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1. INTRODUCTION

The Fundamental Theorem of Calculus allows one to compute the definite in-
tegral of a function over an interval [a,b] by using anti-derivatives. Once the anti-
derivative of the function is found, then it is evaluated at the end points of the interval.
For example, suppose we have a continuous function f(z) on [a,b]. If F(x) is an anti-
derivative of f(z), i.e. F'(z) = f(x) for all z in [a, b], then fabf(x)dx = F(b) — F(a).

OThis project was carried out during the Spring, 2008 and Summer I, 2008 semesters with Professor
Lawrence A. Fialkow as the mentor. During Spring, 2008 the project was sponsored by SUNY/NSF
Alliance for Minority Participation at SUNY New Paltz. The New Paltz AMP Director is Professor
Stacie Nunes from the Department of Physics. During Summer I, 2008 the project was sponsored
under National Science Foundation Grant (number). The authors thank the sponsors for their
support.
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For many functions f(x) we are not able to compute an anti-derivative in closed
form, so we can’t use the Fundamental Theorem of Calculus. For example f(z) = =%
does not have an anti-derivative in closed form. Instead, we will use numerical meth-
ods to estimate fab f(z)dz. Gaussian Quadrature is one such method. The purpose
of our research is to find a way of estimating complicated definite integrals using the
Gaussian Quadrature rule. There are other numerical integration methods as well,
like Simpson’s rule and the Trapezoid rule. In some of the experiments, we will com-
pare the efficiency of Gaussian Quadrature to the efficiencies of Simpson’s Rule and
the Trapezoid Rule.

The idea behind Gaussian Quadrature is that given an integer M = 2n+1 > 0,

we can find points ..., in [a,b], and positive weights w;. .. w,, so that

(1) | poyds =3 wipla

for every polynomial p(x) with deg p < M. Then, for any continuous function f(z)

on the interval [a,b], we can approximate the integral fab f(z)dz by the Gaussian

Quadrature rule Q(f) := > 1, w;f(x;), i€,

(1.2) /f@m~@ﬂ=2wﬂm

To explain why this approach is effective, we have to consider the Weierstrass

Approximation Theorem (WAT). This theorem says that given a continuous function



f(z) on the interval [a,b] and a small € > 0, we can find a polynomial p(z) so that
|f(z) — p(x)| < € for all z in [a,b]. But we also have to take into account that to
get the best results from (1.1) and (1.2), the degree of the polynomial p(z) in WAT
must be less than the chosen M for the Gaussian Quadrature Rule. If deg p > M,
the approximation in (1.2) may not be satisfactory.

Our definition of Gaussian Quadrature says that Q(f) = > _7_; w; f(x;). What
the Weierstrass Approximation Theorem suggests is that Q(f) ~ fab f(z)dz. To see

this, consider the error,

b
(13) E=1QU) - [ )il
For every polynomial p, we have

E=[Q(f) - Q) +Qp) — [ flz)dz|

< [QM) - QD) +1QMp) — [ flz)dzl.

Now suppose that deg p < M. That means that
b
Q) = [ o
So,

b
(1.4) \mm—/fwmw



(15) /rp 2)lda.

If |p(x) — f(x)] < € throughout [a, b], then the expression in (1.5) is at most =

which is equal to €(b — a). So we have
b
(16) Q) - [ S(@)ds] < (b~ a).
Now let’s consider |Q(f) — Q(p)|. This is equal to
1> wif () = > wip(xs))|
= | Z w;i(f(w;) — p(x:))]

=¢(b—a) (since Y w; = Q(1) = fab lde = b — a).

So we have:

(1.7) |Q(f) = Qp)| < (b —a).

fab edzr,



Now we can show that the error (1.3) can be made small, as follows. Suppose we are
given an interval [a, b], a continuous function f(z) on [a,b], € > 0, and let p(z) be
given by the Weierstrass Approximation Theorem, i.e. |p(x) — f(z)| <€ (a <z <b).
If we choose M > deg p and apply the Gaussian Quadrature Rule using this M, then

from (1.7) and (1.4) we have

E=1Q(f) = [ [f(x)dx|

<1Q(f) - Q) +1Q() /f ).

<elb—a)+elb—a)=2¢b—a),

and since € is small, £ is also small.

Unfortunately, for small €, deg p is often very large, so it is not practical to
use Gaussian Quadrature with M > deg p. What the experiments will show is that
starting with M = 1, as M increases we can achieve 6 place accuracy in estimating
fab f(z)dz by using fairly small values of M, though the smallest M that gives 6
place accuracy depends on several factors, such as the interval length b — a and the

complexity of f(z).



2. PROOF OF GAUSSIAN QUADRATURE

We will derive an implementation of Gaussian Quadrature based on matrix
positivity and Lagrange interpolation, as described in [HK, page 115]. Recall the

following facts about integrals.

(21) [ @+ snie= [ s [ o

(2.2) /ab af(x)dx = oz/ab f(z)dz.

The same rules apply to Gaussian Quadrature:

(2.3) Q(f(z) + g(z)) = Q(f(x)) + Q(g(x)).

(2.4) Qaf(r)) = aQ(f(z)).

To prove (2.3), we have



n n

= wif(z) + Y wilg(x:) = Q(f(x)) + Qlg(x)).

i=0 i=0
The proof of (2.4) is similar.

Equations (2.1) - (2.4) show that it is enough to prove Gaussian Quadrature

for p(z) = 2" (0 <i < M), i.e, we must find points and weights as in (1.1) such that

b n
(2.5) Bj = / vdr = Q(27) = Zwixg, (0<j<M).
a i=0

Example 2.1. We will illustrate this reduction to monomials with p(x) = ag + a;.
Applying (2.1) and (2.2) we have, [(a,+a1z)dx = ag [ 1dz+ay [ zdz. If (2.5) holds,

then the last expression equals

aOQ(l) + &1Q([L')7

and by (2.3)-(2.4), this equals

Q(aol + ala:),

i.e,

/(ao + ayz)dr = Q(ag + ayx).

Example 2.2. Throughout this section we shall illustrate the method of Gaussian
Quadrature in detail for the case when m = 3, n = 1, and the interval is [0,1]. We

need to find points xg, 21 in [0, 1] and positive weights wy, w; such that:
7



(26) ﬂo =1= WoXo + W11

(27) ﬂl = 1/2 = WoZo + W1T1
(2.8) By :=1/3 = wozy + w3
(2.9) By = 1/4 = wozj + w2}

In the sequel we will show how to solve (2.6)-(2.9).

To establish Gaussian Quadrature we need to look at the Hankel matrix H

defined as
Bo OGi ... Da
B B2 o Banr
H=1 03 B ... Buo
671 ﬁn—i—l s ﬁ?n
We will denote the columns of H by 1.,t,..., t". We also will consider the vector
v ::tn+1: (ﬁnJrl? cee 752n+1)t'



It is known that H is “positive” and invertible. That means (Ha,a) > 0
whenever a # 0. Another way to know that the matrix H is positive and invertible
is to show that the “nested” determinants of the “corners” are all positive. If H; is

the 7 x i upper left hand corner of H, we must show that det H; >0 (1 <i<n+1).

Example 2.3. In our example, we have

1 1/2
H =

1/2 1/3

Then det(H;)=1 and det(Hy)=1/3 -1/4=1/12>0. So H > 0.

Since H is invertible, there is an unique vector a = (ay, . .., a,) such that

(2.10) Ha =,

i.e,



or equivalently,

(211) @Oﬂo + ...+ @nﬂn - ﬂﬂri’l

aoBi + ...+ apfrr1 = Bnio

aoBn + ...+ anfon = Ponti.

So t™ = ggl+ayt+ ...+ a,t®. Now let p(t) = " — (agl + ayt + ... + a,t"™).

Example 2.4. In our example, we have

1 1/2 ag 1/3
1/2 1/3 ay 1/4
SO
Qo :Hfl 1/3
aq 1/4
1/3 —1/2 1/3
=12
~1/2 1 1/4

and we find

ag — —1/6,a1 =1.
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So we have

p(t)=t*—(-1/6+1)=t>—t+1/6.

It is known that p(t) has exactly n+ 1 distinct real roots in [a, b] (see the proof
of Proposition 3.3 and Theorem 4.1 (iv) => (iéi7) in [CF|. Denote these roots by

Tg...Tp-

Example 2.5. In our example, the roots of t* —t +1/6 = 0 are

t=14/1—4(1)(1/6)/2 =1+/(5/3)/2,

S0 xg ~ 0.7886751346 and x; ~ 0.02113248654. Note that both xy and z; are in

[0, 1].

Now let’s look at the Vandermonde matrix V defined as

4 o
T T
V =
2} Ty
It is known that because z, . .., x, are distinct, then V' is invertible, i.e, det(V")

# 0 [HK, page 115].
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Example 2.6. In our example,

So det(V) =1 — X 7é 0.

Since V is invertible, there is an unique vector, w := (wy . . . wy ), such that

Do
b
(2.12) Vw= :
B
ie,
1 ... 1
Do
o ... XTp wWo
O
(2.13) z? ... 2 L=
wn
Bn
2t Ty
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(2.13) is equivalent to the following system:

(2.14) By = wot ... +w, (=Q(1))

01 = woTo+ ...+ wpty, (: Q(-T))

By = woxg + ...+ wna:Z (: Q(xn))

We claim that xzq, ..., 2, and wy, ..., w, solve the Gaussian Quadrature system

(2.5).

Example 2.7. In the example we have,

To 1 w1 b
or equivalently

wo + w1 = Bo,

and

WoTo + w1 = B,
where wy =~ 0.623893 and w; = 0.376107.

The Gaussian Quadrature system (2.5) is equivalent to the system of equations

in (2.14) together with the following system:
13



(2.15) Bop1 = worp™ + .. Fwpa (= Q(a"))

Bura = worp™ + .. +wpa™™? (= Q(a"?))

bt (= Q(a* ).

ﬂznﬂ = WoT n

Since (2.14) is satisfied from (2.13), we are going to focus on (2.15). Consider

the first equation of (2.15),

_ n+1 n+1
Bri1 = woxy "+ . Fwpzy, .

We have

b
Brs1 :/ 2" dx
a

and
n
Q(x"“) = Zwm?“.
i=0

Since each z; is a root of t"*! = ag + ait + ... + a,t™, we have

n
Q(anrl) _ Zwix?ﬂ
i=0
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n

= Zwi(aol + a1 + ..+ apxl)
=0

:a02w2+alzwzxz++anzwz$?

=apfy + a151+ ...+ a5, (by (2.14)).
By the first equation of (2.11), the last expression is equal to 3,41, so we

conclude that

(2.16) Q™) = Bur.

For the second equation of (2.15), we have

Q(z"t?) = Z w2,

Since each z; is a root of "' = ag + ait + ... + a,t", x; is also a root of t"2 =

apt + ... + a,t"". So we have

Q(z"?) = Z wia:?+2

= Z wi(apw; + ... + a2
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1
= ag g wx; + ...+ ay, g wix?+

=aopl + ...+ a,fus1 (by (2.14) and (2.16)).
By the second equation of (2.11) the last expression is equal to (3,.2, so we

conclude that

(2.17) Q(@""?) = Bz

Following the same procedure, we are able to prove the rest of the equations in

the set (2.15). This completes the proof that the points z;, ..., x, and the weights

Wy, . . ., wy, satisfy the Gaussian Quadrature system (1.1).
From the above discussion, we have distinct points zg,...,z, in [a,b] and
weights wy, . . ., w, such that
n b
(2.18) Qp) = Zwip(a:i) = / p(x)dx (deg p < 2n+1).
i=0 a

To complete the proof of Gaussian Quadrature as in (1.1) we must still show that
each w; > 0. In what follows we will use Lagrange polynomials to prove that each
w; > 0. Lagrange Interpolation says that given distinct points xg,...,z, and given

numbers ¥, . .., ¥, there is a unique polynomial p(z) with deg p = n, such that

ple) =y, (0<i < n).

16



Example 2.8. Consider Lagrange Interpolation with n=1. The Lagrange polynomial

of degree 1 such that p(zg) = yo and p(x1) = y; is

,_ Yo(r — 1) | yi(r — 20)
(2.19) p(z) = (0 — 1) + (&1 —20)

The curve y = p(x) is the line connecting (xo, yo) and (z1,y1).

The Lagrange polynomial p;(z) in (2.19) is the basis for the Trapezoidal Rule.
In this rule, we subdivide [a,b] into n equal subintervals [z;, z;11] (0 < ¢ < n +
1,29 = a,z, = b). On interval [z;, z;11], we approximate f(x) by the line connecting
(i, f(x;)) to (wit1, f(xi41)); this line is the graph of the Lagrange polynomial p; ()
such that

p1(xi) = yi = f(s)

and

P1(Tit1) = Yirr = f(Tiga).

We then approximate [*' f(z)dx by the area of the trapezoid determined by the

graph of p; between z; and z;,1:

—_

/%¢+1 flz)de = =(xip1 — x;)(f(x;) + f(xi1)).

[\]

Letting h = 241 — x; (0 < i <n — 1), we may express the Trapezoidal Rule by
17



fla )+f()

(2.20) /f dx—hZfa+zh + h(E ),

Example 2.9. For n = 2, we have distinct points xg, 1, x2, and values yg, y1, y2. The

Lagrange polynomial p(z) looks like the following:

Yo —x1)(@ —m2) | wi(®—2o)(z —x2) | yolr —xo)(x — 1)
(xo - xl)(Io - $2) (I1 - Io)(xl - IQ) ($2 - xo)(IQ - xl)‘

(2.21)  po(x) ==

The curve y = py(x) is the unique parabola passing through (zo, yo), (z1,91), (22, y2).

The Lagrange polynomial py(z) in (2.21) is the basis for Simpson’s Rule. In this
rule, we approximate y = f(x) by a piecewise-parabolic curve y = g(x) on [a, b], using
pa(z) for each piece of g(z). We can then approximate fab f(z)dz by fab g(x)dx. If we
let the function f be tabulated at points xg, 1 and 4, equally spaced by distance h,

and we let y; = f; := f(z;) (0 <i <2), then Simpson’s rule says that

/x @)z = / :O+2h f(@)da

zo+2h 1
~ / pol@)de = Sh(fo+ 4, + fo).

Zo

18



If we use n double-intervals with equally spaced points xg, x1, ..., T2,, then by using

the above method on each double-interval and adding up, we get

,_.

(2.22) / f(z g S (2f(a+2ih) +4f(a+ (20 + 1)h)) + f(b) — f(a)).

%

I\
=)

The general formula for the Lagrange polynomial p(z) such that p(x;) = y; (p < i < n)
is clear from (2.19) and (2.21). If ¢(z) is another polynomial of deg n such that
q(z;) = y; (0 <i <mn), then (p —q)(z;) = 0. Since deg p —q < n and p— q has n + 1
distinct roots, it follows that p — q = 0, i.e. p = ¢. So there is a unique Lagrange
polynomial of deg n.

Now we return to Gaussian Quadrature, and the claim that w; > 0 (0 <i < n).
We fix j and we let p(z) = p;(x) be the Lagrange polynomial of degree n such that
p(z;) =0 for i # j and p(z;) = 1. Now consider ¢(z) = p(z)?. Since deg ¢ = 2n (<

2n + 1), then from (2.18),

b n
(2.23) / q(z)dx = Z wiq(x;).

Note that ¢(x) > 0 and ¢(x;) =1, so

/abq(a:)dx > 0.
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Therefore,
b n
0< / q(z)dx = ZWQ(%‘) = wj,
a i=0

so we conclude that w; > 0 (0 < j < n). This completes the proof of the Gaussian

Quadrature rule (1.1).

3. ITERATED 2-DIMENSIONAL GAUSSIAN QUADRATURE

In 1-dimensional Gaussian Quadrature we showed that given n > 0 and an
interval [a, b], there exist points zy, ..., x, in [a,b] and positive weights wy, ..., wp,,
such that fabp(x)da: =>" owip(z;) (deg p < 2n+1).

Now we are going to use 1-dimensional Gaussian Quadrature to find a rule that
works in two dimensions. We are given a rectangle in the plane, R = [a,b] X [, d],
and a continuous function f(z,y) on R. We want to approximate [ [, f(z,y)dzdy.
Given n, let zg,...,x,, wo,...,w, be the Gaussian Quadrature points and weights
for [a, b], so (1.1) holds. Let yo, ..., Yn, So,- - -, S, be the Gaussian Quadrature points

and weights for [c, d], so that

/ a(y)dy = s;a(y;) (deg ¢ < 2n+1).

J=0

Now for a function f(x,y), defined on rectangle R, let

Qf) = Zzsjwif(xiayj)'

i=0 =0
20



For a polynomial p(z,y), let p,(z) = p(z,y)(a polynomial in = with y fixed), and let
p2(y) = p(x,y)(a polynomial in y with z fixed).
We are claming that if p(z,y) is a polynomial, with deg p,(z) < 2n + 1 and

deg p.(y) < 2n+ 1, then

Q(p) Z/Cd /abp(w,y)dxdy(z//Rp(w,y)dﬂcdy)

If we fix x and consider

then

deg g <2n-+1,

SO

which is the same as

So we have

/ab /Cdp(a:,y)dydx = /ab /cdpx(y)dydx - /abH(x)dx

-/ (S sl )

=0

n

b
Sj/ p(x,y;)dr (deg p(x,y;) <2n+1)
7=0 a
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3
3
3
3

Il
»

So Q(p) = [ [pp(z,y)dzdy whenever deg p.(y) < 2n + 1 and deg py(z) <
2n 4+ 1. For a general function f(x,y), that is defined and continuous on R, we

may approximate [ [, f(x,y)dzdy by Q(f). In appendix-5 we will illustrate this

approximation with numerical examples.
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