by,...,by)

Then for p, q € P,, pq € P»,, and

(5.1) L(pg) = (H(n) p, §).

Suppose L : Py, — R is positive. We want to show H(n) > 0. Let a = (ag, a1,...,an).
Then we must show that (H(n) a, a) > 0. If

p(x) = ag + a1z + a2:r2 + ...+ az",

then p = a. By equation (5.1) (H(n) a, a) = (H(n) p, p) = L(p*); but p* € Py, so
L(p?) > 0. Therefore, (H(n) a, a) = L(p?) > 0, so H(n) > 0. Now suppose H(n) > 0.
We want to prove that L is positive. Let p € Py ; we want to show L(p) > 0. By Theorem 2.2,

2n»
p(z) = r(2)* + s(x)?

where deg p < 2n = deg r < n and deg s < n. Now, L(p) = L(r(z)? + s(z)?) =
L(r(x)?) + L(s(x)?). Therefore, by equation (5.1):

>

L(p) = <H(n) 7, f> + <H(n) 3, > > 0.

This completes the proof. [J

Thus, Theorem 2.2 does help determine the positivity of a linear functional.
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6. GRAPHS
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