A MOMENT MATRIX APPROACH TO MULTIVARIABLE CUBATURE

LAWRENCE FIALKOW* AND SRDJAN PETROVIC**

ABSTRACT. We develop an approach to multivariable cubature based on positivity, extension,
and completion properties of moment matrices. We obtain a matrix-based lower bound on the
size of a cubature rule of degree 2n+1; for a planar measure p, the bound is based on estimating
p(C) := inf{rank (T — C) : T Toeplitz and T' > C}, where C := C¥[u] is a positive matrix
naturally associated with the moments of ;1. We use this estimate to construct various minimal
or near-minimal cubature rules for planar measures. In the case when C' = diag(c1,...,cn)
(including the case when p is planar measure on the unit disk), p(C) is at least as large as the

number of gaps ci > cpy1.-

1. INTRODUCTION

Let 4 denote a positive Borel measure on R? having convergent power moments up to at
least degree m. Corresponding to a multi-index ¢ = (iy,...,4q) € Zi with total degree |i| =

i1+ - +1iqg < m, let §; denote the i-th power moment of u, i. e.,

ﬂi:/tidu(t)z/t?...tif du(ty, ... ta),

Rd R
where t = (t1,...,tq) € R? by assumption, the latter integral is absolutely convergent. A
cubature rule for p1 of degree m and size N consists of nodes x1,...,zx in R? and positive

weights p1,...,pn such that

N
/ p(t) du(t) = 3 preplar)
k=1

Rd
for each polynomial p in P% (the complex vector space of polynomials in real variables ¢4, ..., %4
with total degree at most m); note that ¥(d, m) = dim P% = (d:;Lm).

Two recurrent themes in cubature literature are the estimation of the fewest nodes possible
in a cubature rule of prescribed degree, and the construction of rules with the fewest nodes
possible (cf., [C1], [Mol] — [Mo3], [Myl] — [My3], [My5], [My6], [P2], [R], [S], [Strl] — [Str4],
[SX], [X1] — [X3]). In [R], Radon introduced the technique of constructing minimal cubature
rules whose nodes are common zeros of multivariable orthogonal polynomials. In the 1960s and
1970s this approach was refined and extended by many authors, particularly Stroud [Strl] —
[Strd], Mysovskikh [My1] — [My3], [My5], [My6], and Méller [Mol] — [Mo3]. More recently, Xu
[X1] - [X3] further extended this approach using multivariable ideal theory, and Putinar [P2] has
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presented a development of cubature based on operator dilation theory. In the present note, we
introduce still another approach to the estimation problem, based on positivity and extension
properties of the moment matriz M ([ % ])[u] that we associate to p. This approach emerges
naturally from a recent study of multivariable truncated moment problems by R. Curto and the
first-named author (cf., [CF1], [CF2], [CF3]); for terminology and notation concerning moment
matrices, see below and Section 2.

Suppose p (as above) is square positive, i. e., if f € Pf%] and f # 0, then [ |f|?dp > 0. For

this case, the following well-known result provides a basic lower estimate for the number of nodes
N in any cubature rule for p of degree m (cf., [Strl], [C1], [S], [SX]). Namely, if p is square
positive, then
(1.1) N > 9(d, L%J).
Following [SX], we say that a cubature rule is Gaussian if equality holds in (1.1). This terminology
is consistent with classical Gaussian quadrature for Lebesgue measure on [a,b] C R; indeed,
with d = 1 and m = 2n + 1, Gaussian quadrature provides a minimal cubature rule with
n+1(=9(1,|%])) nodes (cf., [Str4]).

For the general case, where p is not necessarily square positive, the following Radon-Stroud
estimate (cf., [C1, Theorem 7.1]) provides a basic lower bound.

Theorem 1.1. ([R], [Strl]) N > dimP‘Li%”supp L.

Here, for k > 0, P{|supp p := {p|suppp : p € P{}; note that dim Pg|supp p < dimP¢, and in
the square positive case, dim P,?|supp p = dim P,‘j.
Assume now that u is square positive, with finite moments of all orders, and m = 2n + 1. A

fundamental result of Mysovskikh [My5] characterizes the existence of Gaussian rules.

Theorem 1.2. ([My5], cf., [X2, Theorem 5.3]) A square positive measure p on R admits a
Gaussian rule of degree 2n + 1 if and only if the orthogonal polynomials of degree n+ 1 in L*(u)

have (”;d) common zeros (which then form the support of such a rule).

For d > 1, Gaussian rules are uncommon. Indeed, Moller [Mol] — [Mo3] developed a general
theory of lower bounds and obtained several types of estimates for the size N of a cubature rule
of odd degree 2n + 1. Some estimates are based on ideal theory and orthogonal polynomials, e.g.
[Mo3, Theorem 2| (cf. [C1, Theorem 8.6] [CMS, Theorem 11]). Another type of estimate, valid
when p is centrally symmetric, (i. e., 8; = 0 whenever |i| is odd), shows that

2dimG, —1 ifniseven and 0 is a node,

2dim G, otherwise,

where Go is the space of even polynomials in PQdk 41/suppp and Gapyq is the space of odd
polynomials in P§, . |supp p [Mo3, Theorem 3] (cf. [C1, Theorem 8.3] [CMS, Theorem 13]).
These estimates are particularly concrete in the planar case of centrally symmetric measures,

where both types of estimates may be expressed as follows.

Theorem 1.3. (Moller [Mo2]) If i is a square positive, centrally symmetric measure on R?, then
the size N of any cubature rule for u of degree 2n + 1 satisfies

(n+1)(n+2) n n+1

N > 5 [——1
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It follows immediately from Theorem 1.3 that p admits no Gaussian rule of degree 2n + 1; for
classes of non-centrally symmetric measures on R? with Gaussian rules of arbitrarily large degree,
see Schmid-Xu [SX] (cf. also Schmid [S]). In [Mo2], Moller also characterized the cubature rules
that attain the lower bounds of [Mo2] (cf. Section 5 below); subsequently, the theory of lower
estimates and minimal rules developed in several directions, e. g., [Mo3], [CS], [X1] - [X3], [S];
many of these developments are discussed in the surveys of Xu [X2], Cools [C1], and Cools et.
al. [CMS].

Our moment matrix approach is based on the observation that for a positive Borel measure
p on R? with convergent moments 3; = f tidu, |i| < m, the existence of a cubature rule for
u of degree m is equivalent to the existence of a finitely atomic representing measure v in the
following Truncated Multivariable Moment Problem for 3 = (™) [u] = {Bi}ij<m:

(1.2) Gi = /ti dv, |i|<m, v>0, supprcCR%

Following a line of results beginning with Tchakaloff’s Theorem [T], and including generalizations
due to Mysovskikh [Myl] and Putinar [P1], in [CF5, Theorem 1.4] it was proved that if 1 has
convergent moments up to at least order m + 1, then p admits an inside cubature rule of degree
m, with size < 1 + dim(P2|supp i). (An inside rule is one for which each node is contained in
supp f.)

Let 4 be a positive Borel measure on R? with convergent moments up to at least degree
m = 2n. The moment data 3 = B™[u] correspond to a moment matriz M(n) = Mga(n)[u]
defined as follows. Consider the basis B¢ for P2 consisting of the degree lexicographic ordering of
monomials (for d = 2, the ordering is 1,x1, o, ¥3, 2129, 23, ..., a7, 27 tay, ..., x3); for p € P,
let p denote the coefficient vector of p relative to BY. M (n) has 9(d,n) rows and columns and is
uniquely determined by

(1.3) (M(n)p,q) = /pcidm p,q € Py

See Section 2 for other descriptions of M (n), which we sometimes denote as M (n)[u] to emphasize
u; since p > 0, then (1.3) immediately implies that M (n)[u] > 0 (cf., [CF2, (3.2), p. 15]).
Our first moment matrix estimate concerns the “even” case, m = 2n.

Proposition 1.4. (Cf. Proposition 3.1.) Let pu be a positive Borel measure on R% with convergent
moments up to at least degree m = 2n. The size N of any cubature rule for p of degree m satisfies
N > rank M (n)[y].

If i is square positive, then M (n) is invertible (cf. Proposition 2.9 or (1.3)), so rank M (n) =
("jl'”l)7 whence Proposition 1.4 recovers (1.1) for m even. In the general case, we show in Section 2
(Proposition 2.8 below) that rank M (n)[u] = dim P%|supp p, so Proposition 1.4 recovers the
“even” case of the Radon-Stroud lower bound in Theorem 1.1. The following result shows that

the estimate established in Proposition 1.4 is sharp.

Theorem 1.5. Let u be a positive Borel measure on R with convergent moments up to at least
degree 2n. Then p has a cubature rule of degree 2n with (minimal) size N = rank M (n)[u] if and

only if M(n)[u] can be extended to a moment matriz

M(n)  B(n+ 1))

Mn+1) = <B(n +1)* Cla+1)
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satisfying rank M (n 4+ 1) = rank M (n)[u]; equivalently, there is a choice of “new moments” of
degree 2n+1 and a corresponding matriz W, such that M(n)W = B(n+1) (i. e., Ran B(n+1) C
Ran M (n)) and W*M(n)W is a moment matriz block (of degree 2n + 2).

For planar Lebesgue measure restricted to such basic sets as a square, disk, or triangle, Gauss-
ian rules of degree 2n, having (n + 1)(n + 2)/2 nodes, exist only for very small values of n (cf.
[C1] [C2]). By contrast, the measures studied by Schmid and Xu [SX] (op. cit.), have Gaussian
rules of all degrees and are supported on a region of the plane with nonempty interior. Recently,
we showed in [CF4] and [CF8] that if 4 (as in Theorem 1.5) is supported in a parabola or ellipse
in the plane, then p always admits a Gaussian rule of degree 2n with size N = rank M (n)[u].

In the sequel, we refer to a rank-preserving extension as described above as the flat moment
matrix extension of M (n) determined by B(n+1), denoted by [M(n); B(n+1)] (cf. Theorem 2.2
and Corollary 2.7). In the case of the real line, d = 1, a moment matrix is simply a Hankel
matrix; in the planar case, d = 2, the block C'(n+1) is Hankel. [I, Theorem 11.1] gives a formula
for the rank of an arbitrary Hankel matrix, and in [I, page 53] rank-preserving Hankel extensions
of Hankel matrices are referred to as singular extensions. In the case of the complex plane C
that we consider below, a moment matrix block C'(n+ 1) is a Toeplitz matrix, and [I] contains a
theory for rank-preserving Toeplitz extensions of Toeplitz matrices, and a formula for the rank
of an arbitrary Toeplitz matrix [I, Theorem 15.1].

We prove Theorem 1.5 in Section 3 (Theorem 3.2). The following example illustrates how The-
orem 1.5 can be used to construct minimal cubature rules; for certain details of the computational

methods that we use, see Section 2.

Example 1.6. We use Theorem 1.5 to describe a family of 6-node (minimal) cubature rules of

degree 4 for planar measure p = po restricted to the unit square S = [0,1] x [0,1]. We have

1 1
= (1) ()

1 1/2 1/2 1/3 1/4 1/3
1/2 1/3 1/4 1/4 1/6 1/6
1/2 1/4 1/3 1/6 1/6 1/4
1/3 1/4 1/6 1/5 1/8 1/9
1/4 1/6 1/6 1/8 1/9 1/8
1/3 1/6 1/4 1/9 1/8 1/5

From Theorem 1.5, a rank-preserving moment matrix extension M (3) has the form

ME) = (é‘fg) b C”) ,

where

1/4 1/6 1/6 1/4
1/5 1/8 1/9 1/8
1/8 1/9 1/8 1/5
U a v b

a v b z

v b z c
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has the property that C = B(3)*M(2)~!B(3) is a Hankel matrix (which is the form of a moment
matrix block for d = 2, cf. Section 2). The preceding system is too difficult to solve in general,
so to simplify the system we assign “correct” values to a = 841 = 1/10, b = (23 = 1/12, and
¢ = Pos = 1/6. With these values, C' is Hankel if and only if C3; = Cay and Cyo = Css, i.e.,

6481 — 32400u — 51840v + 388800uv — 31104002 — 324002 + 388800vz = 0,
—3995 4 33696v — 3888000 + 51840z + 311040vz — 38880022 = 0.

These equations can be solved for w and z in terms of v provided (126 — \ﬁ)/1512 <wv <
(126 + /7) /1512 (approximately, 0.0815835 < v < 0.0850832). For a numerical example, we set
v = (126 4+ /7)/1512. In M (3), the columns are labelled 1, X,Y, X% XY, Y? X3 X?Y,XY?2 Y3
(cf. Section 2). Since rank M(3) = rank M(2) and M (2) > 0, we can compute polynomials
qi(z,y) (1 <i < 4) of degree 2 such that in the column space of M(3) we have X3 = ¢;(X,Y),
X2Y = o(X,Y), XY? = 3(X,Y), Y3 = 4(X,Y). The variety of M(3),V = V(M(3)), is the set
of common zeros of p1(x,y) = 23 —q1(z,y), p2(z,vy) = 2>y—qa(x, ), p3(x,y) = vy*—q3(z,y), and
pa(x,y) = y° —qa(x,y) (cf. Section 2), and a calculation shows that V = {z; = (4, y:) }?_,, where
20 ~ (0.940959,0.0590414), 21 ~ (0.311018,0.138127), 2 ~ (0.00142475,0.5), 23 ~ (0.734,0.5),
z4 ~ (0.311018,0.861873), z5 ~ (0.940959,0.940959). Since card V = rank M(3) = rank M (2) =
6, it now follows from Theorem 1.5 and the “real” version of Corollary 2.4 that x has a (minimal)
6-node cubature rule of degree 4 of the form v = Z?:o pidz,. The densities p; may be computed

from the Vandermonde-type equation V(po, p1, .- -, ps)* = (Boo, B10; Bo1, B0, P11, foz)*, where

1 1 1 1 1 1

xo x1 T2 I3 T4 Z5

V= Yo n Y2 Ys Ya Ys
- 2 2 2 2 2 2
Lo Ty L T3 Ty L5

ZToYo T1Yr T2Y2 T3Y3 T4Ys Ts5Ys
vwooviow v v u
Indeed, since M(2) is invertible, the real version of Proposition 2.1 shows that V' is invertible,
and we find pg = p5 &~ 0.0642857, p1 = py =~ 0.22272727, ps ~ 0.09854228, p3 ~ 0.3274317. Note

that each node of v is inside S, and the same property holds if we use v = (126 — v/7)/1512; we
have not examined whether the same holds for every intermediate value of v. O

We next consider the “odd” case, where y is a positive Borel measure on R? with convergent
moments up to at least degree m = 2n + 1. The matrix M (n) (corresponding to moment data
2™ admits a block decomposition M (n) = (Mij)o<i j<n>
moments 3 of total degree |k| = ¢ + j (cf., Section 2). Since m = 2n + 1, we may similarly
define blocks M; 41, 0 <@ <n, and we set B(n+1) = B(n+1)[y] = (Mi’n+1>0<i<n. If p has
a cubature rule of degree 2n + 1, then there is a matrix W such that M (n)W = B(n + 1) (cf.
Proposition 2.6), in which case C¥(n + 1) = C*(n + 1)[u] := W*M(n)W is independent of W
satisfying M (n)W = B(n+ 1) (cf. the proof of Theorem 3.3). Now C*(n +1) has the size of any

d-dimensional moment matrix block of the form H = M,,41 n+1. For any positive matrix S of

where the entries of M;; are the

this size, we set

p(S) = inf{rank (H — S) : H = My 11,041 > S}
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The following result (which is proved in Section 3 as Theorem 3.3) is our main existence theorem

concerning minimal cubature rules of odd degree.

Theorem 1.7. Let uu be a positive Borel measure on R with convergent moments up to at least

degree 2n + 1. The size N of any cubature rule for p of degree 2n + 1 satisfies
N > Nin, 4] = rank M)l + p(C*(n + 1) [u]).

Further, let H = M, 1,41 be a moment matriz block satisfying H > C*(= C*(n + 1)[u]) and
rank (H — C%) = p(C¥), and set
M B 1
M M) B D)
B+ D H
Then u admits a cubature rule of degree 2n + 1 with minimal size N[n,p] if and only if, for
some H as above, My (n+ 1) admits a rank-preserving moment matriz extension M(n+ 2) (cf.,
Theorem 1.5).

In Theorem 1.11 (below) we show that for p = pp, Lebesgue measure on the closed unit
disk, the estimate for N in Theorem 1.7 coincides with Moller’s estimate in Theorem 1.3. The
exact relationship between the estimate in Theorem 1.7 and the lower bound in [Mo2] is an open
problem. Indeed, there is an extensive literature concerning cases where Mdéller’s lower bounds
can be achieved or cases where the estimates cannot be realized (cf. [Mol] [Mo3] [CH] [CS]
[MP] [S] [SX] [VC] [X3]); by contrast, we have concrete estimates for p(C*) in only relatively
few cases (discussed below), so at this point it is difficult to ascertain when the lower bound of
Theorem 1.7 is attainable, and also difficult to compare our lower bound to those of Moller in
[Mo1] — [Mo3]; we believe the main value of Theorem 1.7 is that it affords an alternate approach

to lower estimates and the calculation of cubature rules, based on constructive matrix methods.

Example 1.8. We use Theorem 1.7 to compute a minimal, 4-node, cubature rule of degree 3

for planar measure p = po on the unit square S. We have

1 1/2 1/2
M1 =MD)[p =|1/2 1/3 1/4
1/2 1/4 1/3
and
1/3 1/4 1/3
B2)=B2)[p=11/4 1/6 1/6],
1/6 1/6 1/4
whence
7/36  1/8 1/9
Ct=1|[1/8 5/48 1/8
1/9 1/8 7/36
Since

7/36 1/8 1/9
H=|1/8 1/9 1/8
1/9 1/8 7/36
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satisfies H > C* and rank (H — C*) = 1, we have p = 1, so any cubature rule for x of degree 3
has at least 4 (= N1, u]) nodes. We denote the columns of

_(M(1) B(2)
M(2) = <£x2)* H )

by 1, X,Y, X2 XY, Y? and observe that X? = —(1/6) 1+ X and Y2 = —(1/6) 1+ Y. For any cu-
bature rule v of degree 3 for which M (2)[v] = M (2), M(3) = M(3)[v] is recursively generated (see
Section 2), so in the column space of M (3)[v], with columns labelled as 1, X,Y, X2, XY, Y2, X3
X?Y, XY?2, Y3 we must have relations X3 = —(1/6) X + X2, X2V = —(1/6)Y + XY, XY? =
—(1/6) X+ XY, Y3 = —(1/6) Y +Y2. These relations immediately determine G5 = 350 = 11/72,
B1a = Ba1 = T/12, Pag = B32 = 1/12. With these values,

~1/6 0 0 -1/6
5/6 0 —1/6 0
0 -1/6 0  5/6

W=
0 0 0 0
0 1 1 0
0 0 0 0

satisfies M (2)WW = B(3), and

13/108 11/144 7/108  1/16
11/144 7/108 1/16  7/108
7/108  1/16  7/108 11/144
1/16  7/108 11/144 13/108

C=B@3)'W =

is Hankel. Thus

is a rank-preserving moment matrix extension of M (2). To compute a 4-node (minimal) rule of
degree 3 for u (in accord with Theorem 1.7), we use W to note the following column relations
in M(3): X3 =—(1/6)1+ (5/6) X, X?Y = —(1/6)Y + XY, XY? = —(1/6) X + XY, Y3 =
—(1/6) 14 (5/6) Y. Now the variety associated with 2® = —(1/6) +(5/6) x, 2%y = —(1/6) y +zv,
ry? = —(1/6) x +xy, y> = —(1/6) + (5/6) y consists of 4 points, zo = ((1/6) (3 —/3), (1/6) (3 —
V3)), 21 = ((1/6) (3—+/3),(1/6) (3+V3)), 22 = ((1/6) (3+V3), (1/6) (3-+/3)), z3 = ((1/6) (3+
V3),(1/6) (34++/3)). Tt follows from the “real” version of Corollary 2.4 that y admits a cubature
rule of the form v = Z?:o pidz,. To compute the densities p;, we set z; = (z;,¥;) (0 < i < 3)
and let

ToYo T1Y1r T2Y2 T3Y3

since 1, X, Y, XY is a basis for the column space of M (2), the real version of Proposition 2.1
implies that V is invertible. Since ‘/Y(/)Q,pl7 pg,pg)t = (600,ﬁ10,501,520)t = (1, 1/27 1/2, 1/4)t7
then p;, =1/4 (0<i<3). O
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Since p(+) > 0 and rank M (n)[u] = dim P%|supp x (cf. Proposition 2.8), Theorem 1.7 recovers
the “odd” case of the Radon-Stroud estimate in Theorem 1.1. Theorem 1.7 is a moment matrix
analogue of Moller’s estimate [Mol], [Mo2]. In particular, we have the following analogue of

Theorem 1.2 concerning the existence of Gaussian rules of odd degree.

Theorem 1.9. Let u be a positive Borel measure on R with convergent moments up to at least
degree 2n + 1, and let M = M (n)[u], B = B(n+ 1)[p]. Then p admits a cubature rule of degree
2n + 1 with minimal size rank M (n)[p] if and only if

(i) Ran B(n + 1)[] C Ran M (n)[u], so that B = MW for some matriz W, and

(i) W*MW (which is independent of W satisfying B = MW ) has the form of a moment matrix
block C(n+1).

From Theorem 1.9, one can readily recover classical Gaussian quadrature on R. Indeed, let p
be a square positive Borel measure on an interval I C R, with convergent moments 3; = f I t' du,
(0 <@ < 2n+1). Mg(n)[p]is the (n+1) x (n+1) Hankel matrix H(n) = (8i4;)<; j<,,- Since H(n)
is invertible and C(n + 1) is a 1 x 1 matrix, the conditions of Theorem 1.9 are satisfied trivially.
In the unique flat extension H(n + 1) of H(n), if we label the columns as 1,7,7T2, ..., T+,
then we have a dependence relation 7"t = cg1 + 1T + -+ - + ¢, T". It follows from [CF1] (or
Theorem 2.5 below) that the corresponding polynomial t" T — (co+c1t+- - - +c,t"), has precisely
n+1 real roots, {t;}7_, (C I), and that 4 has a minimal cubature rule of degree 2n+1 of the form
v =31 pidi, where the densities p; > 0 can be computed from the Vandermonde equation
V(to, N ,tn)(p07 PN ,pn)t = (507 ce ,,Bn)t.

We prove Theorem 1.9 in Section 3, Theorem 3.4. Condition (i) of Theorem 1.9 is satisfied if x
has convergent moments of degree 2n + 2, for in that case, M (n+1)[u] > 0 (cf. Proposition 2.6).
For the case when pu is square positive, so that M(n)[u] is invertible, Theorem 1.9 seems to
give a computationally simpler test for the existence of a Gaussian rule than does Theorem 1.2;
indeed, one only needs to be able to compute the moment data and to then check whether or
not C*(n+1)[u] (= B(n + 1)[u]* M (n)[u]~*B(n + 1)[u]) has the form of a moment matrix block
M, 41 n+1. For planar measures (d = 2), it is easy to see that a moment matrix block M, 11 41
is simply an (n + 2) x (n + 2) Hankel matrix.

In general, it may be difficult to compute p(-). In Section 4 we focus on the case where
= pp is planar Lebesgue measure restricted to the closed unit disk D, and we show that the
estimate in Theorem 1.7 for up coincides with Moller’s estimate in Theorem 1.3. In this case,
instead of working with the truncated R? moment problem and a moment matrix corresponding
to (27 [], it is convenient to employ the equivalent truncated complex moment problem for
measures on the complex plane C. More generally, the truncated R2? moment problem for a real
sequence 32" is equivalent to the truncated C% moment problem for a corresponding complex
sequence y(?®) = {7ij }i,jGZiliHljlﬁn' This problem concerns the existence of a positive Borel
measure p on C4 such that v;; = [ z'z9du, (|i| + |j] < 2n), where z = (21,...,24) € C%
Corresponding to 7(2®) is the complex moment matrix Mca(n) = Mga(n)(y) (cf. Section 2).
Due to the equivalence of the moment problems for (™) and v(2®) (cf., [CF4, Proposition 1.12],
[CF7, Section 2], [StSz, Appendix]), Theorems 1.7 and 1.9 admit exact analogues when M (n)[u]
is replaced by Mca(n)[u]. To see this, replace B(n+1)[u] by Bea(n+1)[u] and replace C*(n+1)[u]
by C’f:d (n+ D)[p] = W*Mga(n)[p]W (for W satisfying Bea(n + 1)[p] = Mea(n)[p]W). We now
define pca(-) by analogy with p(-), but using complex moment matrix blocks M1 n+1. The
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equivalence of the moment problem on R2? for 3(*") with the moment problem on C¢ for (2™
readily implies rank Mga(n)[p] = rank M (n)[u] and pcd(ngd(n +1)[p]) = p(C*(n + 1)[u]). The
complex version of Theorem 1.7 now states that the size N of any cubature rule for p of degree
2n + 1 satisfies
N > rank Mca(n)[u] + pa(Cha(n+ 1)[u]),

and the complex version of Theorem 1.9 may be formulated similarly. For measures on the
complex plane C, a moment matrix block My 1,41 is simply an (n + 2) x (n + 2) Toeplitz
matrix; moreover, C’(ﬁc(n + 1) always has a weak Toeplitz property: in each diagonal ay,...,ap,
we have a1 = a,, az = ap—1, etc. [CF2, Proposition 2.3].

Returning to the case p = up, in Proposition 4.5, for m = 2n + 1, we show that C’é(n + 1)[up)
is a positive diagonal matrix, diag (c1,...,cn42); @ gap in diag (c1,. .., cy42) is an occurrence of
¢i > ¢iy1. Our main computational result, which follows, shows how to estimate pca(C) for a
positive diagonal matrix C.

Theorem 1.10. (cf. Theorem 4.1.) Let C' = diag(c1, ..., cp) be a positive diagonal p x p matriz.
Suppose there is a positive integer q and a strictly increasing sequence {ny}{_, of positive integers
such that ¢, > cp, 41 for 1 <k <q. If T is a positive Toeplitz matriz such that T —C > 0 then
rank (T — C) > q; thus pca(C) is at least as large as the number of gaps in C.

1
Proposition 4.5 also shows that Cf:(n + 1)[up] has precisely L%j gaps. From the preceding
discussion, and combining the complex version of Theorem 1.7 with Theorem 1.10, we obtain the

following lower estimate for up cubature rules.

1
Theorem 1.11. (cf. Theorem 4.4.) P(C(Cf;(n + 1) [u]) > Ln;r | the size N of any cubaturs
1 2 1
rule for up of degree 2n + 1 satisfies N > (n+ )2(n+ ) i Ln;- I

Note that up is centrally symmetric. Theorem 1.11 shows that for u = up, the lower estimate in
Theorem 1.7 coincides with Mdller’s estimate in Theorem 1.3. Whether the above estimate for pc
can be extended to general centrally symmetric planar measures (so as to recover Theorem 1.3)
is an open question. As we discuss in Section 5, other results of Méller in [Mo2] imply that
Theorem 1.11 is not sharp when n is even, since the lower bound for N can be increased by at
least 1 in this case. Whether, for n even, we can improve the estimate for p(c(Cf:(n + 1)[pp] is
another open problem.

If u # pp it can still happen (although not very often) that Cf: [u] is diagonal, even in cases
where 4 is not centrally symmetric. More generally, Theorem 1.10 can be applied indirectly in a
variety of cases in which C' = C’é (n+1)[u] is not diagonal. One obvious case is when C = D+Tj
with D a positive diagonal matrix and Tp Toeplitz. In this case, pc(C) = pc(D). Indeed, if T
is Toeplitz and T'— C > 0, then rank (T' — C) = rank ((T' — Tp) — D), whence pc(C) > pc(D);
conversely, if T' is Toeplitz and T > D, then T+ Ty > C and rank (T'— D) = rank (T +Tp) — C),
whence pc(D) > pc(C). Next, if the compression of C' to the first k rows and columns is of the
form D+ Tj (as above), then pc(C) > pc(D). Moreover, the same conclusion can be obtained if
the compression of C is to rows and columns i1, 22, . . ., ix as long as the corresponding compression

of any Toeplitz matrix T is still Toeplitz. In fact, it is not hard to see that more is true.

Proposition 1.12. Let C be a positive N x N matrix and suppose that U is a unitary operator
on CN such that, for every N x N Toeplitz matriz T, the compression of U*TU to the first k rows
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and columns is Toeplitz. Let C), denote the corresponding compression of U*CU, and suppose
that Cy, = D + Ty, with Ty a Toeplitz matriz, and D a positive diagonal matriz with at least q
gaps. Then pc(C) > q.

To illustrate the compression technique, consider an example of C'* (6) that we have encountered
while studying cubature rules of degree 9 for up (cf. Section 5). Let C*(6) be of the form

S R » ow o a3
8 3 . o v 3 8
S w0 N e
N TN IR e
QN R SRR

Q" e 8 3 w9
"W B 3 nu oW

where 0 < a < b < ¢. By considering the compression of C* to rows and columns 5, 6, and 7 we
see that pc(C*) > 2.

Section 5 illustrates how moment matrix techniques can be used to construct certain minimal
cubature rules. In [R] Radon introduced the method of constructing multivariable cubature rules
supported on the common zeros of orthogonal polynomials. Using an approach based on matrix
theory, Stroud [Str2], [Str4, Section 3.9, p. 88] constructed a family of 2d-node cubature rules of
degree 3 in R? for a class including centrally symmetric measures; Mysovskih [My1] subsequently
showed that these rules are precisely the minimal rules of degree 3 for this class. In Example 5.1,
we compute pC(C(nC(Q)[u]) and characterize the minimal rules of degree 3 for a planar measure
p > 0. In Proposition 5.2 we give a new description of the minimal rules of degree 3 in the
centrally symmetric case; Example 5.3 illustrates our method with planar measure on the square
Cy =[-1,1] x [-1,1].

In Proposition 5.4, we show that a planar measure g satisfies p@(Cé(?))[u]) < 1. Among
Radon’s results in [R] is the description of certain 7-node minimal rules of degree 5 for a wide
class of planar measures (cf., [Str4, Section 3.12]). In Theorem 5.5 we use Proposition 5.4 to
completely parametrize the (minimal) 7-node rules of degree 5 for up. In a companion paper
by C. V. Easwaran and the authors [EFP] we use moment matrix methods to resolve an open
problem of [C2] by showing that among the 10-node (minimal) cubature rules of degree 6 for up,
there is no inside cubature rule (although there are many minimal rules with 9 points inside). A
12-node (inside, minimal) rule for up of degree 7 is cited in [Str4, S2:7-1, pg. 281] (cf. [P]). In
Proposition 5.8 we develop a new family of 12-node degree 7 rules for pp. Proposition 5.10 gives
a new proof that there is no degree 9 rule for up with as few as 17 points. The first example
of a degree 9 rule for up with as few as 19 nodes is due to Albrecht [A]. In Proposition 5.12
we show how Albrecht’s rule (and a related infinite family of 19-node rules) can be derived
by a 2-step moment matrix extension M (5) — M(6) — M(7), where rank M(5) = 18 and
rank M (6) = rank M (7) = 19. All of the preceding examples concern planar measures, but the
results of Section 3 apply as well to measures on R%. Of course, for d > 2 it is considerably
more difficult to compute moment matrix extensions than it is for d = 2. In Example 5.13 we
construct a family of minimal cubature rules of degree 2 for volume measure on the unit ball in
R3.
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We conclude this section by comparing and contrasting our approach to cubature with some
established approaches. In case supp u is symmetric, one effective strategy for constructing
a cubature rule is to design a highly symmetric (if sometimes non-minimal) distribution of the
nodes, reflecting the symmetry in supp u (cf. [Str4], [HP], [CK], [C1]). By contrast, our approach
does not take advantage of symmetry, and is applied in the same manner whether or not supp p
displays symmetry; in [CF4, Example 4.12] moment matrices were used to give a complete
description of the 5-node (minimal) cubature rules of degree 4 for arclength measure on the
parabolic arc y = 22, 0 < z < 1, where symmetry is not available; further, techniques from the
K-moment problem [CF6] were used to characterize which of these rules are supported inside
the arc.

As noted above, Radon [R] pioneered the technique of constructing cubature rules supported
on the common zeros of orthogonal polynomials in L?(u). By contrast, in [CF2] a representing
measure arises from the spectral measure of a normal operator associated with a flat extension.
Thus, in our approach, orthogonal polynomials whose common zeros support a cubature rule
emerge as a by-product of the flat extension which establishes the existence of the rule. The
analogue of the set of common zeros of orthogonal polynomials is the variety corresponding to
a flat extension [M(n); B(n + 1)], determined by B(n + 1) = M(n)W (cf. Theorem 2.4). The
polynomials which determine the variety of M(n + 1) are very easy to compute, for they come
from dependence relations in the columns of M (n) and from dependence relations in the columns
of (M (n) B(n+ 1)), relations that are immediately available from W. (Indeed, the referee
has kindly pointed out that W provides the coefficients for a Jackson basis for the space of
orthogonal polynomials of degree n + 1 (cf. [Str4, page 67]).) Once a flat extension is known,
it is therefore usually straightforward to compute the nodes and densities of the corresponding
cubature rule. The main issue in our approach thus concerns the existence of a flat extension
M (n+ 1) or, in the case of a non-“minimal” rule, the existence of a sequence of rank increasing
positive extensions M(n+1),..., M(n+ k), followed by a flat extension M (n + k + 1); although
a number of concrete existence theorems are known (cf. [CF2] — [CF7], [F3]), much remains to

be learned about moment matrix extensions.

2. MOMENT MATRICES

Let C%[z, z] denote the space of polynomials with complex coefficients in the indeterminates
2= (21,...,24) and Z = (21, ..., Zq), with total degree at most r; thus dim C%[z, z] = n(d,r) =
(T‘gjd). For i = (iy,...,iq) € Z%, let |i| = iy + - +i4 and let 2* = 2{" ... 2. Given a complex
sequence v = ) = {;; }i:jGZi’ [i]4|7] < s, the truncated complex moment problem for v entails

determining conditions for the existence of a positive Borel measure p on C? such that

(2.1) wi= [ #5 du li+ 1l < s

A measure p as in (2.1) is a representing measure for ~.

In the sequel we focus on s = 2n; in this case, v determines a moment matrix M(n) =
Mga(n)(vy) that we next describe. The size of M(n) is n(d,n), with rows and columns denoted
by {ZiZ7 :i,j € Z%, |i| + |j] < n}, following the degree lexicogrﬁaphﬁic order of the I{lonomjals in
Cg[z, 2]. (FOI‘ example, with d = n = 2, this order is 1, Z17 ZQ, Zl, ZQ, Z12, Z1Z27 lel, Z1Z2, Z227
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oy, ZoyZo, 22, Z1 29, Z2.) The entry of M(n) in row Z°Z7, column Z*Z! is Yetgitl, ([ +
15 [kl + 1] < n).

For p € Cllz,7], p(z,2) = EnseZi,ITIHSISn arsZ" 2%, we set p = (ars). The Riesz functional
A=A, :C4 22 — Cis defined by A(Y. brs2"2%) = 3 brs¥rs. The matrix M2(y) is uniquely
determined by

(2.2) (Mi(1)f.9) = M (f9),  (f.9 € Calz,2)).

If v has a representing measure y, then A,(fg) = [ fgdu; in particular, (M) ], f) =
J1f1?dp >0, so M%(n)(v) is positive semidefinite in this case.

Corresponding to p € Cl[z,z], p(z,2) = . a.s2"2° (as above), we define an element in
Col M(n) by p(Z,Z) = > a,sZ"Z*%; the following result will be used in the sequel to locate
the nodes of cubature rules.

Proposition 2.1. ([CF2, (7.4)]) Suppose p is a representing measure for Y*™ and for p €
Cllz, 2], let Z(p) = {z € C?: p(z,2) = 0}. Then suppu C Z(p) if and only if p(Z,Z) = 0 in
Col M(n).

It follows from Proposition 2.1 that if v(2") has a representing measure, then M%(n)(y) is

recursively generated in the following sense:
(2:3) papa € Colz 2, p(Z,2)=0 = (pa)(Z,Z)=0.

We define the variety of v (or the variety of M (n)(v)) by V(v) = "{Z(p) : p € Ci|z, 2], p(Z, Z) =
0}. Proposition 2.1 implies that if i is a representing measure for ~2") | then supp pu C V(7) and,
moreover, that

(2.4) card V() > card supp p > rank M&(n)(7),
(cf., [CFT7, (7.6)]).

The following result characterizes the existence of “minimal”, i. e., rank M (n)-atomic, repre-

senting measures.

Theorem 2.2. ([CF2, Corollary 7.9 and Theorem 7.10]) 7®™) has a rank Mg (n)(v)-atomic rep-
resenting measure if and only if M (n) is positive semidefinite and M (n) admits an extension to
a moment matric M (n+1) satisfying rank M (n+1) = rank M (n). In this case, M (n+1) admits
unique successive rank-preserving positive moment matriz extensions M(n+2), M(n+3),... and
there exists a rank M (n)-atomic representing measure for M(co).

We refer to a rank-preserving extension M (n + 1) of a positive moment matrix M (n) as a flat
extension; such an extension is positive (cf. Corollary 2.7). For planar moment problems (d = 1),
the following result describes a concrete procedure for computing the unique rank M (n)-atomic

representing measure corresponding to the flat extension M (n + 1) of M (n)(7y) in Theorem 2.2.

Theorem 2.3 (Flat Extension Theorem). ([CF6, Theorem 2.1]) Suppose M(n) = Mgc(n)(y)
is positive semidefinite and admits a flat extension M(n + 1), so that Z"*' = p(Z,Z) in
Col M(n + 1) for some p € C,[z,z]. Then there exist unique successive flat (positive) exten-
sions M(n + 2),M(n + 3),..., and M(n + k) is uniquely determined by the column relation
Zntk = (ZF=1p)(Z,Z) in Col M(n + k) (k > 2). Let v = rank M(n). There exist unique
scalars ag, . . .,ar_1 such that in Col M(n), Z" = apl +---+a,_1Z"~ L. The analytic polynomial
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gv(2) = 2" —(ap+- - +a,—12""1) hasr distinct roots, z, ..., 2,1, and ~y has a rank M (n)-atomic
(minimal) representing measure of the form v =v[M(n+1)] = Z::_()l pi0,, where the densities
pi > 0 are uniquely determined by the Vandermonde equation V (zg, ..., 2r—1)(po,---spr—1)t =

(700,701 - - - s Yo,r—1)". The measure v[M (n+1)] is the unique representing measure for M (n+1).

The calculation of g, in Theorem 2.3 entails iteratively computing moment matrices M(n +
2),M(n+3),...,M(r), and r may be as large as (n+1)(n+2)/2. The following result provides
an alternate, frequently more efficient, method for computing a minimal representing measure

corresponding to a flat extension M(n + 1).

Theorem 2.4. (Cf. [CF7, Theorem 2.3]) Suppose M(n) = Mca(n)(7) is positive and admits a

flat extension M(n + 1). Then V = V(M (n + 1)) satisfies cardV = r = rank M(n) and V =

{zk}z;é forms the support of the unique representing measure v for M(n+1), i.e., v = ppds, -

Let {Z'm Zim -1 denote a mazimal independent subset of the columns of M(n) and let V be the
Jm

r X 1 matriz whose entry in row m, column k is zZ;" 2™ . Then V is invertible, and the densities

P0s -+ pr—1 are uniquely determined by V(po, ..., pr—1)" = Yigujos- - > Vir_1dra)"-

We now turn to real moment matrices. Let n > 1 and let

2 2 2 n ,n—1 n
l,xl,...,xd,xhxlxg,...,xlxd7m2,x2x37...,xgxd,...,xw...,xl,xl T2y, Xg
denote a degree lexicographic ordering of the monomials in z1,...,z4 up to degree n. This

ordering defines an ordered basis B¢ for P%; for f € P2, let f denote the coefficient vector of f
relative to BZ. By 52 we mean a real multi-sequence {3; : i € Z<, |i| < 2n}. The real moment
matriz M(n) = Mga(n)() corresponding to 8 = ™ has size ¥(n, d) with rows and columns
labelled X?, |i| < n, following the above ordering, i. e., 1, X1,..., Xg,..., X7, X' Xy, ..., X7
The entry of M (n)(8) in row X? and column X7 is 3;1;. Suppose p € Ps, , p = > lil<an a;z'; we
define Ag(p) = Z‘ i|<2n Qi B;. Tt follows readily that M (n) is uniquely determined by the relation

Proposition 2.1, (2.3), and (2.4) admit direct analogues for real moment matrices (cf. [CF7]).
We next present an analogue of Theorem 2.2 for real truncated moment problems. In the sequel,
whenever 8 = 3% is a d-dimensional multi-sequence {3; : |i| < k}, 3 will denote a multi-sequence
extension of the form {Bi}\ﬂgmv where m > k and 3; = §3; for li] < k.

Theorem 2.5. (cf. [CF7, Theorem 2.8]) Let § = 3™ be a d-dimensional real multisequence,
and let M = M (n)(8). If B has a representing measure p, then cardsupp p > rank M. Further,
B admits a rank M -atomic representing measure if and only if M is positive semi-definite and
can be extended to a moment matriz of the form M(n + 1) such that rank M (n + 1) = rank M.

In this case, M(n + 1) also has a rank M -atomic representing measure.

Using Theorem 2.5, one can readily formulate the direct analogue of Corollary 2.4 for real
moment matrices; this is what we used in Examples 1.6 and 1.8.

We next cite two auxiliary results that we will use to construct flat extensions of moment
matrices. Let H; and Hs denote complex Hilbert spaces and let H = Hi @ Ho. Let Ae L(H)
be a self-adjoint operator whose operator matrix relative to this decomposition is of the form

~ A B
o - (2 1)
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with A = A* € L(H;1), C = C* € L(Hz2). Theorem 2.5 concerns the case A = M(n)(8),
A = M(n+1)(f), so we need a characterization of the case when A > 0 and rank A = rank A.

Proposition 2.6. (cf. [Smu| [Epp]) Suppose A is as in (2.6). Then A > 0 if and only if
A > 0 and there exists W € L(Hi1,Hs) such that B = AW and C > W*AW. In this case,
W*AW s independent of W satisfying B = AW, and when H is finite dimensional, rank A =
rank A + rank (C' — W*AW).

Corollary 2.7. Suppose H = Hy ® Ha is finite dimensional, A € L(H1) is positive, and B €
L(H1,Hs). Then there exists C € L(Hsz) such that

A:ABzo
B* C

and rank A = rank A if and only if there exists W € L(H1, Hs) such that B = AW and C =
W*AW.

Since, from Proposition 2.6, W* AW is independent of W satisfying B = AW, it is clear
that a rank-preserving extension A of A (> 0) is completely determined by A and B (with
Ran A C Ran B). We refer to such an extension A as a flat extension of A and we denote it by
A = [A; B]; Proposition 2.6 or [Smu] imply that [A; B] > 0.

We conclude this section with two results concerning real moment matrices; of course, these

results can be reformulated as well for complex moment matrices.
Proposition 2.8. rank M (n)[u] = dim PZ|supp .

Proof. Let Col M(n)[p] denote the column space of the matrix M (n)[u] and consider the map
¥ : Col M (n)[u] — PZ|supp i defined by V(X i<n @i X" ') = 3" a;2%|supp p. Since p is a represent-
ing measure for 3™ [u], [CF2, Proposition 3.1] implies that for p = 3" a;2* € P, S a; X' = 0
in Col M(n)[y] if and only if pjsuppp = 0. Thus ¢ is a well-defined isomorphism, whence
rank M (n)[u] = dim Col M (n)[u] = dim PZ|supp pu. O

Based on Proposition 2.8 we can establish the following result.

Proposition 2.9. For a positive Borel measure p on R with convergent moments up to at least
order 2n, the following are equivalent:

(i) p is square positive, i. e., for p € P4, p#£0, [ |p[*du > 0;

(i) M(n)[p] is invertible (equivalently, M(n)[u] > 0);

(iii) vank M (n)[p] = ("F9);

(iv) dim PZ|supp p = dim PZ;

(v) supp u is not contained in the zero set of any nonzero element of PY.

Proof. (i) = (ii) Assume p is square positive. For f € P, f # 0, (M(n)[u]f, f) = J1f?du >0,
whence M (n)[u]f # 0. Thus M(n)[4] is invertible, and since M (n)[u] > 0, this is equivalent to
M(n)[u] > 0.
(ii) = (iii) Clear, since the size of M (n)[4] is (" jl' ).
(i) = (iv) If (iii) holds, then dlde = ("+d) =
Proposition 2.8.

rank M (n)[u], whence (iv) follows from
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(iv) = (v) From (iv) and Proposition 2.8, rank M (n)[u] = dim PZ|supp = dim P2 = ("1%),
whence M (n)[u] is invertible. The proof of Proposition 2.8 shows that, for p € P4, p|supp u = 0
if and only if M (n)[u]p = 0, so (v) follows.

(v) = (i) If (v) holds then, as in the previous implication, M = M (n)[u] is invertible; then
M > 0, whence M'/2 > 0. Now, for p € P2, p #0, [|p|>du = (Mp,p) = (M'/?p, M'/2p) > 0
whence (i) holds. O

3. LOWER BOUNDS FOR CUBATURE RULES

In this section we use moment matrices to provide lower estimates for the size of a cubature
rule. We state the results only for measures on R?, but all of the ensuing results can be refor-
mulated for the complex case (cf. Section 2). We begin with the proof of Proposition 1.4, which

we restate for convenience.

Proposition 3.1. Let j be a positive Borel measure on R® with convergent moments up to
at least degree m = 2n. The size N of any cubature rule for p of degree m satisfies N >
rank M (n)[p].

Proof. Let § = B[y, i. e., f; = [tidp, |i] < 2n. If v is a cubature rule for p of degree
2n, then B[] = F2™[u], whence M (n)[v] = M(n)[u]. Since v is a representing measure for
2™ [v], Theorem 2.5 implies card supp v > rank M (n)[v] = rank M (n)[u]. O

We next prove Theorem 1.5, which we restate.

Theorem 3.2. Let p be as in Proposition 3.1; then u has a cubature rule of degree 2n with
(minimal) size N = rank M (n)[u] if and only if M(n)[u] can be extended to a moment matriz
M(n + 1) satisfying rank M (n + 1) = rank M (n)[u]; equivalently, there is a choice of “new
moments” of degree 2n+ 1 and a corresponding matriz W, such that M(n)W = B(n+1) (i. e.,
Ran B(n+ 1) C Ran M (n)) and W*M (n)W is a moment matriz block (of degree 2n + 2).

Proof. Since p > 0, then M (n)[u] > 0. It follows from Theorem 2.5 that p admits a cubature
rule of degree 2n and size rank M (n)[y] if and only if M (n)[u] can be extended to a moment
matrix M(n + 1) satisfying rank M(n + 1) = rank M (n). The concrete condition for the flat

extension follows from Corollary 2.7. O
We now consider lower estimates in the “odd” case. We begin by proving Theorem 1.7.

Theorem 3.3. Let i be a positive Borel measure on R with convergent moments up to at least

degree 2n + 1. The size N of any cubature rule for v of degree 2n + 1 satisfies
N > Nfn, ] = rank M(n)[u] + p(C*(n + 1)[]).

Further, let H = My+1.,11 be a moment matriz block satisfying H > C*(= C*(n + 1)[u]) and
rank (H — C%) = p(C¥), and set

Ma(n+1) ( M(n) B<n+1>w> |

B(n+1)[u]" H

Then p admits a cubature rule of degree 2n+ 1 with minimal size N[n, u| if and only if, for some

H as above, My (n+ 1) admits a rank-preserving moment matriz extension M(n + 2).
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Proof. Suppose v is a cubature rule for p of degree 2n+ 1. Then M = M (n + 1)[v] has the form

v M@ Bn+1)u
Bn+D[p* Chn+1D])’
where C(n+1)[v] is block My, 11 nt+1 of M(n+1)[v]. Since v > 0, then M > 0, so Proposition 2.6
implies that there is a matrix W such that B(n+1) = M(n)W and C(n+1)[v] > C*(n+1)[u](=
W*M(n)W). Proposition 2.6 further shows that

rank M = rank M (n)[u] 4 rank (C(n + 1)[v] — C*(n + 1)[u]) > rank M (n)[u] + p(C*(n + 1)[u]).

Now v is a representing measure for 5(27+2) [v], so Theorem 2.5 implies that N = card supp v >
rank M, and the estimate follows.

Next, suppose v is a (minimal) cubature rule for u of degree 2n + 1, with precisely N[n, u]
nodes. As above,

N[n,v] = cardsupp v > rank M (n + 2)[v] >
rank M (n 4 1)[v] = rank M (n)[u] + rank (C(n + 1)[v] — C*(n + 1)[u]) > Nn, v].

Thus, H = C(n+1)[v] satisfies H > C¥(n+1)[u] and p(C¥*(n+1)[u]) = rank (H — C*(n+1)[u]),
and clearly M (n + 2)[v] is a flat extension of Mg (n + 1)(= M(n + 1)[v]).

Conversely, suppose H = M, 1 41 satisfies H > C¥ and rank (H — C*) = p(C*); thus
rank My (n + 1) = Nin,pu]. If Mg(n+ 1) admits a flat extension M (n + 2), then (using Theo-
rem 2.2) My(n + 1) admits a representing measure v with N[n, ] nodes, and v thus acts as a

minimal cubature rule for p of degree 2n + 1. O
We next prove Theorem 1.9, a moment matrix analogue of Mysovskikh’s criterion.

Theorem 3.4. Let ju be a positive Borel measure on RY with convergent moments up to at least
degree 2n + 1, and let M = M (n)[u], B = B(n+ 1)[u]. Then p admits a cubature rule of degree
2n + 1 with minimal size rank M (n)[u] if and only if

(i) Ran B(n + 1)[p] C Ran M (n)[u], so that B = MW for some matriz W, and

(i) W*MW (which is independent of W satisfying B = MW ) has the form of a moment matriz
block C(n +1).

Proof. Suppose v is a cubature rule for p of degree 2n + 1 with cardsuppv = rank M (n)[u].
Then M(n + 1)[v] is a positive moment matrix of the form

M) B+ D\ _ (M B

Bn+Dpl* Cn+1) B* C
Since v is a representing measure for 3("+2)[y], Theorem 2.5 implies that rank M (n)[u] =
cardsupp v > rank M (n + 1)[v] > rank M (n)[u], so M (n+1)[v] is a flat extension of the positive

moment matrix M (n)[u]. Now (i) and (ii) follow from Corollary 2.7.
Conversely, suppose (i) and (ii) hold and let

M:MB,
B* C

with M = M (n)[u], B = B(n+1)[p], B=MW,C =W*MW. Since M is positive, Corollary 2.7
shows that M is a flat extension of M of the form M = M (n+1). Theorem 2.5 now implies that
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M admits a rank M-atomic representing measure, which acts as a cubature rule for p of degree
2n + 1 and size rank M. O

Theorem 3.4 is very general in the sense that the matrix M = M (n)[u] may be singular. From
Proposition 2.9, M is singular if and only if supp y is contained in some algebraic subset of R?
of degree no more than n. If M is invertible, then rank M = 9(n,d) = (";d). Thus, we have the

following consequence.

Corollary 3.5. Let i be a positive Borel measure on R% with moments up to degree 2n + 1 and
suppose supp p is not contained in any algebraic subset of degree not exceeding n. Then p admits
a minimal cubature rule of degree 2n+ 1, with (n;d) nodes, if and only if B*M~'B has the form
of a moment matriz block C(n+ 1) (where M = M (n)[u] and B = B(n+ 1)[y]).

For d = 1, the condition of Corollary 3.5 is satisfied vacuously since B*M ~! B is a real number.
In this case, the resulting (n + 1)-atomic cubature rule of degree 2n + 1 corresponds to classical
Gaussian quadrature. For d = 2, the condition of Corollary 3.5 is that B*M !B has the form of
a Hankel matrix.

4. ESTIMATING p WHEN C}é IS DIAGONAL

Theorem 3.3 provides a criterion for a positive Borel measure g on R? to have a “minimal”
cubature rule of degree 2n + 1, a rule with rank M (n)[u] + p(C*(n + 1)[u]) nodes. In order to
utilize Theorem 3.3 to compute minimal or near-minimal rules, it is necessary to be able to
estimate p(C*(n+1)[u]). In the present section we show how to estimate pc(C*(n+1)[u]) in case
C(ﬂc(nJr 1)[p] is a diagonal matrix (Theorem 4.1); in the introduction we indicated how this result
can be adapted to certain situations in which C%(n—}— 1)[p] is non-diagonal. In Proposition 4.5 we
show that pp, planar measure on the unit disk, has the property that ng(n + 1)[p] is diagonal,
and, as a consequence, we are able to recover Moller’s lower estimate of Theorem 1.3 in the case
of up (Theorem 4.4). In Section 5 we will apply Theorems 4.4 and 4.1 to construct families of

minimal or near-minimal cubature rules for up.

Theorem 4.1. Let C' be an N x N positive diagonal matriz with diagonal entries c1,ca,...,CN.
Suppose that there exists a positive integer q and a strictly increasing sequence {nk}Z=1 of positive
integers such that c,, > cp,+1 forl <k < q. IfT is a positive Toeplitz matrix such that T—C > 0
then rank (T — C') > g.

In order to prove Theorem 4.1 we first establish some notation. Since T is a positive Toeplitz
matrix its entries ¢;;, 1 < i,7 < N, can be written as ¢;; = t;_; for j > and t;; = t,_; for j <.
Let ap =tg —cx (>0), 1 <k < N. Clearly a,, < an,+1 for 1 <k <gq. Let S be the principal
submatrix of T'— C' obtained using rows and columns {nj};_;. Let F' = det S; since S > 0, then
F > 0. For 1 <k < g, let S; be the matrix obtained from S by replacing a,; by an;+1, k¥ < j < g;
we also set S, 11 = 5. Since an, 41 > an,; (k< j < q) and S > 0, it follows that Si > 0, whence
Fp=detSy >0 (1 <k <qg+1). Further, for 1 <k <g+1land 1< j <gq, let S,(Cj) denote
the matrix obtaine from Sy by deleting the j-th row and column, and let F’ ,Sj ) = det S ,gj ); clearly

F ,Ej ) > 0. The following result compares the values of these determinants.

Lemma 4.2. Fy, > Fj41, 1 <k <gq, and F; > F5.
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Proof. We will use induction on gq. The case ¢ = 1 is trivial since the determinants under
consideration are just numbers: F} = an,4+1, Fo = F = an,, and an, < an,+1. As an illustration,
we show the case ¢ = 2. Now we need to prove that F; > Fy and Fy > F. This follows from

straightforward computation:

41 Apqi41 th—nl Apq th—nl 0
. — = (a — Qp, )a >
( ) tn2fn1 Apyil th—nl Apyil ( ni+1 n1) n2+1 =
4 2 anl tn27’ﬂ1 a’ﬂl t’ﬂzf’ﬂl 0

. — = (a — G, )Opyy >
( ) tnz—’l’n Apyt1 tnz—m A, ( na+1 nz) ny —

and it is clear that a,,11 — an, > 0, while the positivity of T — C' implies that a,, > 0 and,
therefore, an,+1 > 0.

Suppose that the lemma has been proved for ¢ — 1. We show that, in this situation, it is true
for q. Let k be an integer such that 1 < k < ¢. Then

(4.3) Fi = Frq1 = (ang41 — a’nk)F]gk)'

Clearly an, 11 — an, >0 and F{* > 0. Thus Fj, > Fi1. We will show that Fy > F,. Consider

the sequence n} < --- < ”;717 where n; = n;41. By induction, the corresponding determinants
. 1 ) 1 1
Fj’ satisfy F{ > F§ > -+ > Féi1 > F,;. Now Fj’ = Fj(_& (1<j5<¢q),so0 F2( ) > 0> Fq(+)1 and

F2(1) > F?fl). Since Fl(l) = 2(1) and Fq(_% = F®) >0, it follows that Fl(l) > 0, whence (4.3)
implies F} > F5. The proof is complete. O

Using Lemma 4.2 we can now easily prove Theorem 4.1. Indeed, we have just established that
B >F>F>-->F, >F>0,

whence F; > 0. Let R denote the compression of T'— C' to rows and columns n; +1,...,n4 + 1.
Due to the Toeplitz structure of T', R coincides with S7, whence det R = det S1 = F} > 0. It
now follows that rank (T' — C') > rank R = g. Thus Theorem 4.1 is established.

We now begin our analysis of C’é(n + 1)[up]. It is often convenient to view M (n) = Mc(n)(y)
as a block matrix, as follows. Given a doubly indexed finite sequence of complex numbers
21 = {7;; 1 0 < i+j < 2n}, with 490 > 0 and v;; = 7;;, one can form a family of Toeplitz-like
rectangular matrices M[i, j], 0 < ¢, < n, where the first row of M i, 7] IS Vij, Yit1,j—1, - - - » Vit4,0
while the first column is 7,5, vi—1,j+1; - - - »70,i+;- The complex moment matrix M (n) = Mc(n)(7)

is then represented as a block matrix

M][0,0] M0, 1] M0, n]

MI[1,0] M1, ... MI1,n]
(4.4) Mm)= | .

Mn,0] Mi[n,1] Mn,n]
Recall that the rows and columns of M(n) are denoted by the degree lexicographic ordering
E:1,2,Z,72,...; the entry in row Z'Z7, column Z*Z' is (M (n)zkz!,z127) = yppjipis (0 <
i+4,k+1<n).

In the case of M(n)[up)] it is useful to describe M(n) relative to a permutation of £. Notice

that & is ordered in such a way that basis vectors are grouped relative to the degree ¢ + j of
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ZiZ’. In the new basis we will group row and column vectors using the quantity ¢ — j instead,
and within each group monomials will be listed by ascending total degree. For example, when
n = 4, the ordering is

4 73 52 53 5 52 T 2752 27 72 737 73 4

VAR ANV A AN AN WAV VAN A A N AN AN /A
We will show that relative to this new ordering M(n) = M (n)[up] is block diagonal. More
precisely, for —n < p < 0, consider the following ordered sets of column vectors of M (n),

L, ={Z " 227" 7L gl gl 2y
and
N_, = {27,777, . z7v+kZ" | zovrlonte)2 gl w2l

Let L, [resp., N_p] be the subspace spanned by L, [resp., N_,]. We claim that for each p, L,
and N_,, are invariant for M(n). For 0 < j,k < [(n + p)/2],

(M(n)2Fz=PHE 2027 PH) =y pikij—pritj = (M(n)2F2mr4h 27 2 -pHd),

and note that v_pyr4j—p+r+; > 0. Since, for the disk, .5 # 0 if and only if r = s, then for
0<i,j <nwith j —1i#p,

(M(n)zkz Pt 2020) = v pikijiri = 0= Yeri,—prhry = (M(n)2827pHk 27 20).
Thus L, and N_, are invariant for M (n); relative to the reordering of the rows and columns of
M (n) into the ordered blocks

(4.5) Loy L1, Loy Ney.o o\ N,

M (n) admits a block decomposition

(4.6) Mn)=M_,&--- &M _ 1 &MyS M, @ --- & My,

with M_, = M,, 1 < p < n. Note that for 1 <p < n, M, is a Hankel matrix whose entries are
determined by its top oW (Ypp, - - - Yp+ | (n—p)/2] 7p+L(n,p)/2J) and its rightmost column,

(4.7) (Yot Lin—p)/2) o+ Ln=p)/21)s - - - s Vo4 2L(n—p) /2) 2L (n—p)/2) )

We also note for future reference that the lower right hand entry of M, is v, if and only if n —p
is even. The preceding discussion now leads to the following result; note that since supp pp is

not contained in any algebraic subset, Proposition 2.1 implies that M (n)[up] is invertible.

Lemma 4.3. Let0 < i+, k+1 < n. If (M(n)|up)Zi23, 2%21) = 0, then (M (n)[up]~'Z127, 2k 21) =
0.

The following result is essentially Theorem 1.11.

Theorem 4.4. A cubature rule of degree d and size N for planar Lebesgue measure on D satisfies
1 2 1
the following estimates: if d = 2n + 1, then N > (n+ )2(n—|— ) + Ln;— |; if d = 2n then

N> (n+1)(n+2).

- 2

Suppose d = 2n; since M (n)[up] is invertible, Proposition 1.4 implies N > rank M (n)[up] =
(n+1)(n+2)/2. Now let d = 2n + 1; from Theorem 1.7, to complete the proof in this case it

suffices to show that p(C*(n+1)[up]) > [(n+1)/2]. This inequality is an immediate consequence

of Theorem 4.1 and the following result.
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Proposition 4.5. C*f = C(ﬂc(n + 1)[up] is diagonal. The diagonal entries co,c1,...,Cni1 Satisfy
¢ <cm if0<i<|(n+1)/2] and ¢; > cit1 ifn+1—[(n+1)/2] <i<n+1, so there are
L(n+1)/2] “gaps”.

Proof. First we show that C* is diagonal. Using the same partitioning as in (4.4), we can write
n

P=M"1= (Rj) and, similarly, we can write B as a block column matrix (Bi) . Thus,
i,j=0 i=0
C*=B*M 'B=)_ B;P;B,;.
(2]

Clearly, it suffices to show that, for all ¢, j, B} P;; B; is a diagonal matrix. Note that if ¢ has the
same parity as n, then B; = 0 (and similarly for j), so we may assume that ¢ and j have different
parity than n. In this case, B; (which has size (i +1) X (n+2)) can be partitioned into 3 blocks,
B, = (O D; O), where D; is a nonzero scalar multiple of identity (of size ((i + 1) x (i + 1))
and both zero matrices have size (i + 1) x (n — i+ 1)/2. Now

0 0
BiPB;= | Di| Py (0 D; 0)=| DiPyD;

0 0
Thus, it suffices to consider the rectangular (i 4+ 1) x (j + 1) block D;P;; D;. Since both D, and
D; are scalar multiples of the identity, it remains to prove that the rectangular block P;; has the
desired property, namely that its middle portion (deleting the leftmost and rightmost blocks of
size (i+ 1) x (n—1i41)/2) is diagonal. This follows from Lemma 4.3 and the fact that in M (n)
the corresponding middle portion of block MTi, j] is diagonal.

One knows (cf. [CF2, Proposition 2.3]) that ¢, = ¢p41-p, 0 < r < n+ 1. Thus, it remains

to prove that ¢, < ¢,41, 0 < r < [(n+1)/2]. To that end, we will compute the numbers ¢,
explicitly. In order to simplify notation we will write 7; for yx;. (Of course, v;; = 0 for i # j.)

Mﬁ<M(n) B>
B* (Ct

has the same rank as M (n). Now M* coincides with M (n + 1) except in block C*. Nevertheless,
since C* is diagonal, as is C(n+ 1), M* also admits a block decomposition relative to (4.5) (with

By Corollary 2.7, the matrix

n replaced by n + 1), of the form

— At
(4.8) ME=ME L

oM oMeMao oM,

The only differences between M* and M (n + 1) occur in columns indexed by 7' 77 with i +3j=
n + 1, and each block £, or N_, contains at most one such vector. Such columns occur in
alternate blocks M, 11, Mp_1,.... If M} has such a column (1 < k < n+ 1), then it has exactly
one such column, say 7Zj, withi+j=n4+1,0<14j <n+ 1 In fact, it is not hard to
see that, for 0 < r < |[(n+1)/2], M,,_9,4+1 is an (r + 1) x (r + 1) Hankel matrix with the top
TOW (Yn—2741, - - s Yn—rt+1) and the rightmost column (vp—pi1,--.,Yns1)’. (When r = 0, this
means that M, is just the real number 7,,11.) The corresponding block Mg—Qr 41 differs only
in the lower right corner, where 7,1 is replaced by c,;1_,. Since rank M* = rank M (n), (4.8)
implies that the last column of M,ﬁk?r 41 is dependent on the first r columns of thQT 41, and
since M(n) > 0, the compression of ME_QT 41 to first 7 rows and columns is invertible. It now

follows that ¢, (= ¢py1_,) is uniquely determined by the equation det M? 41 =0.
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Next, we show how to solve the equation det Mszr 41 = 0 for ¢,.. Let 7 be an integer such that
0 <7 <|[(n+1)/2] and denote f. = det M,,_o, 41 and f# = det M5—2r+1~ Since vy, = 7/(m+1)
it is natural to consider matrices
1 q

H,=|——F———"— >1

pq <Z+] +p—2>i,j:1’ p=z1,
and their determinants A,, = det H,,. Note that fﬁ = det M;,_2,+1 = 0 and that f, =
det My,_9p41 = 7" det Hy—orio,41 = 7 A, _940,41. On the other hand, using once
again the multilinearity of determinants, we have that fﬁ — fr = (¢r — Yny1)det Hy_opyo, =

(¢r — Yn+1)T" An—2r42,,. It now follows that

7TA7L—21“+2,7“+1
Cr = Yn4+1 — A .
n—2r+2,r

In order to evaluate the last expression we use the formula from [Pol, Problem 7.1.4]

2. . (g—=D"2p—-...(¢g+p—2)!

P (g+p =D+ (2 +p - 2)!
Thus
An_orior41  [ri(n—r+1)1?
Ap_oriar  (n+1D!(n+2)!
and

C—ﬂ'( 1 _[r!(nr+1)!]2>
" \n+2 (n+DIn+2)!)°

Next we make the comparison between ¢, and ¢,41. Let r be an integer, 0 < r < |[(n+1)/2].
Then

[rl(n —r+1)1)2 [(r+ 1)!(n —r)!)?

m+Dn+2)! " (ntD)l(nt2)!

Cry1—Cr =T

rl(n —r)1?
= ﬂ(n[—&—(l)!(n)—i—]Q)! (n—r+ D2 - (r+ 1)2]
:WM (n+2)(n—2r).

(n+1)l(n+2)
This shows that ¢, 1 —¢, > 0 if and only if < n/2. Since it is easy to verify that » < |(n+1)/2]
implies r < n/2, the proof is complete. O

5. MOMENT MATRICES AND MINIMAL CUBATURE RULES: EXAMPLES

In this section we show how moment matrix techniques from the previous sections can be used
to construct minimal or near-minimal cubature rules, and how these techniques can be used to
analyze the minimal size of a cubature rule. We begin by analyzing p(Cﬁé(?)[u])) for a large class
of planar measures; this leads to a moment matrix characterization of the existence of minimal
rules of degree 3. We next show that p(Cé(S)[u]) < 1 for an arbitrary planar measure p having
moments up to at least degree 5, and we use this result to parameterize the minimal rules of
degree 5 for up. We then present a series of additional results concerning up, including a proof
of the conjecture of [HP] on the nonexistence of 17 point rules of degree 9 for up, and a moment
matrix development of Albrecht’s 19 point rule of degree 9 for up. We conclude with an example
which illustrates how moment matrix methods can be applied in R3.

We begin by analyzing p = p(C(’é(Q)[u]) and the structure of minimal degree 3 cubature rules
for planar measures u satisfying Ran Be(2)[p] € Ran Mc(1)[u]. The range hypothesis is satisfied,
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in particular, whenever supp p is not contained in any line (cf. Proposition 2.1), or whenever
has finite moments up to at least degree 4 (so that M(2)[u] > 0, cf. Proposition 2.6). In the
sequel, we write

1 =z =z w e w
M) =MWl = |z e w|(0), BQ=B@=|t F 5|,
T w e s t t
a b d
anan(Q)EC(ﬁC(Q)[M]: b ¢ b|(>0)
d b a

Example 5.1. Suppose p > 0 is a planar Borel measure with convergent moments up to at
least degree 3 and suppose Ran B(2) C Ran M (1). If a = ¢ in C¥(2), then clearly p = 0. In this
case, the existence of a minimal cubature rule for p of degree 3 having exactly rank M (1) nodes
follows from the complex version of Theorem 1.9 (cf. Theorem 2.2); such a rule can be explicitly
constructed using [CF2, Theorem 4.7] (cf. Theorem 2.3).

We note that the preceding case (a = ¢) includes the cases when r = rank M (1) < 2. Indeed,

in these cases there are constants a, 3 € C such that

(5.1) Z=ol+pZ

in Col M (1), whence Z = a + 8z in supp u [CF2, Proposition 3.1]. Multiplying this last relation
by various powers of z and Z and then integrating with respect to pu shows that the following
relations hold in the columns of (M (1) B (2)):

(5.2) 27 =aZ+ BZ3,

(5.3) 7’ =aZ+B22Z.

Since Ran B(2) C Ran M (1), there are scalars A, B € C such that in Col (M(l) B(2))7
(5.4) 7Z? = Al + BZ.

Using the definition of C?(2), we see that (5.1) — (5.4) must also hold in the columns of
[M(1); B(2)] whence a = Aw + Bt = A(az + fe) + B(ae + t) = a(AZ + Be) + f(Ae + Bt) =
at + Bb = c.

Suppose now that a # ¢, so that rank M (1) = 3. For 8 € C, 8 # b, let

1
(5.5) a=g(atct(a—c)?+48-0P)
12
and 6 =d + M A calculation shows that
a [ 0
T=|p a p
6 B «

satisfies T > C%(2) and that rank (7' — C*#(2)) = 1. Thus p = 1, and any degree 3 cubature rule
for p has at least 4 (= rank M (1) + p) nodes (Theorem 1.7).
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We next address existence (and construction) of 4-node (minimal) rules of degree 3 for the

case a # c. With T as above, let
M) = (M(l) B<2>> |
B(2)* T

Proposition 2.6 implies that M (2) > 0 and that rank M (2) = rank M (1) + rank (7' — C¥(2)) =
4 = rank [M(2)]4 (since M (1) > 0 and « > a); here, [M(2)]4 denotes the compression of M (2)
to the first 4 rows and columns. In Col M(2) we thus have a linear dependence relation

(5.6) ZZ =Al1+BZ+CZ+ DZ?,

where A, B,C, D € C depend on 3. Let pg(z,2) = 22— (A+ Bz +Cz+ D2?). If, for some 3 # b,
D =0, then [CF4, Theorem 1.2] implies that x4 has a unique (minimal) 4-node cubature rule vg
of degree 3 satisfying v13[vg] = 3, and the rule may be constructed as in [CF4, Section 2].
Suppose now that for each § # b, we have D # 0 in pg. In this case, it follows from [F2,
Theorem 1.3] that p has a 4-node minimal cubature rule of degree 3 if and only if there exists
B # b, such that card Z(pg) > 4 (this occurs, in particular, if |D| # 1 [F2, Proposition 1.6]); for
each such (4, a minimal rule can be constructed as in [F'2]. (A similar result, involving a pair of

real orthogonal polynomials instead of pg, was obtained by Goit [G] (cf. [Str4, page 99]).) O

Concerning the last case in Example 5.1, it is an open question whether there always exists
some [ # b for which card Z(pg) > 4. In the case when p is centrally symmetric, we next use
the preceding method to show that each 3 # b corresponds to a unique 4 node (minimal) rule of
degree 3. An equivalent, but different, parametrization of these minimal rules is due to Stroud
[Str2] (cf. [Str4, Theorem 3.9-2]).

Proposition 5.2. Suppose p > 0 is a centrally symmetric planar measure with moments up

to at least degree 3, and suppose M(1) > 0, with voo = 1. Then a # ¢, and for B # b, let

a=(1/2)(a+c+/(a—c)2+4]3—bP?). Let qs(z) = (D* — 5)z* + (24D —r)2* + A%, where
—B(b —b R _

A= ave=f5( /\/E), D= b ,7=(A—A)/D, and s = D/D. Then qs has 4 distinct roots,
a—a a—a

{2i}3_,, which provide the support for a minimal cubature rule ug = E?:o pi0, of degree 3, and

any minimal rule of degree 3 is of this form, where the densities p; are uniquely determined by

V(Zoa21,22,23)(P0,P17P2,P3)t = (’Yooﬁou’)’o%’)’os)t'

Proof. Since M (1) > 0, p is square positive (Proposition 2.9), so Theorem 1.3 implies that each
cubature rule for p of degree 3 has at least 4 (> rank M (1)[u]) nodes. Example 5.1 thus implies

that a # ¢, and we define a as in (5.5). Since p is centrally symmetric, we have x =t = s = 0, and

_ B3(b -b
M,B:O,CZO,D:L- Further, from
a—a a—a

the definition of C%(2), a = |w|? and €? = c. Since M (1) > 0 then |w|? > €%, and consequently
a > c. Another calculation now shows that a —a < |3 — b|, whence |D| # 1. It thus follows from

a calculation shows that in (5.6), A =

[CF4, Corollary 3.4] or [F2, Proposition 1.6] that M (2) has a unique representing measure vg,
which serves as a minimal cubature rule for p of degree 3.

To construct vg, write (5.6) as ZZ = Al + DZ2. Tt follows from [CF2, Lemma 3.10] that
27 = Al + DZ?, whence

(5.7) 77 =rl+sZ?
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with r = (A — A)/D, s = D/D. [CF4] and [CF2] together imply that M (2) has a unique flat,
recursively generated extension M (4). By recursiveness, (5.6) and (5.7) imply that in Col M (4)
we have A21 +2ADZ? + D?7Z* = 7%27% = rZ% + sZ*. Now [CF2, Theorem 4.7] implies that
q5(2) = (D*—5)z*+(2AD—7)z2+ A? has 4 distinct roots, z; (0 < i < 3), which comprise supp vs.
The densities p; (0 < i < 3) of vg are uniquely determined by V (zo, 21, 22, 23) (po, p1, P2, p3)¢ =
(700, Y01, Y02, Y03)t, where V denotes the Vandermonde matrix. O

Example 5.3. To illustrate Proposition 5.2, consider the square Co = [—1,1] x [-1,1] with
planar measure. Since 9 = 4, we cannot directly use the formulas of Proposition 5.2, but we
can use exactly the same method. We compute o = (1/2) ((16/9) +4/(16/9)2 +4|ﬂ\2) and
§ = #%/(a — ¢). For a numerical example, let 3 = 1/10. We have A = 2/3 and D = 0.0560731.
The roots of gs are zp =~ —0.794525i, 21 = —zp, 22 ~ —0.840398, 23 = —z3 and we use the
Vandermonde equations to compute pg = p1 = 1.05607, and ps = p3 ~ 0.943927. O

We now begin the study of C¥*(3)[u]. Let

a b e f
§_ _bcc?é
C=C@=1_ . . ;&0

f e b a

aﬁﬁg
r=|7 P T e,

v B oo p
6 v B «

and A =T — C* (> 0). In the sequel, [A]; denotes the compression of A to its first k rows and
columns.

Proposition 5.4. For a planar measure > 0, p(C*(3)[u]) < 1.

Proof. If a = ¢ and b = d, then clearly p = 0. We next consider the case a = ¢, b # d, and we
claim that p = 1. Choose 3 € C such that | —d| = |8 — b|(> 0), and let & = a+ |3 — b|. Then
[A]; > 0, and [A]s > 0 with rank[A]z = 1. To insure that [A]z > 0 with rank[A]; = 1, we
require v € C such that

(5.8)

B-d a-c
a—c pB-d
Since |3 —d|? = |8 —b]? = (a —a)? = (o — ¢)?, (5.8) holds if and only if ¥ = &+ W

a—c
To complete the construction of 7" with A > 0 and rank A = 1, we seek § € C such that

Sffif_y—éiﬂ_—gia—a
y—& pB—-d a—-c (-0
| <G
which reduces to § = 7 d + f; thus p = 1.
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We now consider the case a # ¢, b # d; we will show that p = 1. To insure that [A]s > 0 and
rank [Al; = 1, we require «, 3,7 € C, with a > a, ¢, such that
(5.9) (a—a)(a—c)=|8—b]* and

v — B—(f a—c

1 = = = .
(5.10) 08— a—c p[-d
To solve (5.10), we choose 3 € C such that 3 # b and 3 # d, and we set a = ¢+ [3 — d|(> ¢)
and 7 = ¢4+ LB =)

a—c

(a—a)(a—c)=((a—c)+(c—a)|8—d|=(f—d +c—a)|3—d| so (59) is equivalent to
(5.11) (18 —dl+c~a)lf—d = |6-b*

Let v = ¢ —a and r = |3 —d|/|3 — bl; (5.11) is equivalent to |3 — b|r? + ¢r — |3 — b| = 0,
—¢+ VY2 + 416 - b2

Il ™

To assure a > a, we further require | — d| > a — c¢. Now

with » > 0, or r = . Tt readily follows that |3 — d| > a — ¢, as required.

2|3 = bl
To complete the construction of T" such that A > 0 and rank A = 1, it remains to choose J such
s_(-2° ¢
that 6 = ~=—+% + f.
a 5d f

Finally, in the case a # ¢, b=d, we take a = ¢, 8 =b, v = ¢, and § = f + (¢ — a)z, where z is
an arbitrary point in the unit circle |z| = 1. Tt is easy to see that

c—a 0 0 (c—a)z

(e
o O O
o O O

(e

(c—a)z
so rank (A) = 1 and, consequently, p = 1.

We note for future reference that, in the last case, if a Toeplitz matrix T satisfies T > C* and
rank (A) = 1, then A has the above form. Indeed, in this situation,

a—a B—Z_) y—e€ S—f
A B-b a—c f—-b F—¢
y—e [B—-b a—c [B-0
o—f v—e B—-b a—-a

The condition that rank (A) = 1 applied to compressions of this matrix to rows and columns 1
and 2 (resp., 2 and 3) yields (o —a)(a—c) = |3—b|* = (o —¢)?. Since a # ¢, it follows that a = ¢
and, consequently, 8 = b. Turning attention to the compression to rows 3 and 4 and columns
1 and 2, we see that v = e. Finally, the compression to rows and columns 1 and 4 shows that
|6 — f|> = (c — a)?, and the result follows. O

In the next series of results we use moment matrix techniques to study minimal cubature rules

for up, planar measure on the closed unit disk.

Theorem 5.5. The minimal cubature rules of degree 5 for the disk are given by the measures

6
Vg = E Pilz;,s
1=0

where k € C satisfies |k| = 27/9, 20 =0, z; (1 < i < 6) are the 6th roots of 4x/(37), po = 7/4,
and p; =7/8, (1 <i<6).
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In [R], J. Radon developed a general method for constructing 7-node, degree 5 cubature rules
for subsets of the plane satisfying a hypothesis concerning common zeros of orthogonal polyno-
mials. For the weight function w(z,y) = 1, Radon’s rule for the disk yields the nodes (0,0),
(£1/2/3,0), (£+/1/6,£+/1/2), with weights 7/4 for (0,0) and 7/8 for each of the other nodes
[Strd, page 279]. This rule corresponds to Theorem 5.5 with d = 27/9.

Proof of Theorem 5.5. A calculation shows that C* = diag(0,27/9,27/9,0), so Theo-
rem 4.4 implies that any cubature rule for up of degree 5 satisfies N > 7. In Proposition 5.4 we
have a # ¢, b = d = 0, so by the note at the conclusion of Proposition 5.4 and by the complex

version of Theorem 1.7, any minimal rules of degree 5 with as few as 7 nodes would correspond

_(M(2) B@)

to flat extensions of

where

2r/9 0 0
0 27/9 0
0 0 21/9
k0 0 21/9

and |k| = 27/9. We now show that for each x with |s| = 27/9, M,(3) admits a unique flat

extension. Such an extension is completely determined by a choice of new moments of degree 7:

T, =

o O =

Y34 = T, Yo5 = U, Y16 = U, Yo7 = w (and their conjugates). Direct calculation shows that in the

column space of ( M(3) B(4) ) we have

(5.12) zh= 3z s
T 27
and
a2 9%
5.13 732 =27%4 2273,
( ) 3 * 2w

From (5.12), v = v = 0 and w = (9z/(27)) k. From (5.13), x = 0, whence w = 0 follows from
the previous identity. With these choices for the new moments of order 7, it is straightforward to
verify that the flat extension [M(3); B(4)] is a moment matrix M (4); indeed, if we express B(4)
as B(4) = M(3)W, then a calculation shows that W*M (3)W is Toeplitz.

In M(4) we have column relations Z* = (3/7) k22, Z3Z = (2/3) Z%, and 2222 = (2/3) ZZ,
which readily imply that the variety of M (4) consists of zop = 0 and the distinct 6-th roots of
4r/(37). The result now follows from Corollary 2.4, together with a Vandermonde calculation,
which shows that pg = 7/4 and p; = 7/8 (1 <4 <6). O

We continue with a cubature rule of degree 4 for the disk.

Proposition 5.6. ([F2]) The minimal pp cubature rules of degree 4 with the additional property
that they also interpolate the up-moments of Z*Z, Z37Z%, Z*Z3, and ZZ*, correspond to the
6-atomic measures Vqyp = 22:0 pk0s,, where a,b € R satisfy a® + b2 = 2w2/27, 29 = 0, 2
(1 <k <5) are the 5-th roots of (4/(37)) (a+ib), po = 7/4, and pr = 37/20 (1 <k <5).

Proof. We are seeking a flat extension of M(2) in which B(3) has exact moments of degree 5

(namely, 0) except for vo5 and y50(= Jo5). Using the same method as in the proof of Theorem 5.5,
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a calculation shows that the values of g5 for which B(3)*M (2)~!B(3) is Toeplitz correspond

precisely to the measures v, . O

Remark 5.7. Note that if a up cubature rule as in Proposition 5.6 also interpolates the moment
for Z5 (and hence for Z®), the rule would have degree 5, and its size would be at least 7, so in
this sense the rule in Proposition 5.6 is optimal. For certain measures on the disk of the form
= w(z,y) dedy, a minimal 6-node rule of degree 4 is referenced in [Str4, S2:4-1, page 278]. For
the weight w(z,y) = 1, this rule corresponds to v, with a = \/WW, b=0.

We next develop a family of minimal rules of degree 7 for up. By Theorem 1.3 or Theorem 1.11,
any such rule has N > 12, and a 12-node rule is cited in [Str4, pg. 281]. In the sequel,
T(a1,as,...,a,) denotes a self-adjoint Toeplitz matrix whose top row is (a1, asg,...,an).

Proposition 5.8. Let o = 817/416, § = 6 = 0; for a complex number w satisfying |w| =1, let
v = 3mw/416, € = (817 /416)(v /%), and T,, = T(a, 3,7, 6,€). Then

ara) = (M@l B o]
“\B@mw T

is a rank 12 positive moment matriz, with a flat extension M (5) corresponding (via Theorem 2.3)

to a 12-node cubature rule of degree 7 for up.

Proof. Note that C%(4))[up] = diag (0,37 /16,77 /36,37/16,0); a calculation shows that T, —
C*(4))[up] is positive with rank 2, so by Proposition 2.6, M(4) is positive with rank 12. A
further calculation using Proposition 2.6 reveals that in any positive moment matrix extension
M(5) of M(4) all moments of degree 9 must equal 0. With these values in B(5), we find the
following dependence relations in the column space of (M (4 B (5)):

9 27 81 w 9 81 27

P =——wZ+ ——wZ?Z+— =2% Z7'7=——wl+ —73+ —wZiZ%
ATV T VI 50 W4T 014 T W4T

_ 9 105 .- 3 _ 9 _ 3 105
7372 = -7+ =727+ wZ3 72’73 =—-_1702+ —wz*+—"127%
527 " 104 t 0 W4 527 T 1044 T 10 24

_ 9 27 I 9 _ 8l 297
27 = -0+ — 02 L+ —2% 7P = —— 0+ — 0’72+ — wZ >

5o W4T 10a P44 T 100 50 VAT A T @

The preceding system determines a matrix W such that M (4)W = B(5), and a calcultaion shows
that C(5) = W*M (4)W is Toeplitz. Thus [M(4); B(5)] is a flat moment matrix extension M (5)
of M(4), and the existence of a 12-node rule of degree 7 now follows from Theorem 2.2 (or the
complex version of Theorem 1.7); to compute the nodes and densities, we may use Theorem 2.3.

For a numerical example, set w = 1, v = 37/416, ¢ = 817/416. A calculation shows that the

variety of M (5) consists of the following 12 nonzero common solutions to the polynomial equations

corresponding to the above dependencies: zg = —4/ (27 — 3v/29)/524 ~ —0.45667076134, 21 = 2y,
zo = —1/ (27 + 34/29) /52 =~ —0.91099580364, 23 = 22, 24 = —+/3/8(1 + 1) ~ —0.6123724357(1 +
i), 25 = 25_4, 6 — 3/8(1 - Z), 7 = 2_67 28 = —7:207 29 = iZO, 210 = —iZg, 211 = iZQ. Since
card V(M(5)) = 12 = rank M (4), Corollary 2.4 implies that {z;}11, forms the support of a
minimal (inside) cubature rule for pp of degree 7, with corresponding densities pg = p1 =

ps = py ~ 0.3870777960, p» = p3 = pio = pu1 ~ 0.1656098005, ps = ps = ps = pr
0.2327105669. O

Q
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It is not difficult to see that the preceding rule cannot be obtained from the rule in [Strd] by
means of rotations or reflections.

We next turn our attention to minimal rules of degree 9. In [Mo2] Méller proved that a
cubature rule of degree 4k + 1 for a planar measure with circular symmetry satisfies N > k(2k +
4) + 1, and Moller provided necessary conditions for the existence of a rule attaining this lower
bound in terms of zeros of certain orthogonal polynomials. In [VC, Theorem 4] Verlinden and
Cools obtained concrete criteria for the existence of rules attaining Moller’s bound and showed,
in particular, that a degree 9 rule for up requires at least 18 nodes [VC, page 404] (cf. [CH]
[MP]). An 18-node rule had previously been obtained by Haegemans and Piessens [HP], who
conjectured its minimality. These results show that the lower bound in Theorem 1.11 is not
sharp for n even. We next give a moment matrix proof of the nonexistence of 17-node rules of
degree 9 for up and a moment matrix characterization of the 18-node rules. We start with the

following result.

Proposition 5.9. Let a < b < ¢ and let C = diag(a,b,c,c,b,a) > 0. A Toeplitz matriz T
satisfies A=T — C > 0 and rank A = 2 (= pc(C), cf., Theorem 4.1) if and only if

c 00 0 € O
0O ¢ 0 0 0 €
(5.14) T_ 0 0 ¢c 00O
0 00 ¢c 0O
e 00 0 ¢ O
0 e 00 0 ¢

with |e|?> = (¢ — a)(c —b).

Proof. 1t is straightforward to check that if T has the indicated form, then A is positive with
rank 2. For the converse, let T = T'(«, 3,7,9,€,) be a Toeplitz selfadjoint matrix such that
A >0 and rank A =2 . Then

a—a 16} y ) € %)
3 a—>b 3 y ) €
N A
0 ¥ g a—c Y
€ ) o 8 a-b g
) € 5 5 8 a-—a

Since rank A = 2 it follows that the compression D(iy,12,13;751,J2,43) of A to rows iy,is,i3
and columns ji, j2, j3 must be of rank at most 2, and therefore has zero determinant; further,
since A > 0, the determinant of every central compression of A is nonnegative. Considering
D(1,2,3;2,3,4) and D(2,3,4;3,4,5) we obtain

0=73%+7"8+d(a —b)(a—c) =8> = By(a —¢) = By(a =)

0= +726+d(a—c)(a—c) = 3|6]> = By(a —c) = fr(a—c).

Subtracting these equations yields (e — ¢)(¢ — b) + Gy(b — ¢) = 0. Since ¢ > b, we see that

(5.15) d(a—c) = py.
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Next we turn our attention to D(1,2,3;1,3,4) and D(2,3,4;2,4,5). This leads to
0=p3*a—a)+9y* +8(a —c) = 67 = y(a = ¢)(a —a) — 1|6
0= 0%(a—=b) +1y° +0B(a - ¢) = B57 — v(a = ¢)( = b) = ~|B[*.

Subtracting one equation from another yields 3%(b — a) + (o — ¢)(a — b) = 0. Since b > a, we
obtain

(5.16) 6% =~(a —c).

Now we notice that

a—a I} y a—a 16} y a—a 0 y
B a-b B |—-| B a-c B |=| B c=b B
5 Jé] a—c ¥ B a—c ot 0 a—c
=@-b""" T >0,
o a—c

since ¢ > b and since the last determinant corresponds to the central compression D(1,3;1,3).

Similarly,
a—a v a—-b 3 vy b—a f o
3 a—c 8 |- 8 a—c g =10 a—c I6]
v Ié] a—c ¥ I&; a—c 0 B a—c
g N |a—c 3

Adding the preceding two sequences of equations and inequalities, we see that the leftmost
expression of the sum is 0, since it is the difference of D(1,2,3;1,2,3) and D(2,3,4;2,3,4).
Thus,

0=(c=b)[(a—a)a—c)= ]+ -a)la—-c? -5 =0,

and it follows that (a — a)(a — ¢) = |y|? and (a — ¢)? = |3]?. Combining these relations with
(5.16), we see that (o — c)? = |y||a — ¢|. Of course, & —c > 0. If « — ¢ > 0, then |y| = a — ¢,
and it would follow that |y| = o — a, impying that a = ¢, a contradiction. Thus o = ¢, and
consequently § = v = 0. Using these values, a consideration of D(4,5,6;1,2,3) now shows that
d = 0. Similarly, D(1,2,5;2,5,6) can be used to deduce that ¢ = 0. It follows that 7" must be
of the form as in (5.14) and it is easy to see that |e|> = (¢ — a)(c —b). O

Now we use our approach to give a new proof that there is no 17 point rule of degree 9 for planar

measure on the disk.
Proposition 5.10. There is no 17 point rule of degree 9 for up.

Proof. Applying Theorem 4.4, with n = 4, yields N > 17. Of course, this estimate is based on
Theorem 1.7, the invertibility of M (4) (so that rank M (4) = 15), and the inequality p(C*(5)) > 2
based on Theorem 4.1. Since C*(5) = diag (0, 47/25, 337 /200, 337/200, 47 /25,0), Proposition 5.9
shows that a Toeplitz matrix T satisfies T > C¥(5) and rank (T — C*(5)) = 2 if and only if
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T =T, = T(337/200,0,0,0,v3372/200,0), where |z| = 1. Theorem 1.7 thus implies that
N =17 is attainable if and only if there exists z (]z| = 1) such that

(5.17) M(5) = (ﬁg) BT(5)>

admits a flat extension. Thus, in order to prove that N > 17, we have to demonstrate that every
M (5) (as above) fails to have a flat extension. For such M (5), we consider the existence of a flat

moment matrix extension of the form

Note that the first 15 rows of B(6) contain moments of degree up to 10, and are already contained

in M(5). We will show that the remaining 6 rows, with moments of degree 11, consist of zeros

only.
We start by writing
A1 A B
M(6)=| A3 A; Do
B B C

where A; is a compression of M (5) to the first 17 rows and columns. By the invertibility of M (4)
and the choice of T, it is not hard to see that A; is invertible, and thus M (6) is a flat extension
of A;. By Corollary 2.7 there is a matrix X = (Xl X2) such that A; X = (A2 Bl). Clearly,
A1X2 = Bl and A1X1 = A2 so that X1 = Al_lAQ. AISO,

Az B
(5.18) 8T = X AX,

B; C
so it follows that By = X{A; Xy = X{B; = (A7'Ap)*B; = A3A;'B;. Notice that the first 15
rows of B; consist of moments of degree up to 10, so they can be read from M (5). The last two

rows contain moments of degree 11 that have yet to be determined, so we set them as

Y56 Y65 Y74 Y83 Y92 Y10,1 V11,0
Yar Y56 V65 Y74 Y83 Y92 10,1

Then, a calculation shows that

By = ASAT' By

0 0 0 0 0 0 0
0 0 0 0 0 0 0

= V33zZys6  V33Zves V33Zyma V33Z7ss V33Zv02 V33Zvioa V33Zviio |,
33 33 33 33 33 33 33

V33Zyr V33Zvs6 V33Zves V33Zym  V33Zvss V337792 V33 Z710,1

and since By must be Toeplitz, it follows immediately that 7;11—; = 0 for ¢ > 6. In view of
the fact that v;; = 7;; we see that all moments of degree 11 are 0. Thus, the matrix B; is
completely determined. Moreover, (5.18) shows that C' = X3 A1 X5. Since 41 X5 = By we have
that Xo = A7 By, and thus C = (A7'By)* A1 (A7 'B;) = Bf AT By. Tt is now easy to establish
that C is not Toeplitz since, for example, its (1,1) entry is 33/500, while the (2,2) entry is
1122/8000. O
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which has a

M4 B(5
Corollary 5.11. A positive rank 18 completion M(5) of < (4)[po] ( )[MD]>

B(5)[pn]*

flat extension M(6) corresponds to an 18-node cubature rule for up of degree 9, and conversely.

Proof. The direct implication follows immediately from Theorem 2.2. Conversely, suppose v is an
18-node rule for pp of degree 9. We claim that rank M (5)[v] = 18. By (2.4) and Proposition 2.6,
18 = cardsuppr > rank M (5)[v] = rank M (4)[up] + rank (C(5)[v] — C*(5)[up]) > 17 (since
rank M (4)[up] = 15 and C*(5)[up] has 2 gaps). If rank M(5)[v] = 17, then rank (C(5)[v] —
C*(5)[up)) = 2, so Proposition 5.9 implies that C'(5)[v] has the form of (5.14). For such M (5)[v],
a calculation similar to that in the proof of Theorem 5.10 shows that in M (6)[v], all moments
of degree 11 equal 0. From this, a further calculation implies that p(C*(6)[v]) > 2, whence
rank M (6)[v] > 19. This contradiction shows that rank M (5)[v] = 18; [CF2] now implies that
18 = rank M(co)[v] > rank M(6)[v] > rank M (5)[v] = 18, so M(6)[v] is a flat extension of

M(5)[v. O

The first cubature rule of degree 9 for up with as few as 19 nodes was found by Albrecht

[A] (cf. [Str4, S2:9-1, pg. 281]); an infinite family of such rules is described in [HP]. We

next present a family of 19-node rules which includes Albrecht’s as a special case; a feature of

these rules is that they arise from 2-step extensions: starting with a special rank 18 completion
M(4 B(5

M(5) of ( (4)lpo] ( MMD]), we construct positive extensions M (6) and M (7) satisfying

B(5)[pn]
rank M (7) = rank M (6) = 19.

Proposition 5.12. For w € C, |w| = 1, let T, = T(«,0,0,6,0,0), where o = 1287 /775 and
M(4)[pp]  B(5)[un]
BO)l T

which has positive extensions M(6) and M(7) satisfying rank M (7) = rank M (6) = 19. The

unique measure [, corresponding to the flat extension M(7) (cf. Theorem 2.3) is a 19-node

§ = (4n/775)w. Then M(5) = is a rank 18 positive moment matriz

cubature rule of degree 9 for up. For w =1, u, coincides with Albrecht’s rule [A].

Proof. We have C = C*(5)[up] = diag (a,b,c,c,b,a) with a = 0, b = 47/25, ¢ = 337/200. Then
a=b%/(2b—c) (= 1287/775 > ¢ > b > a) satisfies (a—a)(a—c) = (a—b)?; with § = (47/775) w0,
we set Ty, = T(,0,0,6,0,0). It follows readily that A =T — C satisfies A > 0 and rank A = 3,
whence M (5) is positive with rank 18 (cf. Proposition 2.6). A calculation similar to that in
the proof of Theorem 5.10 shows that in any positive moment matrix extension M (6) of M (5),
all moments of degree 11 must equal 0. With these values, C¥(6) is not Toeplitz, so there is
no flat extension M (6); however, if we set T = T(a’,0,0,¢’,0,0,7') with o/ = 33287/24025,
M(5) B(6)
B6)* 1T’

rank 19. We claim that M (6) has a unique flat extension M (7). Indeed, in any positive moment

§ = (12647/120125) w, ' = (33287/24025) w?, then M (6) = < ) is positive with

matrix extension M (7), we require Ran B(7) C Ran M (6), and a calculation (as in Theorem 5.10)
shows that this requirement is satisfied if and only if all moments of degree 13 equal 0; with these
values, we see that C*(7) is indeed Toeplitz.

Let 1., denote the unique measure corresponding to the flat extension M (7) (cf. Theorem 2.3);
by 18 thus a 19-node cubature rule for up of degree 9. To compute the nodes and densities of ., we
may use Theorem 2.3 or Corollary 2.4. More simply, note that in Col M (5) we have the following
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dependencies: Z2Z3 = —(3/10)Z+(6/5)ZZ%+(1/32)wZ>, ZZ* = —(4/5)wZ3+(4/5) Z*+wZ* Z,
7° = (48/5)ywZ — (192/5)wZ*Z + 32wZ3Z?%. Since M(7) is a positive extension of M (5), the
same relations hold in Col M(7) (cf. [F1]); thus, supp i, is contained in the common zeros of
the polynomials corresponding to these relations. For w = 1, we find that there are precisely

19 distinct common zeros, {zj}12,, which must therefore coincide with supp p;. Let r = 1/3/5,
s = I/5, t = /(96 — 4VII)/155, u = /(96 + 4V/II1)/155, p = \/(1/3)(72 — 8V/111)/155,

q= \/(1/3)(72+3\/W)/155. Then zg = 0, 2z = +r £si, (1 < k < 4), 2z, = £(2/V5)i,
(k =5,6), 2z, = xt, (k =7,8), 2zr = £p+pi, (T < k < 12), 2z = tu, (k = 13,14), 2z, =
+q + qi, (15 < k < 18); all points are inside D. The corresponding densities (computed using
Corollary 2.4) are po ~ 0.3422481580, pr, ~ 0.1278317323, (1 < k < 6), pr ~ 0.2617858597,
(7 <k <12), pi, ~ 0.0769398239, (13 < k < 18). Albrecht’s rule is described in [Strd] in terms

of trigonometric functions, but it is easy to see that it coincides with p;. O

All of the preceding examples concern planar cubature rules, but the main results of Section

3 apply to measures on R%; we conclude with an example in R3.

Example 5.13. We develop a family of minimal cubature rules of degree 2 for volume measure
pp in the unit ball B of R? (cf. [Strd]). Here, M (1)[up] = diag (47/3,4m /15,47 /15,47 /15), with
rows and columns indexed by 1, X, Y, Z. To compute a 4-node (minimal) rule of degree 2 we seek
new moments a = 300, b = B210, ¢ = Bao1, d = Bi20, [ = P11, € = Broz, 9 = Boso, h = Boz21,
p = Poi2, ¢ = Boos, so that

47/15 0 0 4n/15 0 4xn/15
B(2) = a b ¢ d f e
b d f g h P
c f e h P q

has the property that B(2)*M(1)"!1B(2) is a 3-dimensional moment matrix block C(2). One
branch of the solution to C(2) = B(2)M(1)"1B(2) is given by a = (1125d> — 1672)/(1125d),
e=—1672/(1125d), b=c=h =p = f = 0, with d, g, and ¢ free variables. With these choices,
in the column space of [M(1); B(2)] we find relations X2 = (1/5) 1+ (1125d% — 167%)/(300d~) X,
XY = 15d/(4m)Y, XZ = —4n/(75d) Z, Y? = (1/5)1 + 15d/(47) X + 159/(4m)Y, YZ = 0,
7Z? = (1/5)1 — (47/75)d X + 15¢q/(47) Z, and the corresponding variety, V(M (2)), has precisely
4 points,

p1 = (15d/(4n), (759 — /5(4500d2 + 112592 + 6472))/(407), 0),
p2 = (15d/(4n), (759 + /5(4500d2 + 112592 + 6472))/(407), 0),
ps = (—47/(75d), 0, (1125dq — /72000272 + 102474 4 1265625d2¢2) /(600d)),
pa = (—47/(75d), 0, (1125dq 4 /720004272 + 102474 4 1265625d2¢2) /(600d)).

To obtain an inside rule, we can choose, for example, d = 0.5298, g = ¢ = 0, with p; =~
(0.632402, —0.774553,0), p2 =~ (0.632402,0.774553,0), ps ~ (—0.316254,0,—0.547738), py =~
(—0.316254,0,0.547738), and corresponding densities wy = wsg &~ 0.69821, w3 = wy ~ 1.39618.
O
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