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INTRODUCTION

The use of positive polynomials in one or more variables is essential in several
areas of mathematics, including optimization and algebraic geometry [4][3]. As for
polynomials that are non-negative on the real line, half-line, or on an interval, this
paper derives a “weighted sums of squares” description. These results are known
from Polya and Szego [5], where the proofs are based on complex analysis. In this
paper, starting from the Factorization Theorem for real polynomials, we prove these
theorems using only basic algebra. These proofs explain how to construct the weighted
sums of squares expressions, and we illustrate these constructions with examples in the
text and in the Mathematica appendices. In section 1 (Theorem 1.1), we discuss how
every polynomial which is non-negative on the whole real line is a sum of two squares
of polynomials. In section 2 (Theorem 2.1), we use Theorem 1.1 to demonstrate that
every non-negative polynomial on the half line [0, +00) is of the form f?+g?+x(h?+k?)
for certain polynomials f, g, h, and k. In section 3 (Theorem 3.1), we use Theorems
1.1 and 2.1 to demonstrate that every non-negative polynomial on the interval [0, 1]
can be represented in the form f% + g% + z(1 — x)(h* + k?) for certain polynomials
f, g, h, and k. In Section 4, we look at non-negative polynomials in two variables.
First, by studying the example of Motzkin, we prove that not every non-negative
polynomial of deg 6 can be represented as a sum of squares. We also study a method
for identifying when a polynomial is a sum of squares.



1. NON-NEGATIVE POLYNOMIALS ON THE WHOLE REAL LINE

1.1. Section A. In this section we look at non-negative polynomials on the real line
and introduce our first and most important theorem. For polynomials f(z) and g(z),
the expression f(x)*+g(z)? is known as a sum of two squares. We know that if p(z) is
a sum of two squares, then p(x) > 0 for all z. But if p(z) > 0 for all = (a non-negative
polynomial), then is p(x) necessarily a sum of two squares? The following theorem,
from Polya and Szego, answers this question.

Theorem 1.1. (See Polya and Szego [5, Part VI, Sec. 6, 44, page 77].) If we have a
polynomial p(x) > 0 for all x, then p(x) admits polynomials f(x) and g(x) such that

p(x) = f(x)? + g(x)? for all z.

In an attempt to prove Theorem 1.1, we first turn to the quadratic ¢(z) =
ax? + bx + ¢, assuming a # 0 and g(x) > 0 for all x . Consider the three possible
cases:

(i) ¢(z) has no real roots
(ii) g(x) has one repeated, real root
(iii) ¢(z) has two distinct, real roots

1.1.1. Case 1: No Real Roots. In order to compute the roots of ¢(x) = 0, we use the
quadratic formula

b= Vb? — 4dac
B 2a '

From this we see there are no real roots when the discriminant of the quadratic,
b — dac, is negative. Suppose ¢(x) > 0 for all x. We write ¢(x) as

(1.2) gx)=a (:ﬁ + Sx + g) .

(1.1) x

b c
Since lir}rn 2 + =1 + — = +o0, it follows that a > 0. We can now express ¢(z) as a
T—+00 a a

sum of two squares by completing the squares, as follows:
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dac — b?
a=4/—--:
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So now we have ¢(z) = f(x)? + («)?, a sum of two squares.
We illustrate this case with the following example.

and let

Example 1.2. We start with a polynomial, not in its sum of squares form.
p=2z>+5z+10

10 + 5z +

Factor[p]10 + bz + 22

Now we check to see if p has any roots using the discriminant, b* — 4ac < 0
a=1

b=35
c=10
b? — 4dac = —15

-15 is less than zero so p has no real roots.
Plot[p, z, —10, 10]

150

100

o s 5 1
The plot shows us that p is positive for all x. Now we can convert p into its sum of
two squares form by completing the square.

(va (o)) (YE25) =20 (3w
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2 | 2 _ 0
ff+ao = 4+<2+x>



This our new sum of squares form.
Expand|[%] = 10 + 5z + 22
Expanded, we get the polynomial we started off with.

1.1.2. Case 2: One Repeated, Real Root. Suppose q(x) = 0 has one root, x,, repeated
twice, so that ¢(z) = a(z — x¢)?, with a # 0. Here a must be positive since g(z) > 0
for all z. To make ¢(z) a sum of two squares we simply take f(x) = v/a(z — z,) and
g(z) =0, ie., g(xr) = f(x)* + 02 Here is an example of a polynomial with repeated
roots.

Example 1.3. We have a polynomial with a repeated root, a(z — x¢)?
P = (z—3)?

Expand[P] = 9 — 6x + 22

Factor[P] = (=3 + x)?

Plot[P, z, —5, 10]

L Lo L Ll - - L Lo - L - Ll
4 2 2 4 6 8 10

Plot shows p is non-negative for all x

f=(@-3)

g=20

Expand[f? + ¢*] = 9 — 6x + 2?

Expand[P — (f* + ¢*)] = 0

So our sum of two squares is simply (z — 3)? + 02

1.1.3. Case 3: Two Distinct, Real Roots. For there to be two distinct real roots, then
q(z) = a(x — x,)(x — 1), with a # 0 and z, # z; But then ¢(z) changes sign at
r = x, and x = x1, so this case cannot occur in Theorem 1.1. Here is an example of
a polynomial with two distinct roots.

Example 1.4. A polynomial of the form a(x—z,)(x—z1) witha = 3,2z, = —3,2; =4
P = -36+ 3z + 322

Factor[P]| = 3(—3 + x)(4 + z)

Plot[P, z, —10, 10]



The plot clearly shows that the function is negative as it goes below the x - axis, it
changes sign at the roots +3, —4. This is a contradiction of the rule p > 0 for all z,
so this case cannot occur.

1.2. Section B. In the proof of Theorem 1.1, we use the following theorem.

Theorem 1.5. (Factorization Theorem) If p(z) is a polynomial, then

p(z) = Aqi(z) ... qp(z)(x —21)™ ..o (x — )" (x — )™ (= ys)™,
where A is a constant, each of ¢1(x) ... qi(x) are strictly non-zero quadratics, x . .. x,,

Y1-..Ys are all distinct, ny ...n, are even exponents, and my ... mg are odd exponents,
(Note that any of these groups may be missing in the expression).

For the proof, see Appendix A. Here is an example of the factorization theorem.

Example 1.6. We start with our polynomial p

p = 11150950400+ 19446169602 — 9493606422 4+ 1299315223 — 41113222 — 65022225 +
15072825 — 879827 + 1662°

Factor[p] = 166(—16 + x)*(5 + x)*(41 + = + %)

p is now in its factored form given by the Factorization Theorem. Notice A = 166, ¢; =
2% 4+ x + 41 with no real roots, and then there are some more linear terms with even
exponents.

Plot|p, z, —10, 20]

4.x10% -

3.x10% -

2.x10% -

J

A S R S R R
-10 -5 5 10 15 20

Plot tells us p is non-negative for all x. But what happens when we add a term with
an odd exponent? Observe r.
r=166(z* + x + 41)(x — 16)*(z + 5)*(x + 5)*
Factor[r] = 166(—16 4+ z)*(5 + 2)°(41 + = + 2?)
Plot[r, x, —10, 3]
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-10 -8 -6 -4 -2 . 2

-2.x10% -

—4.x10% |-

This plot tells us that the linear term with the odd exponent made p negative for
T < —=H.

1.3. Section C. In this section we introduce a lemma which shows that a product of
two terms, each a sum of two squares, can also be expressed as a sum of two squares.
The lemma can be applied as many times as needed, depending on the number of
terms in a product. For example, if you have three terms, each sums of two squares,
you will use the lemma twice, once to combine the first two terms into a sum of two
squares, and once more to combine with the last term. In the end, this will result in
a polynomial of the form f(x)? + g(x)?.

Lemma 1.7. If A(z) = f(z)*> + g(z)?(Type I) and B(z) = h(z)? + k(z)*(Type I),
then A(z) x B(z) can be expressed as R(z)* + S(x)?*(Type 1), where R(x) and S(x)
are polynomials; in brief, Type Ix Type I = Type 1.

Proof. We can expand the product A(z)B(z) :
A(x)B(z) = f°h* + [°K* + ¢°h* + ¢°k*
= (f°h* + 2fhgk + ¢°k*) + (f°k* — 2fhgk + g°h?) .
Factoring the sub-expressions further will give us two sums of squares:

f2h* 4+ 2fghk + ¢*k* = (fh + gk)?

g*h? —2fghk + f2k* = (fk — gh)*.
So A(z)B(z) = R(z)* + S(z)* with R(x) = fh + gk and S(z) = fk — gh.

The following example shows how Lemma 1.7 is applied.

Example 1.8. We start with a polynomial of several terms
p = 3360 + 2242 + 100222 — 35323 + 1012* — T12° + 1225
Factor[p] = (—4 + 2)*(15 + x + 32?)(14 + Tz + 42?)
Plot[p, z, —10, 10]
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8.x10° -

6.x10° -

4.x10°

2.x10°

‘ 5 — 1‘0
Plot shows polynomial is non-negative for all x.
Expand[(15 + z + 32?)] = 15 + = + 32

a=3
b=1
c=15

((\/5) <x+%)>2+ ( 4%4; b2>2 = 11—729+3 (é+x)2

Prove that the completed square expression and the original are equal. Expand [(15 + z + 32?) — %] =
0

Now combine (—4 + z)*(15 + z + 32?) using the Lemma.

X = Expand[(—4 + x)2(15 + z + 32?%)] = 240 — 104z + 5522 — 2323 + 32!

X represents the first two terms.

f=(~4+a)
g=20

179
"=\1

1
k?:\/g(g-f—l‘)
We'll let A= (fh+ gk) and B = (fk — gh)
1 /179

1
B=fk—gh= ¢§(—4+a:)(6+x)
Expand[X — (A% + B?)] =0
There is the product of our two sum of squares. Double-checking, we get a zero to
show we haven’ t changed anything.

Convert polynomial to sum of squares form.
Expand[14 + 7z + 42%]) = 14 + Tx + 42?

a=4
b=7
c=14

((\/5) (x+%))2+ ( 4%4; b2>2 = 11—765+4<2+x)2
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Now lets Combine the third term in sums of two squares form using the Lemma again.

179
f= A—2 3 —(—4+x)

g=B=+3(-4+x) (%er)

175
h=4—
16

l{::2(£+x)
5 [1253 1 7
AA:fh+gk:§ T(—4+x)+2\/§(—4+x)(é+x) (g—i-x)

((—4 + 2)(7 + 5v/1253 + 50z + 4822))

AA = Factor[AA] = T \/_)

E d[AA] = -0~ — EAVA S TY: 45 /1253, 712: + 2323
*pan T 2Vv3 2 sv3 8\ 3 3x
D 1 179 7
BB:fk—ghz—;l\/21(—4+x)(6+x)+ 2 — (- 4+x)(§+x>

(A4 2)(B5VT - 7\/1_79+30fx—8 179x)))

BB = Factor[BB] =

Expand[BB] = 5\/_ W 115\/> B fi0,  svELe | [119,2
Expand|[p — (AA2 + BBZ)]
Now we have one big sum of squares that equals our original polynomial p.

Proof of Theorem 1.1

Proof. Suppose p(z) > 0 for every real number z. By the Factorization Theorem,
we have p(z) = Aq(x) ...qu(z) (x —2)™ ... (x—2,)" (x —y)™ ... (x —ys) ™,
where the ¢; are quadratics with no real roots, xy,...,2., y1...,ys are distinct,
ny,...,n, are even, say n; = 2d;, and myq, ..., mg are odd. We can also assume A # 0.
Since p(x) > 0 for all z, and m; is odd, we cannot have any factors (z — y;)™, since
p(z) will change sign at the root y;. So p(z) = Aqi(z) ... qe(z)(x —x)™ ... (T —2,)"
If some ¢;(z) < 0 for all =, we can write

p(z) = (1) Aq () ... (-gi(x)) ... (gp(2))(x —x)™ ... (x — z,)""
(notice the —1’s cancel, leaving the value of p(z) unchanged). We now have p(z) =
Aqi(z) ... qp(z)(x—21)™ ... (x—2,)"", where each ¢;(x) is a strictly positive quadratic.
Since g;(x) > 0 for all z, each factor (z — ;)™ > 0 for all z, and p(x) > 0 for all x, we
=2

must have A > 0. So A is a square of the form \/Z , each g;(x) is a sum of 2 squares

(by section A, case 1), and each (z — ;)" is a square, (z — z;)"™ = [(z — a:i)di}z.
The proof is now completed by applying Lemma 1.7 to the factors in p(x), one after
another. ]

The following corollary generalizes Lemma 1.7.
9



Corollary 1.9. If A(z) = zn:ff(x) and B(z) = zn:gf(m), then A(x) x B(x) can
i=1 i=1

be expressed as R(x)* + S(x)?, a sum of two squares_.

Proof. Since A(x)x B(x) is non-negative for every x, the Type I representation follows
from Theorem 1.1. O

10



2. NON-NEGATIVE POLYNOMIALS ON THE HALF-LINE

In this section we look at non-negative polynomials on the half-line and intro-
duce our second theorem.

Theorem 2.1. (See Polya and Szego [5, Part VI, Sec. 6, 45, page 78].) If we have
a polynomial p(x) that satisfies p(x) > 0 for every x > 0, then there are polynomials
f(x), g(z), h(z), and k(x) such that p(z) = f(x)* + g(z)* + z[h(x)? + k(z)?] for all
x.

We can use Theorem 1.1 to prove Theorem 2.1. But before we begin we must
define a couple of things to make the process easier.

e A Type I polynomial is a polynomial p(x) with a representation as in Theorem
1.1, a sum of two squares, i.e. f(x)?+ g(z)%
e A Type II polynomial is a polynomial p(x) with a representation as in the form
of Theorem 2.1, ([Type I] + z[Type 1]), i.e. f(x)*+ g(z)*+ z[h(x)? + k(x)?].
Now that we have defined the two different types, we can continue. In Theorem 1.1,
we used Lemma 1.7, which shows that Type I x Type I = Type I. Similarly, to prove
Theorem 2.1, we need the following result:

Lemma 2.2. If z; <0, then Type II X (x — x;) is also of the form Type II.

Proof. Suppose p(z) is Type II: p = f% + ¢* + z(h* + k?), where f, g, h, and k are
all polynomials. Let q(x) := p(z — z;) = z(f* + ¢*) — xi(f* + ¢*) + 2*(h* + k?) —
(@)(z:) (R + &?)

= [2*(* + F?) — 2i(f* + %)) +a [(f* + ¢°) — ws(h* + )] .

. / . /
TV TV

P(z) Q(x)
Since —z; > 0, we can see that P(z) > 0 and Q(z) > 0 for each x, so by Theorem
1.1, P(z) and Q(z) have Type I representations. At the same time, we see that
q(z) = P(z) + xQ(z) has a Type II representation. O

Example 2.3. Suppose P is a non-negative polynomial for x > 0.
P =7+ 10x + 42° + 23
Factor[P] = (1 + z)(7 + 3z + 2?)

To = —D
Q = Expand[P(z — x,)] = 35 + 57z + 302* + 923 + 2*
Plot[P, z, —6, 5|

11



From the plot, we can clearly see that P > 0 when x > 0.

Factor[Q] = (1 + 2)(5 + z) (7 + 3z + 2?)

Convert to sum of squares form using Lemma 1.7 from Theorem 1.1.

Z=Expand[7 + 3z + 2] = 7 + 3z + a?
a=1
b=3
c=17

(@) (o-+ )"+ (/2572) =+

Expand[Z — %] =0
Prove P has Type II.

3
(0
p— V19

3

P has a Type II representation.
Expand[P — (f2+ ¢ + x(h* + k%)) = 0

+x)2

Apply Lemma 2.2 from Theorem 2.1 with z, =

We show that @) is Type II.

—5: Typell x (x — x,) = Typell.

R:IQ(hQ—sz)—xo(f?—i-gQ):5<%+(%4—1:)2)+x2 (%4—(%"‘@2)

Factor[R] = (5 + z?)(7 + 3z + 2?)

5

I
B

((
f
g
h
k

%4— x

A= fk—gh=—-Y% 1z (3+2)
B=fh+gk="9 153 +2)
Expand[R — (A% + B?)] =0

R has Type I representation

o 2+ (VB ) =4 3y

S= (2 +0) —wo +12) = 2+ (3+2)" +5 (2 + (3+2)")

Factor[S] = 6(7 + 3z + 2?)

f=0
g=+6
=
b= (3+0)



J=fh—gh=—\/%

K = fh+gk=+6 (3 +x)

Expand[S — (J? + K%)] =0

S has a Type I representation.

Expand[@ — (A% + B? + z(J> + K%))| =0
Polynomial ) has a Type II representation.

Proof of Theorem 2.1
Proof. We use the Factorization Theorem to write p from Theorem 2.1 as:

p(x) = Alg - ge(e —y)™ o (@ = ym)"™" (@ = 20)™ (2 = 2) ],

where A is a constant, the ¢;’s are quadratics that cannot be factored (i.e., they
have no real roots), the exponents n; are even, the exponents s; are odd, and all of
T1y. .. TpYi,. - . Ym are distinct. (Note some of these factors may be missing in any
expression p.) Since p(z) > 0 for all x > 0, we can assume that each g; is positive for
all , each x; < 0 (since p(x) changes sign at z;), and A > 0. Let’s say s; = 2t; + 1,
with ¢; > 0, so that (v — z;)% = (z — ;)% (x — z;). Let

r(z) =Aq ...q(x —y)™ .. (2 — ym)"" (z — x1)2t1 coi(x— xp)%,

so that p(x) =r(z)(x — ;) ... (v — z,).
Clearly, r(x) > 0 for every x, so r(x) has a Type I representation by Theorem 1.1,
and therefore a Type II representation:

r(z) = f(2)’ + g(2)* = f(2)* + g(x)* + 2(0* + 0%).

If there are no x;’s, then we just have p(z) = r(z), so p(z) has a Type II representation.
If there are some x;’s, they must be < 0, since p(z) changes sign at x;.
Now, we can apply Lemma 2.2 to

ple) = r(@)(@ — 1)@ - 2) ... (2 — ;)

-~

R(z)

Since each x; < 0, Lemma 2.2 implies that r(z)(z — 1), and each partial product
r(z)(x —x1)...(r — ;) is Type 11, so p(z) = R(z) is Type I O

Before continuing to the next section we will introduce three facts concerning
degrees of polynomials. We will use these facts in Theorem 3.1.

2.1. Fact 1. First we compute the degree of a sum of squares of two polynomials.
Let ¢(x) = ap + a;x + ... + a,a™, where a, # 0 (so the deg ¢ = n).

Let r(x) = by + bixz + ... + byp,a™, where by, # 0 (so the deg r = m).

Then s(z) := q(z)? + r(x)?

= a2+ .. 4 20010, a2 b 4 20 b b2 x>,
13



But what is the degree of s(z)? Let’s consider the degrees n and m.

2n n>m
deg s(x) = 2m m>n
2n = 2m n=m.

According to this, the degree of the sum is twice n if n > m, twice m if m > n, or
twice n or m if n = m. So we can say the degree of the sum is twice the highest
degree,

(2.1) deg (q(z)* + r(z)?) = 2max(deg q(x),deg r(x))

2.2. Fact 2. For any polynomials a(z), b(x), the degree of their sum, a(x) + b(z),
satisfies

(2.2) deg (a(x) 4+ b(x)) < max (deg a(x),deg b(x)) .
Also, if the highest degree coefficients in a(z) and b(z) are both positive, then
(2.3) deg (a(z) + b(z)) = max(deg a(x),deg b(x)).

2.3. Fact 3. Consider a Type II polynomial:

p(x) = f(2)* + g(x)* + 2 [A(2)” + g()’]
Then by Fact 1, deg (f(z)* + g(x)?) = 2maz(deg f(x),deg g(x)). Also by Fact 1,
deg (h(x)* + k(z)?) = 2max(deg h(z),deg k(z)). Then deg (z(h(x)? + k(z)?)) =
1 4 2max(deg h(z),deg k(x)) = maz(1 + 2deg h(zx), 1+ 2deg k(x)).
So, by Fact 2,
deg (f(x)’ +g(z)* +x [h(2)* + g(2)?]) =
maz(deg (f(2)* + g(x)*), deg x(h(x)* + k(z)?)
max(2max(deg f,deg g)),1 + 2max(deg h(zx),deg
So we discover that
(2.4) deg (f*+ ¢* +2(h* + k?)) = max (2deg f,2deg g,1 + 2deg h,1 + 2deg k).

We will use Fact 3, mainly equation 2.4, in the proof of the next theorem.

) =
k(x)).

14



3. NON-NEGATIVE POLYNOMIALS ON [0, 1]

In this section, we look at polynomials that are positive in the interval [0, 1].
The next theorem is due to M. Fekete (1935) (see [3], Theorem 2.7 and page 49).

]

Theorem 3.1. The polynomial p(z) satisfies p(x) > 0 for all x on the interval [0, 1
9(x),

if and only if p(x) is a Type III polynomial, i.e. there are polynomials f(x),
h(z), and k(x) such that p(z) = f(z)? + g(x)* + x(1 — z)[h(2)? + k(z)?].

In the proof of this theorem we will utilize more resources, which we will discuss
now. The following corollaries concern the degree of a Type II polynomial.

Corollary 3.2. Consider the Type II polynomaial,
p(z) = f(2)* + g(2)* + z(h(x)* + k(x)?) where f,g,h, and k are polynomials. If
deg p(z) = 2m, then deg f(z),deg g(z) < m and deg h(z),deg k(x) < m — 1.

Proof. By equation 2.4, we can say the following:

2m = deg p(z) > deg f(x)> =2 x deg f(x), or more simply deg f(x) < m. Similarly,
deg g(x) < m. Also, 2m = deg p(z) > deg xh( )2 =142 x deg h(z), so m >
: + deg h(z). Finally, we get deg h(z) < m — %, but since deg h(z) is an integer, we
must have deg h(x) < m — 1. Similarly, deg k;( ) <m—1. O

Corollary 3.3. Consider the Type II polynomial,
p(z) = f(x)* + g(x)* + x(h(x)* + k(x)?) where f,g,h, and k are polynomials. If
deg p(x) =2m + 1, then deg f(z),deg g(x),deg h(zx),deg k(z) < m

Proof. By equation 2.4, we can say the following:

2m+1 = deg p(x) > deg f(x)? > 2 xdeg f(x), so m+% > deg f(x), or more simply,
deg f(z) < m. Similarly, deg g(xz) < m. Also 2m + 1 = deg p(x) > deg xh(z)? =
1+ 2x deg h(z), or more simply, deg h(z) < m. Similarly, deg k(z) < m. O

The following Lemma will be utilized to help us create Type III polynomials.

Lemma 3.4. If r(x) and s(x) are both Type I1I polynomials, then the product of r(z)
and s(x) is also a Type III polynomial.

Proof. Suppose r(z) = f()* + g(x)* + z(1 — 2)[h(2)* + k(z)?]
an? s(x)zl a(z)? + b(z)* + z(1 — x)[c(x)? + d(x)?] where f,g,h,k,a,b,c, and d are
polynomials.

Then r(z) x s(z) =
[f (@) + g(@)]la(2)? + b(x)?] + 2*(1 — 2)*[1(2)* + k(2)*][c()* + d(2)’]

/

~~

P(x)
+a(l—2) [f(2)* +g(z)°] [e(2)” + d(2)*] + [a(x)® + b(2)*)[2(2)* + k(x)’]

~ J/
-~

Q(x)

So r(x) x s(x) = P(z) + 2(1 — 2)Q(x)
Clearly, both P(z) and Q(z) are non-negative for all z, so, by Theorem 1.1, each

polynomial is a Type L. So r(x) x s(z) is a Type III polynomial. O
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Proof of Theorem 3.1
To prove Theorem 3.1, we now consider the two possible cases:

(i) polynomials of even degree
(ii) polynomials of odd degree

3.1. Case 1: Polynomials of Even Degree. Suppose p(z) > 0 for 0 <z <1 and
suppose p(z) has even degree, deg p(z) = 2k, so that
p(z) = ag + a1x + axx® + ...+ aspz?".

For x # 0,
1 1 1 1
P\ ) =at+tar— +tax—+...+a% 5,
T x T T
so we can define

1
q(z) = % (E) = aox® + a2V + .+ ag.

1 1 1
Ifx>1,then0< - <1, sop(—) >0, and so g(x) = 2%*p (—) > 0.
T T T

Let r(z) :=q(x+1). If 2 > 0, then z +1 > 1, so g(z + 1) > 0, and we find that
r(z) > 0 for > 0. By Theorem 2.1, there exists polynomials A(x), B(x), C(z), and
D(x) such that

r(z) = A(x)* + B(z)? + z[C(x)* + D(x)?.
We have r(z) = ¢(x + 1), so deg r = deg q = 2k. Corollary 3.2 shows that deg A,
deg B < k and deg C, deg D < k — 1. Now,

r(x—1)=A(@ -1+ Bz -1+ (z — 1) [(C(z — 1)* + D(z — 1)*]
and
Mo —1) =gz —1+1) = g(z) = a**p (1) |

1 1
Then, o X plu)=r <a - 1)

A () o o]
{GORLEI |

1
For x # 0, let w = — and in turn z =
x

u?F x

() )

Next, distribute the u?* term to each polynomial A, B C, and D. For example, since
deg A < k, we can write A(x) = ¢, + 1 + ... + cpa®. Now,

) () ().




SO

Consider
(3.1) A:=uFA (1 — u) :

Since, deg A < k, then A(u)
= ey +o (1—w)u" "+ .+ cep(1 — ).

- ~ 1
Now we see that A(u) is a polynomial in u. Similarly, B(u):= u*B (— — 1) is a
u
polynomial, where B(z) = d, + dyz + ... dyz" (from Corollary 3.2, deg B < k).

T etk o]
= (50 e (5 ) e zD( )]

= u(1 — u)[C(u)? + D(u)?
) and D (u):=u"~ 1D(
deg C, deg D < k — 1, we see that C( ) and D(u) are polynomials. So,

p(u) = A(w)® + B(w)? + u(l — u)[C(u)* + D(u)’]
and therefore p is Type III. This concludes the proof of Case 1.

~ 1-—
where C(u):=u*"1C ( > Since, from Corollary 3.2,

Here is an example illustrating equation 3.1.

Example 3.5. Let A(r) = 1014x" + 3662° + 992° 4- 322" + 6782% + 442” + 4a + 14,
Then A(z) := z7A (£2).
fl(:p) _ (1014(1 x)7 i 366(16—33)6 + 99(1—x)5 + 32(1—x)* + 678(1—x)3 i 44(1—x)2 i 4(1—z) i 14> 2

z7 x xd x4 z3 z2
EXpand[ (z)] = 1014 — 6732z + 191972 — 3046323 + 29710z* — 18592z° + 72192° —
133927 ]
So we see that A(x) is a polynomial in = as we claimed in Equation 3.1.

3.2. Case 2: Polynomials of Odd Degree. Suppose p(z) > 0 for 0 < z < 1 and
suppose that p(z) has odd degree, deg p(z) = 2m+1. By the Factorization Theorem,
plx)=Aq ...q(x —y)® ... (x —y)"(x — )" ... (x — 2)"™,

where ¢ ...q, are quadratics with no real roots, x1...x,,y; ...y, are distinct, s; is
even, and t; is odd. We let t; = 2v; + 1, so

(x —x)" = (2 — ;) (x — 2;).
17




Now we have p(x) =

Aq...q(z—y)" .. (x =)™ (- 1) (= x) (- x) . (- 1),
Q(z)
We can assume that each ¢; > 0 for all z, so Q(z) > 0 for all z. Since p(xz) > 0 for
0 <z <1, it is clear that the z;’s are not in the interval [0, 1] (otherwise, p(x) would

change sign in [0, 1].)
To continue further we need two Lemmas.

Lemma 3.6. If 2o <0, then x — x¢ 1s of Type 111

Proof. We want a Type III representation for x — xy of the form
(3.2) p(z) :== (v — 2¢) = (Az + B)* + z(1 — x)C?,

where A, B, and C' are constants.

Let « = —x¢y > 0, so we can now say

r4+a=x—1x9= A’2>+2ABx + B> + 2C? — 22C2.
Now we compare coefficients on each side of the equation:
B*=a>0,s0 B=./a.

Next,

(3.3) 2AB +C? =1.
Also, A> —C?=0,80 A2=C? or | A|=|C|

So we can substitute A for C' in equation 3.3 to get
2AB + A? =1, so finally we have

(3.4) A%+ 2\/aA—-1=0.

For the discriminant of this quadratic in A we get

b? — 4ac = 4a — 4(1)(—1) = 4(a+ 1) > 0.

This tells us that we can solve equation 3.4 for A, and get the Type III representation
such as in equation 3.2. O

The following is an example of Lemma 3.6

Example 3.7. We start with P, a (z — z,) term where z, < 0.
P=(z+5)
Plot[P, z,0, 1]

18



60}
s
56 —
54 —

521

‘ 0‘.2 T 014 — 0‘.6 T O‘.S T liO
Think of the number 5 as a square, (y/a)? and since we know h and k cannot be 0 or
else there will be no x term.

1’0:—5
a=—Tyg=>5
B=\a=15
H=A

Use equation 3.4 from Lemma 3.6
0==2A4B+ A2 — 1= —1+2\5A + A2

Apply the quadratic formula
(Fe0f) =3 (-2v5 + 2v6)

Expand[%] = —v/5 + /6

(RoE) -} (2vi -2

Expand|[%] = —v/5 — /6

A= (Fgie) = £ (<215 +2v6)
H=A=1(-2V5+2V6)

B=.a= V5

Verify that the expression is equal to 1

A2 4 2BA = V5 (=2v5 + 26) + 1 (=2v/5 + 26)°
FullSimplify[%] = 1

A? +2BA =1 so the above expression should be zero.
Expand[((z — 2,)) — ((A> 4+ 2BA)x — x,)] =0

Type III representation below.

Expand[(z — z,) — (Az + B)? + z(1 —2)H?)] =0

It is concluded that original linear term x + 5 has a Type III representation.

Lemma 3.8. Ifz, > 1, then —(x — x,) is of Type III.
Proof. We try for a Type III representation of the form

(3.5) p(z) = —(x — x9) = (111995 + B)* 4+ z(1 — 2)C*.



Now, —x + x¢g = A%2? + 2ABx + B? + 2C? — 22C?. To solve 3.5 we need
xo = B?, so B = /. We also need

(3.6) 2AB +C* = —1

and
A2 —(C?=0,50 A2=C% or | Al|=| C|.
So we can substitute A for C' in equation 3.6 and get

(3.7) 2AB 4 A% = —1.
So finally we need A? + 2,/TgA +1 = 0.

From the discriminant, we get
b> — dac = 4(xg — 1) > 0. Therefore we can find A, B, and C' that satisfy equation
3.5, so p(x) is Type III.

O

The following example illustrates Lemma 3.8.

Example 3.9. Here is an example of why —(z — z,), where z, > 1, is of Type III.
P=—(x—4)

Plot[P, z,0, —1]

4.07
3.8;
3.6;
3.4}

32+

P T S S S SR
0.2 0.4 0.6 0.8 10

Plot shows P is non-negative for [0, 1].

T, =4
B =, /1,=2
H=A

Solve using equation 3.4
0==2AB+ A>+1=1+4A+ A?

a=1
b=2B =4
c=1

Apply the quadratic formula.
(el ) = 4 (—4+2v3)
Expand[%] = -2 ++/3
(2=) -3 (i
20



Expand[%] = —2 — /3

A (o) ) Caaa
H=A=1(-4+2V3)
B=T,=2

Verify the expression is - 1

A2 4 2BA =2 (—4+2V3) + 1 (—4+2V3)’
FullSimplify[%] = —1

Expand[(— (z — z,)) — (A2 + 2BA)z +z,)] =0
Expand|[— (z — x,) — ((Az + B)* 4+ z(1 — 2)H*)] =0
—(z — 4) has a Type III representation.

For the proof of Theorem 3.1 with deg p odd, we will now look at two different
cases depending on the sign of A from the factorization theorem.

3.2.1. Case i. When A > 0, p(z) =

2U1

Aqro. gz =)™ - (@ — )™ (@ — 1)

o =) —xy) . (= 1) (@ = Tig) (T — T,

where z1...2; < 0and z;41...2, > 1. Let

Qz):=Aq ... q(x — ) ... (2 — )™ (z — 2)* ... (2 — ) ?"™.

Q(x) > 0 because A > 0 and the ¢;’s are strictly positive quadratics. These pa-
rameters make Q)(x) a Type I polynomial, which can be expressed as a Type III
polynomial. So now we have

p(z) = Q($)£$ —x1)...(x — legx —xig1) ... (z— xml,

O(x) E(x)
where z; ...z; are <0 and x;11, ..., 2z, are > 1. By Lemma 3.6, each of the factors

in (x—x1)...(x—ux;) are Type III so by Lemma 3.4, O(z) is Type III. For 0 < x < 1,
each factor in E(x) is negative, so there must be an even number of these factors
in E(z). We can rewrite E(x) as (—(x — z;41)) ... (—(z — x,,))(since the number of
factors is even, the value does not change). Since each —(z — x;1;) is Type III by
Lemma 3.6, then E(z) is Type III by Lemma 3.4. Now, p(z) = Q(z) x O(z) x E(z),
so by Lemma 3.4, p(z) is Type III.

3.2.2. Case . : When A <0, p(x) =

2v1

—flqlql g =) (=) (e — xq)

(@ —ap)?(r—x) (=) (= 2ig) (T — ),

where A > 0, each ¢; is strictly positive, xy...2; < 0, and ;4q...2,, > 1. Let
21



Q(z) == Agr...qo(x — )™ ... (x — )™ (x — 21)® ... (& — 2,,)2". Then Q(z) is

non-negative for all x and we can write

p(z) = (—1)@(:17)@7 —x1)...(z — xllgx —Zip1) ... (x— xmz

v~ v~

E(x) O(x)

For 0 < 2 < 1, each factor (x — x;) with ; > 1 is negative, so there must be an odd
number of factors in O(z) (since otherwise p(x) < 0). So we can write

p(z) = (=1)Q@)E(x) (=1)(z — zit1) ... (=1)(x — ) (=1).

g

R(x)

(The number of negative signs inserted in O(z) is odd, so in order for them to cancel
each other out we compensate with an extra negative at the end). Let F(z) =
Q(z) x E(z). Since each factor in E(x) is Type III by Lemma 3.6, then E(z) is
Type III by Lemma 3.4. So F(x) is also Type III by Lemma 3.4. Since each factor
—(x — z;) in R(z) is Type III by Lemma 3.8, then R(x) is Type III by Lemma 3.4,
so now we have
p(x) = F(x)R(x).

(The leading coefficient(-1) and the very last (-1) at the end cancel out.) Since F(z)
and R(z) are Type III, by Lemma 3.4, p(x) = F(z) x R(z) is also Type III. This
completes the proof of case 3.2, polynomials with odd degree.

The following corollary tells us that Theorem 3.1 works for any interval [a, b].

Corollary 3.10. Suppose p(x) is non-negative on the interval [a,b], where a < b.
Then there are polynomials R(x),S(x),T(x), and U(x) such that

p(z) = R(x)* + 8(2)* + (z — a)(b — 2)[T'(x)* + U ()],

Proof. Consider the function, ¢(z) := p (u(z)) where u = u(x) .= a+ z(b — a). q(x)
is a polynomial with deg ¢ = deg p, and if 0 < 2 < 1, then a < u(z) < b, so q(z) > 0.

According to Theorem 3.1, there are polynomials A( ), B(z), C(x), ( ) such that
q(z) = A(z)* + B(x)* + 2(1 — z) [C(x)” + D(x)’] .

We know that u = a + z(b — a); if we solve for z, we get the expression:

u—a
T = .
b—a
. . L u—a
Now replace x in the function ¢(z) with 5 ,
—a

p (u(x)) = A(z)* + B(z)* + 2(1 — 2) [C(2)* + D(2)’]

(i) () () (-570)
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U —a
to get
b—a

Now simplify 1 —

b—a_u—a_b—u
b—a b—a b—a’

then replace in the expression for p(u(x)):

p(u(e)) = A"+ B+ ( E=250- ) [0+ )]

where

A= (322), B =5 (32 fw=c (j=2) b= (5=2).

Note that g, B, 6’, and D are polynomials in w.

1
The final expression is derived by distributing a2

—a

plu) = Aw) + B(w) + (u—a)(b—w) [C'(w)’ + D'(w)?]

where C'(u) : C(u) D'(u) := Dlw)

“b—a b—a

The following example illustrates Corollary 3.10.

are polynomials in w. O

Example 3.11. Take P(u) = u?, positive on [2, 4] and give a Type III representation.
P =

a=2
b=4
Plot|P, u, —5, 5]

100

—100f

u=a+z(b—a)=2+2x
P=(2+2x)
Factoring the polynomial shows an odd degree, so we use Theorem 3.1 Case 2.
Factor[P] = 8(1 + z)?
Expand[P — (8(1 + z)*(1 +z))] =0
Next we get the Type III representation of the polynomial P.
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(x+1) = <1+%(—2+2\/§) m)2+x(1—x) (% (—2+2x/§>)2
8((1+2)2) = (VB(1+2))" + 02+ 2(1 — z) ((0)2 + (0)?)

Now use Lemma 3.4 regarding multiplication of Type III polynomials.
Using Lemma 3.4, we can express P as F' 4+ 2(1 — 2)G, where F' and G are the fol-
lowing sums of two squares:

F=X24+W2=0+ (2V2(1 + 2)(1 — 2 + v22))"

G=V2+U? =02+ (V2(—2+2v2)(1 +2))".
Now solve for x in the equation u = a + z(b — a)
u—a _1(_2+ )
b—a 2 Y
(X24+W?24+z2(1—2)(U2+V?) =

8 <1+%(—2+u))2 (1+ 2g“ + _?/J_;u)2+(—2+2x/§>2 (1+ 2;”) (1+%(—2+u)>2(—2+

u

RR:\/_( 2+u><1+2_“+_2+“>

r =

2 V2
SS=X =
TV s
1 —2+2v2) (1+3(-2+u
O V2

ExpandAll[P — (RR? 4+ SS? + (u — a)(b— u)(TT? + UU?))
So the original P = u?, has a Type III representation on [2
(Refer to Appendix D for the full problem implementation.)

=0
,4].
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4. NON-NEGATIVE POLYNOMIALS IN T'WO-VARIABLES

In this section we will discuss non-negative polynomials in two variables. In
1888, David Hilbert proved that there are polynomials p(x,y) that are non-negative
on R? but cannot be expressed as a sum of squares. The first specific example of
such a polynomial was discovered by T. Motzkin in 1967. In this section we study
Motzkin’s example. We then illustrate a general method for indicating whether or
not a polynomial p(z,y) is a sum of squares.

Theorem 4.1. Given the Motzkin polynomial
(4.1) M(z,y) = z*y* + 2*y* — 32%9* + 1,
(i) M(z,y) >0 for every x,y and

(ii) M cannot be expressed as a sum of squares.

In an attempt to prove this two-part theorem we will use two methods. The
first will utilize the following theorem.

Theorem 4.2. (Inequality of Arithmetic and Geometric Means) When we have the
numbers ay ...a, > 0, we can say that

mz(al,,_an)a

(4.2) .

Proof of Theorem 4.1

Proof. Here we try to prove M (x,y) > 0 for every z,y with the Motzkin polynomial
M(z,y) =2* +y*(2* +y* — 3) + 1.

If 2% + y? — 3 > 0, then clearly M(z,y) > 0.

Suppose
v? +y? < 3,
let
w:=3—2>—y*>0,
and let
2= \J/w.
Then
(4.3) =32 -y
or
(4.4) 3=a+y* + 2%
By equation 4.2, we can say the following:

2,2 .2
Tty +z
+ > ($2y222)§.
If we substitute in equation 4.4 we get,
3 2.2 .2
1= 5= W > (nyQ,zQ)%,
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Since )
1> (a%y?2%)3,
then
1> 2%y?22
Substitute z? in from equation 4.3:
1> 2%y%(3 — 2 — ).
Distribute the —1
—1 < 2?2 (2* +9* - 3).
Bring the 1 to the other side,
0 <2’y’(a” +y* = 3) + 1= M(z,y),
and we discover that M (z,y) > 0 for every z,y.

Now we will try to prove the second part of Theorem 4.1 by attempting to express
M (z,y) as a sum of squares. Suppose M (z,y) is a sum of squares of polynomials of
degree 3:

M(z,y) = s(x,y) ==

> (@i + bix + iy + dia® + ey + fiy® + gi® + hia’y + jivy® + ki),

i=1
where a;, b;, ¢;, d;, e;, fi, gi, hi, Ji, and k; are constants. Comparing to equation 4.1, the
Motzkin polynomial does not contain most of the terms in s(z,y) so some of these
constants may equal 0. But let’s look at certain terms to see if we can really express
M (z,y) as a sum of squares. There is no z2 term in equation 4.1, so the coefficient

P
of % in s(z,y) must be 0. Therefore, Z b? = 0, so each b; = 0. Similarly, there is

i=1
p
no 42 term in Equation 4.1, so Z c; = 0, and therefore ¢; = 0. Most noticeably we
i=1
see that the coefficient of the 2%y? term in equation 4.1 is —3, so we must have
p p
(4.5) > 2fidi + € + 2bij; + 2cih; = Y 2fid; + €] = =3,
i=1 =1

p
But let’s look at d;. Since there is no z* term in equation 4.1, then Z d? 4+ 2b;g; = 0.
i=1

p
But we discovered above that b; = 0, so de = 0, and therefore each d; = 0.

i=1
p

When we go back to equation 4.5 we see that we now have Ze? = —3. This is
i=1

a contradiction and is not possible. (The sum of all the e terms cannot equal a

negative number.) Therefore M cannot be expressed as a sum of squares. U
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We now continue by studying some consequences of the following theorem of
Hilbert:

Theorem 4.3. Every polynomial p(xy, za, - - - x,) of degree 2k that is non-negative is
a sum of squares if and only if
(i) n=1, k>0 (Theorem 1.1)
(i)n>1, k=1
(iii) n=2, k=2

Hilbert’s theorem shows for n = 2 and deg p = 6 there are polynomials that are
non-negative but cannot be expressed as sums of squares. Next we study a method
for determining if a polynomial p(z,y) is a sum of squares.

Proposition 4.4. A polynomial p(x,y) with deg p = 2k can be expressed as a sum
of squares if and only if there is a matriz A such that

plr,y) = (Av) Av,

where

— R 2 2 k _k—1
V="V = (17x7y7x Y LY, Yy, T, T

Yy yk) .

Proof. The entries of Av are polynomials, so (A v)T(A v) is a sum of squares of

polynomials. So if

p(z.y) = (Av)"(Av),

k

then p is a sum of squares of polynomials. Conversely, if p = Z fi% (f; is a poly-
i=1

nomial), define a matrix A so that row ¢ of A has the coefficients of f;. Then

px,y) = (Av)"(Av). -

To decide if a given p(z,y) is a sum of squares, we use the following steps.

(i) Find a matrix M with M = MT such that p(x,y) = vT M.
(ii) Find a matrix M that satisfies step(i), and M = 0 (M is positive, i.e., where
all eigenvalues of M are non-negative). Then let P = M so, p(z,y) = vT Pv.
(iii) Use Cholesky Decomposition to find a matrix A such that

P=A"A
(iv) Then p(z,y) = o7 Pv = vTATAv = (Av)" (Av), giving a sum of squares
representation for p.

Example 4.5. p = 7 + 2z + 1422 + 14y + 28zy + 49y
The vector v, must count up to half of the total degree.

v=(1,2,y)
The matrix is self-adjoint for simplicity so there is easy variable comparison.

P ={{a,b,c}, {b,d, e}, {ce, f}}
Solve p = v.P.v for P.

MatrizForm[P] =

o o
o QS
~ O O
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Together[p—v.Pv] = T—a+2x—2bx+142% — do? + 14y — 2cy + 287y — 2exy +49y* — f1?
a="7

b=1
c=17
d=14
e=14
f=49

p—v.Pv=x+ 142 + Ty + 28xy + 49y* — x(1 + 14z + 14y) — y(7 + 14z + 49y)
Factor[%] = 0

P=v.Mv
T 17
P={7,1,7},{1,14,14},{7,14,49} = |1 14 14
7 14 49

Check for positivity, determinant, cholesky decomposition, eigenvalues.
Det[P] = 2891

CholeskyDecomposition[P}Z{{\/_,L?,\/_} { \/277, 13\/;}»{07077\/%}}
] fo 3] (onrE)

1
Vi
MatrixForm[A]=| 0 9—77 13 9—77
0 0 7 %
tA:Transpose[A]:{{ﬁ,0,0},{%a 9_77,0},{\/7,13 = 7 %}}
V70 0
MatrixForm[tA]= % 9—77 0

VT 134/ T4/22
Double check that P = Transpose[A].A:
P —tA.A = {0,0,0},{0,0,0},{0,0,0}

To express p as a sum of squares, we now use (v.tA).(A.v)

2
(vtA).(Av) = B8 ¢ ([T 413, [Ty) + (Vi+ &+ ﬁy>2
This is a sum of squares expression; We double check that it equals p
q=(v.tA).(Aw)

Factor[p —¢| =0

Another way to check that a real symmetric matrix is positive is to verify that all of
its eigenvalues are nonnegative :

Eigenvalues[P] = Root [—2891 + 88141 — T0#1% + #1°&, 3],

Root [—2891 + 881#1 — T0#1° + #1°&,2] ,

Root [—2891 + 881#1 — T0#1% + #1°&, 1]

N[%] = 54.9159,9.60073, 5.48334

This means that there are vectors a, b, ¢ such that P.a = 54.91592601638876‘a, P.b =
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9.600729026932235b, Pc = 5.483344956679007‘c. Further, any vector w can be ex-
pressed as w = ra+sb+tc, so Pw = 54.91592601638876(ra)+9.600729026932235° (sb)+
5.483344956679007¢(tc). This shows that P is like stretching by positive multipliers
in three directions.

29



REFERENCES

Ahlfors, L. Complex Analysis. McGraw-Hill Book Company, 2nd Edition, 1966.

Hilbert, D., Uber die Darstellung definiten formen als Sumen wvon Formenquadraten.
Math.Ann.32. 32(1888),342-350.

Lasserre, J. Moments, Positive Polynomials, and Their Applications. Imperial College Press
Optimization Series Vol. 1, Imperial College Press, London, 2010.

Laurent, M. Sums of squares, moment matrices and optimization over polynomials. Emerging
Applications of Algebraic Geometry, Vol. 149 (Springer, New York, NY), 157-270.

Polya G. and Szego, G. Problems and Theorems in Analysis II (Springer-Verlag), 1976.

30



APPENDIX A. FACTORIZATION THEOREM

In the previous sections we used the Factorization Theorem:
If p(z) is a polynomial, then p(z) = Aq(z)...q(x)(z — )™ ... (¢ — x,.)" (x —
y1)™ ... (z—ys)™, where A is a constant, ¢ (z) ... gx(x) are strictly non-zero quadrat-
ics, x1...x., y1...ys are all distinct, n; ...n, are even exponents, and m; ... mg are
odd exponents, (Note that any of these groups may be missing in the expression).
Here we explain the theorem’s origin.
Suppose z is a complex number,

z =T+ 1y,
where z,y are real numbers and i is imaginary, with 2 = —1. Let Z be the complex
conjugate of z,

Z =z —y.

Consider a complex polynomial

p(2) =ag+arz+ ...+ ap2”

(where the a;’s are complex).

We state without proof the following theorem (see [1]).

Theorem A.l. (Fundamental Theorem of Algebra) There is a complex number zo
such that p(zp) = 0.

Next, we recall the Division Theorem.

Theorem A.2. (Division Theorem) If f(z) and g(z) are polynomials, then there are
polynomials, q(z) and r(2), with deg r < deg g, such that f(z) = g(z)q(x) + r(x).

Now if we have

and
9(z) = z — 2,
where p(z9) = 0, then
p(2) = (2 — 20)q(2) + 7(2),
where
degr <deg z — zy = 1.
So
deg r =0,
and therefore r is a constant. Then
0=p(z0) =0+,
SO
r = 0.
So we see that if zj is a root of p(z) = 0, then z — z; is a factor of p(z), i.e.,

p(z) = (2 = 20)q(2),
31



and
deg p=1+deg q.

Corollary A.3. A non-constant polynomial p(z) factors completely as A(z—z) ... (z—
zk—1). Also, if p(z) has real coefficients and if z; is a root, then so is Z.

Proof. The Corollary is true if deg p = 1:

b
az +b=a(z+ —) where a # 0.
a

Assume by induction that the Corollary is true for all complex polynomials up to
deg k — 1. Suppose deg p = k. From above,

p=(2—2)q, degq=Fk—1.
By induction, ¢ = A(z — 21) ... (2 — zx). So
p=(2—2)0=A(z—2)(z — 21) ... (2 — zx).

Suppose p has real coefficients and w is a root.
k

p(z) = Z a;z".

So
k
0=plw)= Z a;w’
Then
k k koo k
0=pw) = Zaiw’ = Zaiw" = z:a_Z i = Zalw = p(w)
(because wi = w'). O

Suppose p(z) is a real polynomial. So p(z) factors completely as a complex

polynomial and if z, is a non-real root, then so is Z,. So now we have
p(z) = (z = z0)(x — Zo)q().
We can express f(z) as a real quadratic with no real roots. Let z, = a + ib where
b+# 0 and Z, = a —1b. So
f(z) = (z — 2,)(x — %) = 2° — 2ax + a® + b*.
Checking the discriminant,
4a® — 4(a® + b*) = 4a* — 4a® — 4%,
we end up with
—4b* < 0

(since b # 0). Therefore f(x) has no real roots. If we apply this argument to the
factorization in Corollary A.3, we get:

(A.1) p(z) =(x—20)...(x — zm)@1 () . .. (),
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where 2, ..., 2, are real roots and ¢(z)...qx(z) are real quadratics with no real
roots. Notice that the zg, ..., 2, are not necessarily distinct, but the repeated factors
in equation A.1 can be grouped together, and thus factors with powers of even and
odd degrees are created. So finally we have our Factorization Theorem.
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APPENDIX B. SECTION 1 EXAMPLES

(» Exanple 1.1-Find a Type | representation for the
product of two polynom als that are non-negative for all x x)
P= (X"2+9) (x*"2+x+1)

(9+X2) (1+X+X2)
Pl ot [P, {x, -10, 10}]

12000 -

10000 -

8000
6000
4000]-

2000}

-10 -5 5 10

(» make (1+x+x"2) a sum of squares by using the formula derived froma quadraticx)
(» we find h and k so that we can use the product fornulax)

h
1
— +X
2
k =Sgrt [3/4]

V3

2

(x»fromthe first question we find f and gx)
f =x

(xnow t he product fornul ax)
(FA2+972) % ("2 +k"2)

3 (1 2
—+ | —+X
2z

(9+X2)
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(fxh+gxk)*"2+ (f xk-gxh)"2

{\/S_X 1 33 1
-3 |—+X + X | —+X
2 (2 2 J
2
3 x 1 3V3 1
p= - — + X + +X | —+X
=) =7
2
{ 3 x 1 3+/3 1
-3 |—+X + X | —+X
2 (2 2 2 J
Expand [p]

9+9x+10x%2+x3+x4

Fact or [p]

(9+x%) (1+x+x?)

(xnotice p is equivalent to P at the beginning of the pagex)

P-p

\/3_x_3{1

(9+X2) (1+X+X2>— >

Expand [%]

0
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(xExanple 1.2~ Find a sumof two squares representation for a polynom al of degree 12

1/4 5 3/4 y6
TS e qygtisys , 20 guaye , X X0y gise g3y,

24/2 12 24/2

3/4 y9
VT st x7 st Dsuaye  gguaseigins e TS X gpumsegygisye
12 3

22
551410 49

—_ 53/4 XlO +4 543/52 1131/13 X10 + 3_5 51/4 Xll + 1[2 53/4 Xll + Z 53/4 X12
12 3

242 12

P=7 517/52 1131/13 X4 +

75tz 11319y, T2 gasis gyguns s 49 gaa e ST
22 12 22
7 7 753/ 9
V2 BVAXT ¢ B5¥AxT, _slAxE 754521388 — T 5517527130139
12 3 22
5 51/4 XlO 49

4  B3/4 410 4 543/52 1131/13 y10 | f 51/4 311 , /7 53/4 w11 , Z 53/4 y12
12 3

22 12

Fact or [P]

+ 4 517/52 1131/13 XG 4

1

E51/4x4 (125651/13+3\/2 x+7x2) (7+\/?x+4x2+7\/?x4+5x5+4\/5 x6)
(xFactor P(x) to see its roots where the polynonm als can be condensed,
conbi ned, or easily differeniatable

g = Factor [P]
5t (7038 x e 4x2) (125652104342 x + 7x2) (1445 x|
12

(xExpand the polynomal into its expanded form

Expand [P]

1/4 5 3/4 46
7552 19300 e T X gaase gggiis s B guane X puris gyguasye

22 12 22

3/4 y9
V2 5V4xT . 17—2 534 x7 + g 5U4 8, 7549/52 133013 ye  [O X g garse gqga3,0
22
551/4x10 49

. 53/4 410 4 543/52 1131/13 y10 | § 51/4 311 \[7 53/4 11 | z 53/4 y12
12 3

22 12

(xPlot P(x) to make sure it is > O for all x.
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Plot [P, {x, -100, 100 }]

15x10% -
1.x10%

5.x10% 1

-100 -50 50 100

(*Break down the first polynomial into its SOS form, by completing the square.
A = Expand [ (Vs X +4x72 +7)]

7+V5 x+4x?

2
b 4ac-b"2
Va X+—)"2+[ 7]

2a 4a

2

107 \/5 J
+ X

16

(*Break down into SOS form, by completing the square,

first considering it's a square of the fourth degree we

take the square root of the both terms then complete the square,

then when we apply the Lemma to the quadractic form of the polynomial. Note that 1

1; =Expand [1, \/5_(x4) + ’\/T]

14+51/4 '\/X_4
1; =Expand [’\/1 + 5ij2]

145174 x2
Expand [1; - 1j ]

_51/4 X2+51/4 »\/X4 = 0*)

37
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B=Expand[(\/5_x"4+l)]

1++/5 x*

1+\/?X2

Z = Expand [A (B) ]

7+V5 x+4x2+7+5 x*+5x%+4+/5 x®

(xApply the Lemmasx)

V107

4

\/ 107
4

e[

5

+ X
8

>
n
=

2
b 4ac-bn2
x+ — |72 + 1/—
2a]) 4 a
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k=5"(1/4)x"2

51/4X2
T=fh-gk
107
_25MAx2 | Lx
4
U=fk +gh
1 V5
Zsl/4 \/107 x%+2 +X

(*Z = T2 + P= A(B)«*)
Expand[Z - (T2 + Ur2)]
0

(*Note we group the first set of polynomals which are in SOS formf2+g? and conbi ne them
together with the text termwhich is a square to get sonething like this: x2(f2+g?)«)

ZZ = T"2 +U"2

1
— 544107 x*+2
4

Expand [ZZ]
7+V5 x+4x24+7+/5 x*+5x%4+4+/5 xb

(*CC is a square of the fourth degree (58 x2)2=

(51/8)2 (xz)2 so we use the terns without the squares when we apply the |lenmma *)

CC = Expand[ (5" (1/4) x"4)]

5l/4 y4
Expand [\/E]
518 [t

f =T
V107
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g=-=U

1
Z51/“ \/107 x%+2 + X

h = 54 (1/8) x"2
51/8X2

k=0

0

TT=fh-gk

/107 14 2 V5
T—ZS/X — X

51/8 X2

W ="fk +gh

V5

1
51/8 2 [—51/4\/WX2+2 + X
4

(#x2(f24g%) = L(x)?+ K(x)? = CCsZZ = TT?+UL, where x is a square, f2+g? are SOS. )
Expand [CC (ZZ) - (TTA2 + UUA2) ]

0

(*Now the first three sets of polynomials are in SOS form (f2+g?) and combine them
together with the next termwhich is a mxture of fractions and radicals. *)

Z7Z =TT 2 + WU 2

2 2
X S YZ T 107 _25l/dy2

1
514 x4 | —5Y44/107 x?+2
4

Expand [Z2ZZ]

754 x% + 534 x>+ 4514 %0+ 7534 %8 . 5514 %9 1 453410
(xExpand the equation and conpl ete the squarex)

EE =Expand[((7/12) X"2 + (1/\/8 ) X + (5657 (1/13)))]

5p51/13, ™ X

—_—+
22 12
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2
b [4ac—b"2

X+ —||"2 + _—
2a]) 4a

3 JZ
+ X
7V2

(»Apply the Lemma once again, taking the previous set of SOS and
mul tiplying them by the final polynomal that is nowin SOS form x)

3(1 7 5651/13J 7
— —_ |+
7

. _
8 3 12

f =TT
51/8X2 107 _251/4X2 > + X
8
g =W
V5
+ X

1
51/8 x2 { 5144107 x? +2
4

|

3( 1 756518
h = —_ | - —
71 8 3
3 (1 7565V
o B
8 3
[7 3
k = —[ +X]
12 \7+/2
1 [7 3 ]
- .| = + X
2V 3 742
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TIT =fh - gk

51/8\/7_x2(—j +x) (;wmxuz(gﬂ))
7V2

- +

2+/3
1/13 [ =
51/8 E 7£+7565 N 107 _ogl/4y2 5 +X
8 3 8
UW =fk +gh
1 7565V

51/8 N

- + X
8 3

3
7

1
x2 [ 5174 /107 x%+2
4

J .

5187 x2 [ 3 x| [T g4y (5
7V2 4 8

23
Expand [P - (TTTA2 + UUU~2) ]
0

(xAs stated in Section D a product of two suns of squares is another
sums of squares so P = TTT2+ UUP= (f h - g kK)?+ (f k + g h)?= F2+x@)
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APPENDIX C. SECTION 2 EXAMPLES

(» Exanple 2.1- G ven a Pol ynom al

P=3+4x+4x%+x3

3+4x+4x%+x8
Factor|[P]
(3 +x) <1+x+x2>

Plot [P, {x, -5, 5}]

250+
200
150
100/

50f

of degree 3,

(*Step One: Get the quadratic in SOS form)

Expand[ (x*2+x+1)]

1+x+x°
a=1
1

b=1
1

c=1

43

find a type 11

representation for
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3 1

—+ | —+x

4 |2 J

(* The trick is to get the P in form of the lemma f 2+ g% +x (h?+k?) )

(* So we provide some manipulation to do so taking the original problem
P = (3+x) (1+x+x?) which is the same as 3  (1+x+x?) + x(Ll+x+x2) so,

below | verified directly verified P =
f2+ g2 +x (h?+k?) however it isn't too easy to see so Il explain in the next few steps.

Expand [P - (3 (L+x+x?) + x (L+x+x?)) ]

0
(*In order to to figure out the x (h? + k2) portion we subtract out (f2+ g?)= 3(1+x+x?),
which in turn will give us x (h? + k?)

Expand [P - (f?+ g?)]
X +x2 +x8

(» Factoring this portion that is left order
it immediately gives us the x (h?+k?) portion of the lemma.

Factor [%]
X (1+x+x%)

(«Below is the 3 (1+x+x2) in SOS form. )
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>
I

fh-gk

T N w

P; = Expand[f2 + g2 + X (h2 + kz)]

3+4x+4x%+x
Expand[P - P;]

0
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(» Exanple 2.2 Gven two polynonmials P and Q which are given as
the following. Find the Type Il x Type Il expression of their product. =x)

P=(x—3)2+x(x2+4)
(—3+x)2+x(4+x2)

Q= (x?+1) +x (x> +8x+17)
1+x%+x (17 +8x +x?)

(*Convert to SOS formb2-4a ¢ < 0. %)

Expand[ (17 +8x+ xz)]

17 + 8 x + x°

a=1
1
b=38
8
c =17
17
b \\? 2ac-br2 )
[(v:)[x+;])+[ -
1+ (4+x)2
f=x-3
-3 +X
g=10
0
h=x
X
k=2
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Expand [P - (f?+g? +x (h* +k?))]
0

(P is of type Il x)

a= X
X

b=1
1

c=1
1
d=4+x
4 +X

Expand [Q- (a® + b? +x (c? +d?))]

0

(*Qi's of type Ilx)

Po= ((f2+902) (a2 +b2)) + (x2 (h? +K2) (c?+d?))
(-3+x)2 (1+x?) +x2 (4+x%) (1+ (4+x)?)

Q = ((f?+d%) (c®+d?) + (a® +b?) (h* +k?))
(1+x2) (4+x3) + (-3+x)% (1+ (4+%)7)

Expand [ ((Q (P)) - (P +x Q)]
0
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(xExanpl e 2.3- G ven a pol ynomi al

P=36+84x+49x?-3x3-2x*-2x%-3x%+x”’

36+84x +49x%-3x3-2x%-2x>-3x8+x"

Fact or [P]
(-3+x)% (1+x)° (4+x2)
Plot [P, {x, -10, 10}]

1.5x10°

1.x10°

500000

of degree 7,find a type Il

-10
—-500000

-1.x10°
-1.5x10°

-2.x10°

(*Group the first two pol ynom al s that
powers or are SOS form and conbi ne them t oget her

Z=Expand[ (x"2+4) (x-3)"2]

36 -24x +13x% -6 x3 +x*

f = (-3 +X)
-3 +X
9= 0

0

h =v4

2

k = x

X

A=fh —gk
2 (-3 +X)

48

have even

representation for

into one SOS x)
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B=fk+gh
(-3 +X) X

(«*Here you verify that Z = A%2+B? &)

Expand [Z - (A +B?)]

0

(xSubtract out the portion f2+ g leaving you with x (h%+k?)x)
X = Expand [P - (A? + B?) ]

108 x +36x% +3x3-3x*-2x%-3x%+x”

(xFactor the polynomnal we see that its a bunch of polynom als
nul tiplied by x: X ((4+x2) (3+3 x+x?) (-3+x)?) = x (h?+k?) %)

Fact or [X]
(-3+x)2x (4+x2) (3+3x+x?)
(xConvert the polynomal with no real rootssx)

Ful I Sinplify[3+3x+x?]

3+X (3+X)

a=1

1

b=3

3

c =3

3
b \\? 4 YYRE

ac-bn

) e ) - W
2a 4 a

3 (3 2

—+ | = +X

4 2 )

(*Group in the formof h2+k?)
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AA:fh—gk

3
V3 (-3 +X) - (-3+x)Xx E+x

BB=fk +gh

1 3
EVS (-3 +X)X+2 (-3+X) E+X

(xh = AA, Kk = BB, X = x(AA?+BB?) = x (h?+k?)
Expand [X - x (AA? + BB?) ]
0

(*Now the final part is to apply the lemm f2+
g? +x (h?+k?) verfying that P = f2+ g +x (h?+k?)

f =A
2 (-3 +X)
g=B
(-3 +X) X
h = AA
3
\/?(—3+x)—(—3+x)x — +X
k = BB
1 3
E\/?(—3+X)X+2(—3+X) £+X
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Pi =Expand[f2+ g% +x (h2+k2)]
36 +84x +49x%-3x3-2x%-2x5-3x5+x”7
Expand [P - P; ]

0

(*xSo  P= 2+ g2 +x (h2+k2
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APPENDIX D. SECTION 3 EXAMPLES

(» Example 3.1 -The polynomial is of this

form: A [g1.. g k(X=yi)" .o (X=ym) ™ (X=X )% .. (x-xp)SD] (x-x;) S X=X )"

Where A is a constant >0. The q i's are quadratics that cannot be factored,

so they have no real roots. The exponents n i are even and the exponents s i are odd. Notice
that in this case as long as the constant A is positive x j< 0 and each x 2 0. =)

P =32400 - 7200 x + 303684 x 2 -69048x 3 + 109848 x * - 38796 x ° + 9852 x © - 5064 x 7 + 216 x 8 + 108 x °

32400 - 7200 x + 303 684 x? - 69048 x° + 109 848 x* - 38 796 x® + 9852 x® - 5064 x” + 216 x® + 108 x°
Factor [P]

12 (-5+X) (-83+X) (9+x) (4+x?) (B+x+x?) (1+9x?)

(*Plotting the Polynomial shows that on the interval [0,1 ] it is strictly positive. *)

Plot [P, {x, -5,51}]

15x10%

Plot [P, {x,0,1 }]

300000
250000
200000
150000

100000 F

50000 F

0.2 0.4 0.6 0.8 10

(xFirst group the first polynomials into a sum of squares,
here we have polynomials that are already in sum of squares form
so we combine them into one sum of squares and group them together. *)
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Z = Expand [ (x* +4) (9x*+1)]

4 4+37x%+9x%

f =x

X

g=2

2

h = V9 x
3x

k =1

1
A=fh-gk
-2+3x2
B=fk+gh
7 X

(#*Verifty that Z and A? + B?x)

Expand [Z - (A? + B?) ]

0

(*Convert into sumof squares form b?-4 a c < 0 *)
Expand [ (5 +x +x?) ]

54+ X +Xx2

a=1
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Expand [ (5 + x +x%) - %]

0

(xApply the Lemma from theorem 1x)
X = Expand [ (4 +x?) (5 +x +x?) (1+9x?)]
20+4x +189x2+37x%+82x*+9x5+9x°®
f =A

-2+3x2

g=B

7 X

A= fh -gk

1
— +X
2

1
5 V19 (-243%7)

-7 X

BB=fk+gh

719 X
2

— X (72+3x2)

(xVerify that AAZ+BB?=Xx)

Expand [X - (AA% + BB?) ]

0

(*Now apply the Lemma from Theorem 3 that states that (x-Xo), where Xo< Ox)
BO=x+9

9 + X
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-9

a=-Xo

9

B=vVa

H=Y

Y

a=1

1

b =2B

6

c =-1

-1
-b+Vb?-4ac
5
1

5 (-6+2+/10 )

Expand [%]

-3+410
-b-Vb%-4ac
=
1

5 (-6-2+10 |

Expand [%]

-3-V10

Y=%

-3-V10
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H=Y
-3-+v10

B= Va
3

Y2+6Y
6(-3-m)+(_3-m)2

Ful | Sinplify[%]
1

Expand [ ((BO)) - ((Y?+6Y) x +9)]
0
Expand[ (BO) - ((YX+B)*2+x (1-x) H*2)]

0

(%S0 X+9= (6(-3-W)+(-3-@)2)“(«/9_)2*)

(*So now conbine Type Il with Type IIl since now x +9 is in Type Il form x)
(*xB; is in the form (x-x,),G is a constant, and X are all now Type |1l %)

CC= 12

12

ZZ = Expand [BO CC (X) ]

2160 + 672 x + 20460 x2 + 6264 x> + 9300 x* + 1956 x> + 1080 x° + 108 x”

| =vcC AA

2\/3_(—7x %+x +%m(-2+3x2)
m=+/CC BB

2\5[7?)(+ E+x (-2 +3x2)
n=0

0
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0

a=Yx+B
3+(_3_m)x
b=0

0

c =0

0

d=H
-3-V10

Expand [BO - ((a% +b?) +x (1 -x) (c?+d?))]
0
RR= ((I2+nf) (a?+b?)) + (x* (1-x)? (n?+0%) (c?+d?))

1
—+X
2

1
+ =19 (-2+3x?)

310 ) x| ;

(3+

12 (—7 X

Fact or [RR]
12 (-3 +3x+ V10 x)z (4+x2) (5+x+x?) (1+9x?)

@- (17 +1F) (c2+ %) + (a +2) (n? +07))

2

2 1 1
(-3-V10 )" |12 |-7x S x| 5 VIe (23] 12
Fact or [QQ]

12 (3+m)2 (4+%%) (5+x+x2) (1+9x?)

57
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2 719 x
+12
2
719 x 1
+ | = +X
2 (2

1
—+X
2

(—2 +3X2)

(-2+3x?)

|




(xFind the type | representation of RR and QQ =*)

f= AA
1 1

“Tx [ —+x|+—V19 (-2+3x?)
2 2

g =BB

7419 x (1

— 4 | —+X (—2+3X2)

2 2

h = \/E(—3+3x+mx)

2\5(73+3x+ 10 x)

k=0
0
A4=fk—gh
7+/19 1
-2V/3 (-3+3x+10 x| —X+(E+x (-2 +3x?)

B4 =fha+gk

1 1
27/3 (-3+3x 4710 x| |-7x 5+xJ+Ex/19 (-2 +3x?)

Expand [RR - (A4? + B4%) ]

0

f = AA
1 1

~7TX |—+X|+—7V19 (—2+3X2)
2 2

g= BB

7V19 x 1

—_— 4 | —+X (—2+3X2)

2 2

h = «/E(sm/ﬁ)
2ﬁ(3+m)
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0
FO=fk-gh
7+/19 1
-2+/3 (3410 [%+(E+x (2+3x2)J
@ =fh+gk
1 1
2+/3 (3410 ] |-7x 5 x| e 5 V18 (243

Expand [QQ- (FO? + @07) ]

0

Expand [ZZ - (A4% + B4 +x (1 -x) (FO?+@?))]
0

A0 = Expand [ (-5 +X) (-3 +Xx)]

15 -8 x +x?

(1+S}2

1 8
15+ —— -
(1+s)2 1l+s

Fact or [q]

(2+3s) (4+55s)
Expand [%]

8+22s +15s?

oo (1)) ) )
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((s2 (N2 +K2) =xo (F2+0?)) +s ((F%+0?) -xo (2 +k?)))
10+15s

((s2 (N2 +K2) =xo (F2+0?)) +s ((F%+0?) -xo (2 +k?)))

8+22s +15

60



R = 4/15s?
V15 +[s?

S=+8
22

u=+22

V22

V=0

0

q = Expand [R? + §? +s (P +V?)]
8+22s +15s?

g=q9q/. s-» (x-1)

8+22 (<1 +X) +15 (-1 +x)2

PO = W [q /X [l]]

w

2

w2

1 1
8+22 -1+ —|+15|-1+ —
w w

PO-A0/. x>w

~15+8w-wW +
w

Expand [%]
0

2 2
(xSo the final formof the A in Type IIl formis (VlS (1—x)2+(x\/8) +x(1-x)(V22)

| =\/E(l—x)
\/ﬁ(l—x)
m=x V8
22 x

1
8 +22 (—l+—)+15[

14
w
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Expand[AO - (12 +nf +x (1-x) (n?+07))]

0
(xApply the formula once nore Type Il % Type |11
a=Ad
719 x 1
-2/3 (-3+3x+/10 x| — |5 X (23

b= B4

1 1
2V/3 (-3+3x+/10 x| (77x(5+x s VI8 (-2 3%7)

c =FO0
(719 1
-2/3 (34410 %+[E+x] (-2 +3x2)
d=@
1 1
2V/3 (3+10) [—7)( 5 X[y VI8 (237

RRR = ((|2+I’Tf') (a2+b2)) + (X2 (ZI.—X)2 (n2+02) (cz+d2))
22 (1-x)2x2

1 2

+5\/19 (-2+3x2)

12 (3+m)2 (—7)( (%er

(15 (1-x)% +8x2) |12 (73+3x+ 10 x)z(—7x(%+x

1

719 x
_— — +X

12(73+3x+mx)2 5

+

(-2+3x2)

Fact or [RRR]

12 (4 +x2) (5+x +x?) (1+9x?)

= Type |11 %)

£ 12 (3+m)2

|

2

719 x

2

+%m(72+3x2)] +

(135—540x—90 V10 x + 1450 x? + 402 /10 x? - 1820 x® - 582 /10 x3 + 855 x* + 270 \/10 x“)
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QXQ= ((I2+nf) (c?+d?) + (a® + b?) (n®+0?))
(15 (1-x)% +8x?)

2

1 7+/19 1
12 (3+\/10)2(—7x 5 X +§x/19 (—2+3x2)J £ 12 (3”/10)2 %+(—+x
2 1 1 2
22 [12 (-3+3x+V10 x| |-7x x| e 5 V18 (23|
2
2 (7419 x (1
12 (-3+3x+/10 x| (?+ —_— (—2+3x2)J

Fact or [QQQ]
36 (4+x%) (5+x+x%) (1+9x?) (161+30\/10 -322x -104 /10 x +285x2+90 10 xz)

Expand [P - ((RRR+ QQQ (1 -x) x))]

0

(xP has a type Il expression;

RRR and QQQ are not in SOS form but positive everywhere for all x,

further inplenentation is needed to derive those
expressions which will not be done due to tinme restrictions. )
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(» Example 3.2 -The polynomial is of this
form: A [Gr. G ) (X=Yi)" e (Xoym™ (x=xi) % (x=xp) ] (x=x;) " (x=xi)
Where A is a constant <0. The q ;'s are quadratics that cannot be factored,
so they have no real roots. The exponents n i are even and the exponents s
are odd. Notice that in this case as long as the constant A is positive X
0 and each x x2 0. Note that some of these factors are missing. *)

A=-1
-1
P=-22+13x -x?
-22 +13x - x?

Factor [P]

-(-11+Xx) (-2 +X)

Expand [P~ ((-(x-2)) (- (x-11)) (-1))]
0

Factor [P]

- (=11 +Xx) (-2 +X)

Plot [(P), {x,0,1 }]

-10
-12
-14
-16
-18

-20

0.2 0.4 0.6 0.8 10
Al = - (-2 +X)

2-X

Plot [Al, {x,0,1 }]

20

181

16

12+

0.2 0.4 0.6 08 10

64



>
1

T
n
>

>

(*»Apply Lenmma 3.6 equation (3.5)x%)
0== 2AB+A?+1

0=1+2V2 A+A?

a=1
1
b =2B
242
c =1
1

4ac
1
- 2 2\/_)
2
Expand [%]
1-+2
-b-4b“-4ac

2a
1
= (-2-272]
2
Expand [%]
-1-+2
-b+a/b%2-4ac

A:

2a
1
7(2725) 65
2



(xVerify the expression =)
AZ4+2BA

vz (2-2vz) . [2o2v2 )
Ful | Sinplify[%]

-1

Expand [ (- (X - Xo)) - ((A? +2BA) X +X,) ]
0

Expand [- (X = Xo) = ((AX+B)"2+x (1-x) H'2)]
0

Expand [Al - (((AXx +B)"2+x (1-x) H*2))]
0

A0 = Ax+B
1
N (272\/2 ) X
2
AOL = H
1
- (2 _24/2 )
2
(********************************************************************)

Bl = - (-11 + x)

11 -x

Pl ot [B1, {x, 0, 1}]

110 b
10.8 }
10.6 }
104 }

102 -
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Xo = 11

11

(*»Apply Lenmma 3.6 equation (3.5)x%)
0== 2AB+A?+1

0==1+2+V11 A+ A2

a =1
1

b =2B
2+/11
c =1
1

% 2/10 -2 V11 |

Expand [%]

Vio -+11

> [-2vio 2|

Expand [%]

-V10 -+/11

(2W72W

N| -
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T

= A
(210 21|
B= X0

Vi1

(xVerify the expression is equal to 1 %)

N| -

A2+ 2BA
1
V11 (2\/10 -2+/11 ) " (2 V10 -2+/11 )2
Ful I Simplify [%]
-1

Expand [ (- (x - Xo)) - ((A*+2BA) x +Xo)]
0

Expand [- (X - Xo) = ((AX +B)"2+x (1-x) H*2)]
0

Expand [B1 - (((AX +B)"2+x (1 -x) H*2))]
0

BO = Ax+B

VIT . (2410 2 | x

BO1 = H

1

- (2 V10 -2V11 )

2

(xApply Multiplication Lemma For Type |1l polynom al s )
a= A0

VZ = (2-2V7 ) x
2

b=20

0

c = A01
i(z_zﬁ)
2
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g =0

0

h =0

0

k = BO1

1

5(2\/10 —2\/11)

R:((f2+gz) (a2+b2))+(x2 (1-x)2 (h2+k2) (C2+d2))

1 2 2 1 2 1 2
E(2725) (2\/10 72\/11) (1-x)2x2+ \E+E(2—2ﬁ)x V1 +E(2\/10 —2\/11)x]
Factor [R]

-2(-11+44x-11ﬁx-2 110 x -113x2+54+/2 x2-8+/55 x2+9+/110 x2+
138 x3-85V2 x3+16 V55 x3-13+/110 x3-63x%+42/2 x*-8+/55 x%+6+/110 x4)

Q= ((f?+9g?) (c?+d?) + (a® +b?) (h? +Kk?))

Y (2vio -2vix ) (ﬁi 2-272 ) x ot (2-2vZ ) [Wi (2410 -2 V1T | x i
4 2 4 2

Factor [Q]

75-22+2 -4+/110 -150x%x +86 V2 x - 16 /55 X +
14110 x +126x%-84+V2 x%2+16/55 x2-12+/110 x2

(x*Mathematica doesn't factor Q and R,
however they are positive for all x. The polynomials Q and R have type | representation,
due to time restrictions this will not be explored. *)

(*Remember to include the last -
1 at the end into the equation to balance since theres one -
1 in P and now one -1 in the Type Ill representation of P =((R+Q X(1-Xx)) (-1))=*)

Expand [P- ((R+QXx (1-Xx)) (-1))1
0
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(» Exanple 3.3-Corollary 3.10 take p(u)= u3
positive [2,4] and give a Type |I| representation. %)

P=ud

Pl ot [P, {u, -5, 5}]

100F

50}

(xApply the formula from Corollary 3.10%)

u=a +x (b-a)

2+2X

(xFactoring the polynom al shows a odd degree, we use theorem 3.1 case 2. x)
Fact or [Q]

8 (1 +x)3

Expand [Q- (8 (1+x)2 (1+x))]

0

(xNext we get the type Il representation of the polynom al Qx)
Xo = -1

-1
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(xUse equation (3.4) fromLemma 3. 6%)
== 2AB+A?-1

0
0=-1+2A+A?

a=1
1
b=2B
2
c=-1
1

(xApply the quadratic fornula. x)

[—b+Vb2—4ac ]

2a
1
- (—2+2\/2_)
2
Expand [%]
—l+\/2_
[—b—Vb2—4ac ]

2a

3(_2_2%_)
2
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Expand [%]

-1-+2
-b+Vb?-4ac

T 2

1(-2&#2—)

2

H= A

£(72+2\/2_)

2

B= Va

1

(xVerify that the expression is equal to 1x)

A2+2BA

—2+2V2_+% (—2+2\/2_)2

Ful | Si mplify[%]

1

(*A2+2B A =1 so the above expression should be zero. x)
Expand [ ((X - Xo)) - ((A*+2BA) X - Xo) ]

0

(xType Il representati on bel ow. *)

Expand [ (X - Xo) = ((AX +B)"2+x (1 -x) H*2)]

0

(xIt is concluded that original linear termx+1 has a type |Ill representation. %)
f=0

0

g= Ax+B

1+£(—2+2\/2_)x
2
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Expand[(x+1) - (f2+gz+x (1-x) (h2+k2))]
0

| = V8 (L+x)
22 (1+x)

m=0

(x*Now apply Lenma 3.4 regarding multiplication of Type IIl polynom als. x)

F= ((f2+gz) (I2+n12)) + (X2 (1—X)2 (h2+k2) (n2+02))

8 (1+x)2 1+;(2+2ﬁ)x]

Fact or [F]

8 (1+x)2 (1—x+\/2_x)2

G= (f2+g2) (n2+0%) + (12+n) (2 +K?)
2 (-2+2v2_)2 (1+x)2

Expand [P - (F+Gx (1-X))]
0

(xUse Lemma 1.7 to get two sunms of squares. =)

f = '\/8_(1+X)
22 (1«
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0

h =(1—X+'\/2 x)
1-x++/2 x

k=0

0

X =fk - gh

0

W=fh+ gk

2ﬁ<1+x) (17x+\/27x)

Expand [F - (X* + W) ]
0

(*****************************************************)

f = '\/?(—2+2'\/2_)
\/27(—2+2\/27)

<
1

fk-gh

U=fh+gk

ﬁ(72+2V2_) (1+x)
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Expand [U]

4-2+/2 v4ax-2+2 x
Expand [G- (V? + )]
0

Expand [Q- (X + W +x (1-x) (V2 +7))]

0
(*Now with the type Il expression for Q on [O0,1],
we continue using corollary 3.10 to find the type Il representation on[2,4]x*)
a=2
2
b=4
4
u-=
u-a
X =
b-a
1
— (-2 +u)
2

2Z =X + W +x (1-x) (V+ )

2 2-Uu -2+uU

+

2 vz

2-u
2

1 2 2
8[1+7(72+u)) 1+ ] +(—2+2\/2) [l+
2

1 2-Uu -2+u
RR =|[V8 |1+ — (-2+u) 1+ +
2 2 ,\/2_
1 2-Uu -2+u
2v2 [1+ 2 (-2+uw) ]| |1+ +
: 2 vz
SS=X
0
T = V
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(*The (b:)gets absorbed into each polynomial TT and UUsx)

1
(b-a)

(72+2ﬁ) 1+ (-2+w)
V2

(xProve that ZZ = Q= P is equal to the expression bel owsx)

W = U

ExpandAl | [ZZ- (RRR + SS”+ (u-a) (b-u) (TT?+UF))]
0
ExpandAl | [P~ (RRR+ SS*+ (u-a) (b-u) (TT2+UR))]

0

(*So the orginal P = u®, has a type Il representation on [2,4]. )
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APPENDIX E. SECTION 4 EXAMPLES

(xExanple 4.1- sum of squares in 2 variables, showthat p(x,y) is a sumof squaresx)

P=7+2x+14x%+14y +28xy +49y?

7+2x+14x%+14y +28xy +49y?
v={1 x, y}

{1, x, y}

P= {{a, b, c}, {b, d, e}, {c, e, f}}
{{a, b, c}, {b, d, e}, {c, e, f}}

Mat ri xFor m[P]

a b c
b d e
c e f

Toget her [p-v.P.v]
7-a+2x-2bx+14x?>-dx?+14y-2cy+28xy-2exy+49y?_fy?

a=7

p-v.P.v
X+14x%+7y +28xy +49y?2 - x (L +14x +14y) -y (7 +14x +49y)

Fact or [%]

7



P

({7, 1, 7y, {1, 14, 14}, {7, 14, 49})
Mat ri xFor m[%]

1 14 14

[71 7
7 14 49

Det [P]
2891

Chol eskyDeconposi tion [P]

(N NN EAE N E A OR RN

A=%

(om om o[ T o [ e r [

Mat ri xFor m[A]

t A =Transpose[A]

(oo (= [T 7o [ 2 )

Mat ri xFor m[t A]
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(xDouble check that P = Transpose [A].A: )
P-tAA

{{0, 0, 0}, {0, O, O}, {O, O, O}}

(* to express p as a sum of squares, we now use (VA ). (AV) %)
(V.tA ). (Awv)
2891 y2 [97 7\ 2
X
7y+ — X+13 | — y| + |[VT7 + +V7y
97 7 97 7
(xthis is a sum of squares expression;
we double check that it equals p *)
qg=%
2891 y2 [97 7\ 2
X
7y+ — X+13 | — y| + |[VT7 + +V7y
97 7 97 N7
Factor [p-q]
0
(xAnother way to check that a real
symmetric matrix is positive is to
verify that all of its eigenvalues are nonnegative: *)

Eigenvalues [P]

{Root [-2891 + 881 =1 - 70 #1% + 11° &, 3],
Root [-2891 + 881 1 - 70 #1° + 1% & 2|, Root [-2891 +881 51 - 70 1:1° + 1% &, 1]}

N[%]

{54. 9159, 9.60073, 5.48334}

(*This means that there are

vectors a,b,c such that P.a 54.91592601638876" a,

P.b = 9.600729026932235" b, Pc = 5.483344956679007° } c. Further,
any vector w can be expressed

as w =ra + sb + tc

so Pw = 54.91592601638876° (ra) + 9.600729026932235" (sb) + 5.483344956679007"

This shows that P is like
stretching by positive multipliers
in three directions
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(» Example 4.2 - Consider a polynomial of two variables x,
y of degree 4. We wish to express P (X,y ) as a sum of squares. =)

=6+8x +16x2+16x%+16x%+8y +28xy +24x%y +10y? +9x2y?
6+8x+16x%+16x3+16x*+8y +28xy +24x%y +10y? +9x?y?
(*Notice mathematica doesn't know how to factor this polynomial. *)
Factor [P]
6+8x+16x2+16x%+16x*+8y +28xy+24x%y+10y2+9x?y?
(*The vector v, must count up to half of the total degree. *)
v={Lxyx 2%xyy ?}
{1, %, y, X%, xy, y?}
(*The table is created to generated to compare to coefficients of variables *)

M= Table [g[i,j 1, {i,6 }, {i,6 }]

{{g9l1, 1], 9[1, 2], gI[1, 3], g[1, 4], g[1, 5], g[1, 6])
{92, 1], g[2, 2], g[2, 3], g[2, 4], 9[2, 5], g[2, 6]},
{93, 11, g3, 2], g[3, 3], g[3, 4], g3, 5], g[3, 6]},
(g4, 11, g[4, 2], g4, 3], g[4, 4], g[4, 5], g[4, 6]},
{915, 1], g[5, 2], g[5, 3], 9g[5, 4], 9[5, 5], 9[5, 6]},
{g(6, 1], g[6, 2], g[6, 3], g[6, 4], g[6, 5], g[6, 6]}}
(*The code below makes the matrix M its own transpose M = Mx)
For[i =1,i =<6,i =i +1,

For[j =1,] =<i,j =] +1,

gli,j 1=9I[,i 111
MatrixForm [M]

grl, 1] g1, 2] 91, 3] gIll, 4] gI[1, 5] g[1, 6]
grl, 2] 9i2, 2] 92, 3] gI2, 4] 9g[2, 5] 9g[2, 6]
grl, 3] 9f2, 3] 93, 3] gI3, 4] g[3, 5] 9gI[3, 6]
g1, 4] 9[2, 4] 93, 4] g[4, 4] g4, 5] 9g[4, 6]
g1, 5] g2, 5] 93, 5] gI[4, 5] 9g[5 5] g[5, 6]
g[l, 6] g(2, 6] 9[3, 6] g[4, 6] g[5 6] g[6, 6]

(*Solve p = v.M.v for M %)
Factor [v.M.v ]

g1, 1] +2x9g[1, 2] +2yg[l, 3] +2x%g[1, 4] +2xyg[l, 5] +2y*g(l, 6] +x*g[2, 2] +2xyg[2, 3]+
2x3g[2, 4] +2x%yg[2, 5] +2xy?g[2, 6] +y?g[3, 3] +2x%yg[3, 4] +2xy?g[3, 5] +
2y3g(3, 6] +x*g[4, 4] +2x%yg[4, 5] +2x2y?*g[4, 6] +x?y?g[5, 5] +2xy®g(5, 6] +y*g[6, 6]

Expand [P - %]

6+8x+16x%+16x%+16x*+8y +28xy +24x%?y +10y?2+9x%y?2-g[1, 1] -2x9g[1, 2] -

2ygll, 31 -2x%g[1, 4] -2xyg[l, 5] -2y?g[l, 6] -x?>g[2, 2] -2xyg[2, 3]-2x%g[2, 4] -
2x?yg[2, 5] -2xy*g(2, 6] -y*g[3, 3] -2x?yg[3, 4] -2xy?g[3, 5] -2y%g[3, 6] -
x*g[4, 41 -2x%yg[4, 5] -2x?y?g[4, 6] -x?y?g[5, 5] -2xy®g[5, 6] -y*g|
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(xNow try to guess the coefficients for

g[1, 11 =6
6
gr1, 21=4
4
gl1, 31=4
4

g2, 21 =16 - 2g[1, 4]

16 -2gJ[1, 4]

g[2, 3] = (14 -gI[1, 51)

147g[11 5]

g[3, 31 =10-2g9g[1, 6]

10-2g[1, 6]
9[2, 4] =8
8

g[3, 4] =12 -g[2, 5]
12 -g[2, 5]

g[3, 5] = —g[2, 6]

-9[2, 6]
g[3, 6] =0
0

g4, 4] =16
16

g[4, 51 =0
0

g[5, 51 =-29[4, 6] +9

9-29[4, 6]
g[5, 6]:0
0
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g[6, 61 =0
0

Mat ri xFor m[M]

6 4 4 g, 4] gll, 5] g[l, 6]

4 16 -29g[1, 47 14-gI[1, 5] 8 g2, 5] g[2, 6]

4 14 -gj[1, 5] 10-2gJ[1, 6] 12-g[2, 5] -g[2, 6] 0
grl, 4] 8 12 -g[2, 5] 16 0 g4, 6]
g[l, 5] g[2, 5] -g[2, 6] 0 9-29g[4, 6] 0
g1, 6] g2, 6] 0 g4, 6] 0 0

ExpandAl | [P-v. M v]
0

(xNotice again that the |ower corner of the matrix M has
a zero. This neans that the entire row and colum nust be zero. x)

Mat ri xFor m[M]

6 4 4 g1, 4] g1, 5] g1, 6]

4 16-29[1, 4] 14-g9I1, 5] 8 g[2, 5] g[2, 6]
4 14 -9[1, 5] 10-2g9J[1, 6] 12-9[2, 5] -g[2, 6] 0

g1, 4] 8 12-9[2, 5] 16 0 g[4, 6]
(1, 5] g[2, 5] -g[2, 6] 0 9-29[4, 6] 0
(1, 6] g[2, 6] 0 g[4, 6] 0 0

g[l, 6] =g[2, 6] =g[4, 6] =0
0

Mat ri xFor m[M]

6 4 4 g[1, 4] g[1, 51 0
4 16-29[1, 4] 14-g[1, 5] 8 g[2, 5] O
4 14 -g[1, 5] 10 12 -g[2, 5] 0 0
g1, 4] 8 12-9g[2, 5] 16 0 0
g1, 5] g2, 5] 0 0 9 0
0 0 0 0 0 0

(xDefine the different determ nants of each corners. x)
T1=Det [M[[{1, 2}, {1, 2}]]]

80 -12g[1, 4]

T2 =Det [M[[{1, 2, 3}, {1, 2, 3}]11]

-184 -88g[1, 4] +1369g[1, 5] -6g([1, 5]°

T3 =Det [M[[{1, 2, 3, 4}, {1, 2, 3, 4}11]

-4224 + 256 g[1, 4] -156g[1, 4]2+20g[1, 4]°+10249g[1, 5] +160g[1, 4] g[l, 5] -
2891, 4]129g[1, 5] -969g[l, 5]%+qg[l, 4]%g[l, 5]2+8329g[2, 5] -304g[1, 4] g[2, 5] +
169[1, 4]°g[2, 5] +969(1, 5]9g[2, 5] -8g[1, 4] g[l, 5]9[2, 5] -80g[2, 5]°+12g[1, 4] g[2,
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T4 =Det [M[[{1, 2, 3, 4, 5}, {1, 2, 3, 4, 5}111]

-38016 + 2304 g[1, 4] -1404g[1, 4]>+180¢g[l, 4]°+9216¢g[1, 5] +

1440 g[1, 4] g[1, 5] -2529[1, 4]%g[1, 5] -329g[l, 5]2+32gJ[1, 4] g[l, 5]%+

991, 4)%g[1, 512-2569g[1, 5]1°+169g[l, 5]*+7488¢g[2, 5] -2736g[l, 4] g[2, 5] +

144 g1, 41%g[2, 5] -329g[l, 5] g[2, 5] +1049[1, 4] g[1, 5]9g[2, 5] -32g[1, 5]%g[2, 5] +
2491, 4] 9[1, 51%9g[2, 5] -169g[1, 5]%g[2, 5] -5609g[2, 5]2+12g[1, 4] g[2, 5]%+
10g[1, 41%g[2, 5]%+1289g[1, 5] g[2, 5]°-28gJ[l, 4]9g[l, 5]9g[2 5]%+

16g[1, 5]%g[2, 5]%2-1449g[2, 5]°+89g[l, 4]g[2, 5]°-89gJl, 5]9[2, 5]°+69g[2, 5]*

(xSince there is only three variables left define themas s, t, and u. %)

gI1, 4] =s
S
gIL, 5] =t
t
g9l2, 5] =u

Factor [T1]

-4 (-20+3s)

Factor [T2]

-2 (92+44s-68t +3t7)
Fact or [T3]

-4224 + 2565 - 156s% +20s%+1024t +160st -28s?t -
96t2+s2t2+832u-304su+16s?u+96tu-8stu-80u?+12su?

Factor [T4]

-38016 + 2304 s - 1404 s%2 +180s% + 9216t +1440st -252s%t -32t2+32st2+9s?t?-
256t3+16t%+7488Uu-2736su+144s?u-32t u+104st u-32t2u+24st?u-16t3u-
560u%2+12su?+10s?u?+128t u?-28st u?+16t2u?>-144u3+8su®-8t u®+6u*

Solve[Tl = 0, s]

20

{51

N[%]

({s >6.66667})

(#Sol ving for the determi nant of Tl shows that s,
must be |less then 6.6667, in this case we chose s =4. «x)

s=4
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Mat ri xFor m[M]

6 4 4 4 t 0
4 8 14-t 8 u o0
4 14-t 10 12-u 0 O
4 8 12-u 16 0 O
t u 0 0 90
0 o0 0 0 00

T1

32

(*T1 is now positive, now continue the process, we solve for t and u
using the same nethod as above in order to have a positive matrix M x)

Solve[T2 == 0, t]
2 2
Ht >3 (1772\/5)}, {t >3 (17+2\/§)}}
N[%]
({t >5.07945}, {t -17.5872})

(»t must be between the intervals of [5,17.5], so we pick t =6. %)
t =6
6

Mat ri xFor m[M]

6 4 4 4 6 0
4 8 8 8 u 0
4 8 10 12-u 0 O
4 8 12-u 16 00
6 u 0 0 9 0
00 0 0 00

T2

64

(*xT2 is positive, now nove on the next determ nant T3 and sol ve for u. %)
Sol ve[T3 == 0, u]

{{u-0}, {u-8}}

(*T3 must be in the interval of [0,8] so choose u =0x%)

u=0
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MatrixForm  [M]

6 4 4 4 6 O
4 8 8 8 0O
4 8 10 12 0 O
4 8 12 16 0 O
6 0 0 0 90
00 0 O 0O

T3

0

ExpandAll [P - (v.M.v )]
0

(xNow verify that P is positive using eigenvalues, and cholesky decomposition. *)
Eigenvalues [M]

[Root [-1428 + 576 =1 - 49 #1% + 11° &, 3],
Root [-1428 + 576 #1 - 49 #1% + 11° &, 2], Root [-1428 + 576 51 - 49 #1° + 11% &, 1], 0, 0, 0}
N[%]

{32.7382, 12.8735, 3.38826, 0., 0., 0.}
CholeskyDecomposition [M]

CholeskyDecompositimsdef
Thematri{e,4,4,4,6,0},{4,8,8,8,0,0},{4,8,10,12,0,0},{4,8,12,1s,0,0},{6,0,0,0,9,0},{0,0,0,0,0,0}} isnot
sufficiepokitidefinitecompletéheCholeskgecompositidmwreasonablkecuracy>

Chol eskyDeconposition[{{6, 4, 4, 4, 6, 0}, {4, 8, 8, 8, 0, 0},
{4, 8, 10, 12, o, 0}, {4, 8, 12, 16, O, O}, {6, O, O, O, 9, 0}, {O, O, O, O, O, 0}}]

(*The choleskydecomposition results in a error message however M is definitely positive,
the only problem is the Matrix M has zeros in some of its
rows and columns and mathematica simply can't produce a outcome. *)

(*The next best step is to break up the matrix M into 4 sections of 3x3 matricies. *)
R=M[{1,2,3 3}, {1,2,3 }]]

{{6, 4, 4}, {4, 8, 8}, {4, 8, 10}}

Eigenvalues [R]

[Root [-64 + 9211 - 2411% + 11° & 3],
Root [-64 + 9211 - 2411% + #1° & 2], Root [-64 +9211 - 24117 + 11% &, 1]}

N[%]

(19. 4359
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(xEi genval ues shows that R is positive. x)

Mat ri xFor m[R]

4
8

A O
o 00 b

10
Det [R]

64

Chol eskyDeconposi ti on[R]

NN RO

NN i o

Mat ri xFor m[CD]

CD

S=M[[{1, 2, 3}, {4, 5, 6}1]

{{4, 6, 0}, {8, 0, 0}, {12, 0, 0}}
W= 1nverse[R]. S

3

[[o. 2.0} [ 20} 2 0. 0]

(#S= R. W)

S-R W

{{0, o, 03, {0, O, 03}, {O, O, O}}
U=M[[{4, 5 6}, {4, 5, 6}]1]
{{16, 0O, 0}, {0, 9, 0}, {0, O, 0}}
U- Transpose[S]. W

{{0, o, 03, {0, O, 03}, {O, O, O}}
Transpose [X]. X-R

{{0, 0, 03, {0, O, 03, {0, O, O}}

} {00, V2]
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Mat ri xFor m[X]

Ve 21/% 21/2

0 P,
ﬁ
V2

ﬁ

b o Y30} (242 0.0))

—
N
ﬁ\
4
o

Mat ri xFor m[%]

2
2% 6 o0
4 V3 0
V3
22 0 o0

S (N RN RPN EC W o= = 2 3

{o, 0, V2, 22, o, o}, {0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, O, 0}}

Wz(((\fo oj_v_v_Fo}

{0, 0, V2, 22, o, o}, (0, 0, 0, 0, 0, 0}, {0, 0, 0, O, O, 0}}

Mat ri xFor m[A]

2 2 2
Ve 242 242 2.2 <6 o0
0 A A N £
NEY V3 NS
0 0 V2 242 0 o
0 0 0 0 0 O
0 0 0 0 0 O

4 2 4
A/ 0, 0,0, 0 2 /—, —, 0,0,0 2. /—, —, v2,0,0
2. /-, —, 2~V2,0,0 0, 0, 0, {0, 0
[2./2. 2. 22, 0.0} [¥6. ¥3. 0 0 0
3 /3
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(*M = AT. Ax)

Mat ri xFor m[AO]

Ve o 0 00
2,2 L 0 00
V3
2.2 L 2 00
3 V3 VF_
22 L 242 00
SN
Ve -3 0 00
0 0 0 00
M- A0. A
{{o, o, o, o, o, 03, {0, 0, 0, 0, 0, O}, (O, O, O, 0, 0O, 0Oy,
{0, o, o, o, 0, 03, {0, O, O, O, O, O}, {0, 0,0,0,0, 0y}
Factor [ (v. AO) (A. V)]
{2 2 2 1 2 2 2 2
3 (3+2x+2x?+2y+3xy)", 3 (4x+4x*+4y-3xy)", 2 (2x*+y)", 0, 0}
2 2 2 1 2 2 2 2
5(3+2x+2x +2y+3xy) +§(4x+4x +4y-3xy) +2 (2x%+y)
2 2 1 2 2 2 2 2
2 (2x%+y) +§(4x+4x +4y-3xy) +§(3+2x+2x +2y+3xy)

ExpandAl | [P - %]
0

(xP is a sum of squares and positive for each x,
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